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Abstract
The composite Higgs scenario, in which the Higgs emerges as a composite
pseudo-Nambu-Goldstone boson, is extensively reviewed in these Notes. The
material is presented in a pedagogical fashion, with great emphasis on the
conceptual and technical foundations of the construction. A comprehensive
summary of the flavor, collider and electroweak precision phenomenology is
also presented.ar
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Preface
Half a century after its formulation, the Standard Model (SM) is by now
the established theory of Electro-Weak (EW) and Strong interactions, the
discovery of the Higgs boson being the most recent of an impressive series of
experimental confirmations. Still the SM is not the fundamental theory of
Nature, and not just because no theory can be regarded as “fundamental”
in natural sciences. Concrete reasons to extend the SM are the existence of
gravity, for which no complete high-energy description is available, and other
incontrovertible experimental facts such as dark matter, neutrino masses and
oscillations. Next, there are a number of theoretical issues based on “Nat-
uralness” considerations, among which the flatness and homogeneity of the
universe that calls for cosmological inflation (which is also supported by ob-
servations), the strong CP problem and, of course, the Naturalness problem
associated with the Higgs boson mass. This latter problem is the main moti-
vation for the composite Higgs scenario which we will describe in the present
Notes.
Since it is not fundamental, the SM is an effective theory, i.e. a partial
description of Nature that emerges, under suitable conditions, as an approxi-
mation of a more fundamental theory. In this extended theory the operators
in the SM Lagrangian should find their origin as an effective description of
the more fundamental dynamics and their coefficients, which are just phe-
nomenological input parameters within the SM, should become calculable
providing the explanation of their observed value.
Unveiling the fundamental origin of the SM is the ultimate goal of “Be-
yond the SM” (BSM) physics. Actually in this spirit the letter “B” of the
acronym should better be read as “Behind” rather than “Beyond”, in the
sense that we are interested in departures from the SM predictions only to
the extent to which they will guide us towards the understanding of its fun-
damental origin. A lack of discovery, i.e. the exclusion of some hypothetical
alternative model, could be equally or even more helpful in this respect.
The ambitious aim of BSM physics should not obscure the important
byproducts that emerge from this line of research in the long path towards
its final goal. First, BSM is of great help in developing a deep understanding
of the SM itself, of the surprising and non-generic features that underlie its
current phenomenological success and even to appreciate the true measure
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of this success. Consider for instance the precise measurements of the EW
bosons properties performed at LEP in the 90’s. It is impossible to explain
why they provided such an important confirmation of the SM without refer-
ring to the alternative constructions, perfectly plausible at that time, which
were predicting deviations and were excluded by these measurements. In this
respect, BSM physics is of great pedagogical value. Second, BSM is essential
to design further experimental tests of the SM. It offers an assessment of
which sectors of the theory are less accurately tested, outlining the experi-
mental directions in which a new physics discovery is more likely to come or,
equivalently, those in which further non-trivial confirmations of the SM could
be found. By purely working within the SM, i.e. without comparing it with
alternative models, one could only measure its parameters with increasing ac-
curacy and check the statistical compatibility of the overall fit. If the latter
program succeeds we will have established that the SM is one possible viable
description of the data, but this will not strengthen our belief that it is really
the SM, and not something else, what we are seeing in Nature. Exploring
possible alternatives is essential for the latter purpose. As alternatives one
could consider uncontrolled and unmotivated modifications of the SM Feyn-
man rules, which are unfortunately often employed in SM studies, or sensible
hypotheses resulting from BSM speculations. The third byproduct of BSM
physics is that it stimulates theoretical research in quantum field theory, in
a direction that lies in between pure SM phenomenology and abstract theo-
retical speculations. Being neither narrowly directed to a single theory like
the former, nor detached from phenomenology like the latter, BSM offers a
complementary viewpoint.
In this spirit, we wrote the present Notes with a threefold aim. First, to
describe the composite Higgs scenario in view of its possible relevance as the
true extension of the SM. Namely we will assess, at the best of the present-day
theoretical and experimental understanding, how likely it is that a model of
this class might be actually realized in Nature. Second, we will identify the
most promising possible experimental manifestations of the scenario, out-
lining relevant directions for BSM discoveries or SM confirmations. These
directions include indirect studies of the Higgs and the top quark couplings
and the direct production of new particles with specific features. Third, we
will carefully explain the tools that underlie the formulation of the scenario
and the study of its implications. Some of these are old concepts. Some oth-
ers are recent ideas or modern rephrasing of old ones. We think that these
will find other applications in the future, inside but also outside the compos-
ite Higgs domain. The material is presented in a pedagogical fashion. Basic
knowledge of quantum field theory and of the SM is the only prerequisite.
These Notes are organized as follows. The Introduction is devoted to the
Naturalness problem and to how it is addressed by a composite Higgs. The
next three chapters provide a first characterization of the phenomenology in
the EW, top and Higgs sectors by only relying on symmetries and power-
counting estimates. This leads to robust but semiquantitative conclusions,
CONTENTS ix
which should be confirmed by concrete models. A class of such models, based
on collective breaking, is introduced in Chap. 5. They serve as benchmarks for
the detailed study of the collider and EW precision phenomenology presented
in Chaps. 6 and 7, respectively.
Acknowledgments
We thank J. D. Wells (Springer Particle Physics Editor) for suggesting us
to write down a volume on composite Higgs. We learned most of what
we know on the subject by discussing and collaborating with C. Grojean,
A. Pomarol and especially R. Rattazzi. We also thank K. Agashe, B. Bel-
lazzini, G. Dall’Agata, J. Serra and F. Zwirner for their comments on the
manuscript and R. Contino, L. Merlo and S. Rigolin for useful discussions on
four-derivative bosonic operators. The work of A. W. was partly supported by
the ERC Advanced Grant no.267985 (DaMeSyFla) and by the MIUR-FIRB
Grant RBFR12H1MW. G. P. acknowledges support by the Spanish Ministry
MEC under grants FPA2013-44773-P, FPA2012-32828, and FPA2011-25948,
by the Generalitat de Catalunya grant 2014-SGR-1450 and by the Severo
Ochoa excellence program of MINECO (grant SO-2012-0234).
x CONTENTS
Chapter 1
Introduction
The Higgs is a scalar boson and all the other known particles of this sort are
bound states of a strongly interacting sector (namely QCD) whose confine-
ment scale is not far from the particle’s mass. It is thus legitimate to ask if
the same could be true for the Higgs. Clearly QCD cannot be responsible
for the formation of the Higgs particle and a new strongly interacting sector,
i.e. the existence of a new strong force, needs to be postulated if we want to
explore this possibility.
The argument above provides a first, heuristic but strong, motivation for
the composite Higgs scenario. However it is not the main one. The main
motivation has to do with the very special role played by the Higgs in the
Standard Model (SM), where it is responsible for the breaking of the Electro-
Weak symmetry (EWSB).1 Understanding the origin of the Higgs boson is
thus an essential step towards the microscopic comprehension of the EWSB
phenomenon. As we will see in the following, according to the Naturalness
argument this comprehension will either come from TeV-scale physics or it
will never come. The Higgs being a composite object with a compositeness
scale (or geometric size) of TeV order is one of the very few known options
for “Naturally” generating its mass and in turn the EWSB scale.
The present chapter consists of three sections. In the first two sections
we will describe the salient features of the SM, outlining the main struc-
tural features that underlie its phenomenological success, but also its main
structural limitation, i.e. the problem of Naturalness. In the third section
we will provide a first qualitative description of the composite Higgs scenario
explaining how it addresses the Naturalness issue.
1Exhaustive textbooks on the subject are Refs. [1, 2] and [3].
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Figure 1.1: Pictorial view of the SM as an effective field theory, with its Lagrangian
generated at the scale ΛSM.
1.1 The SM is an effective field theory
A complete description of gravity is missing in the SM and this requires the
latter to be extended. The statement can be made more precise because
a partial description of gravity, obtained by quantizing general relativity in
a semiclassical expansion, is instead unavoidably present in the SM. This
quantum theory of gravity is intrinsically based on perturbation theory, which
is perfectly applicable at low energy but looses its validity for energies above
around the Planck mass, E & 4piMP ' 1019GeV, because the effective gravity
coupling strength grows like gG ' E/MP .2 Some new physics must emerge
at MP to replace the perturbative gravity theory, or much below MP to stop
the growth of the coupling strength. If we denote as “ΛSM” the SM cutoff,
i.e. the energy at which non-SM particles and interactions emerge, we have
that ΛSM .MP .
The breakdown of perturbative quantum gravity serves to demonstrate
that the SM, given that it has a finite cutoff, is for sure an effective field
theory. This does not mean that the first layer of Beyond the SM (BSM)
physics is necessarily the one that addresses the quantum gravity issue, nor
that it must arise at the Planck scale. Instead, it might provide the micro-
scopic explanation of other mysteries of the SM such as the origin of flavor,
of neutrino masses or of EWSB. We will see below that EWSB plays the
most important role in the discussion. This explanation will come to us in
the form of predictions of the SM Lagrangian operators, and of their coeffi-
cients, in terms of the more fundamental parameters of the BSM theory. As
depicted in Figure 1.1, the SM Lagrangian will be computed at the scale ΛSM
by integrating out the heavy dynamics and retaining in the theory only the
light SM matter fermions, vector and Higgs boson degrees of freedom.3
2The result is obtained by estimating the energy scale where the four-graviton vertex,
g2G, reaches the perturbativity bound of 16pi
2.
3Other light degrees of freedom might well be present in the low-energy theory, provided
they are coupled weakly enough to have escaped detection. Their presence would not affect
the considerations that follow.
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A technically consistent description of the vector bosons requires gauge
invariance and phenomenological viability requires the gauge group of the SM
SU(3)c×SU(2)L×U(1)Y . But apart from being gauge (and Lorentz) invariant
there is not much we can tell a priori on how the SM effective Lagrangian will
look like. It will consist of an infinite series of local gauge-invariant operators
with arbitrary energy dimension “d”, with coefficients that on dimensional
grounds (given that [L] = E4 and ΛSM is the only relevant scale) must be
proportional to 1/Λd−4SM . We can then classify the operators by their energy
dimension and discuss their implications.
First we consider the d = 4 operators. They describe almost all what we
have seen in Nature, namely EW and strong interactions, quarks and charged
leptons masses. They define a renormalizable theory and thus, together with
the d = 2 operator we will discuss later, they are present in the textbook SM
Lagrangian formulated in the old times when renormalizability was taken as
a fundamental principle.
Several books have been written (see for instance Refs. [4–6]) on the ex-
traordinary phenomenological success of the renormalizable SM Lagrangian
in describing the enormous set of experimental data [7] collected in the past
decades. In a nutshell, as emphasized in Ref. [8], most of this success is
due to symmetries, namely to “accidental” symmetries. We call “accidental”
a symmetry that arises by accident at a given order in the operator clas-
sification, without being imposed as a principle in the construction of the
theory. The renormalizable (d ≤ 4) SM Lagrangian enjoys exact (or per-
turbatively exact) accidental symmetries, namely baryon and lepton family
number, and approximate ones such as the flavor group and custodial sym-
metry. For brevity, we focus here on the former symmetries, which have the
most striking implications. Baryon number makes the proton absolutely sta-
ble, in accordance with the experimental limit Γp/mp . 10−64 on the proton
width over mass ratio. It is hard to imagine how we could have accounted
for the proton being such a narrow resonance in the absence of a symmetry.
Similarly lepton family number forbids exotic lepton decays such as µ→ eγ,
whose branching ratio is experimentally bounded at the 10−12 level. From
neutrino oscillations we know that the lepton family number is actually vio-
lated, in a way that however nicely fits in the SM picture as we will see below.
Clearly this is connected with the neutrino masses, which exactly vanish at
d = 4 because of the absence, in what we call here “the SM”, of right-handed
neutrino fields.
We now turn to d > 4 operators. Their coefficient is proportional to
1/ΛnSM, with n = d − 4 > 0, thus their effect on low-energy observables
is suppressed by (E/ΛSM)
n with respect to renormalizable terms. Current
observations are at and below the EW scale, E . mEW ' 100 GeV, the
suppression being effective thus requires ΛSM  100 GeV. This simple ob-
servation could explain why Nature is approximately well described by a
renormalizable theory, without renormalizability being a principle.
Non-renormalizable operators violate the d = 4 accidental symmetries.
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Lepton family number stops being accidental already at d = 5 because of the
Weinberg operator [9]
1
ΛSM
(`LH
c)(`cLH
c) , (1.1.1)
where `L denotes the lepton doublet, `
c
L its charge conjugate, while H is the
Higgs doublet and Hc = iσ2H∗. The SU(2)L indices are contracted within
the parentheses and the spinor index between the two terms. A generic
lepton flavor structure of the coefficient is understood. Surprisingly enough,
the Weinberg operator is the unique d = 5 term in the SM Lagrangian. For
ΛSM ' 1014 GeV and order one coefficient it generates neutrino masses of the
correct magnitude (mν ∼ 0.1 eV) and it can perfectly account for all observed
neutrino oscillation phenomena. Baryon number is instead still accidental at
d = 5 and its violation is postponed to d = 6. We thus perfectly understand,
qualitatively, why lepton family violation effects are “larger”, thus easier to
discover, while baryon number violation like proton decay is still unobserved.
At a more quantitative level we should actually remark that the bounds on
proton decay from the d = 6 operators, with order one numerical coefficients,
set a limit ΛSM & 1016 GeV that is in slight tension with what required by
neutrino masses. However few orders of magnitude are not a concern here,
given that there is no reason why the operator coefficient should be of order
one. A suppression of the proton decay operators is actually even expected
because they involve the first family quarks and leptons, whose couplings
are reduced already at the renormalizable level. Namely, it is plausible that
the same mechanism that makes the first-family Yukawa couplings small also
reduces proton decay, while less suppression is expected in the third family
entries of the Weinberg operator coefficient that might drive the generation
of the heaviest neutrino mass.
The considerations above suggest an extremely plausible picture for high
energy physics. Maybe the SM cutoff is extremely high; just to set a reference
we might place it at ΛSM ∼ 1015 GeV = MGUT. This choice happens to
coincide with the gauge coupling unification scale, but this doesn’t mean
that the new physics at the cutoff is necessarily a Grand Unified Theory
(GUT) (see for instance Refs. [10, 11]). On the contrary, the physics at
the cutoff can be very generic in this picture, precisely because the cutoff
is high. Compatibility with low-energy observations is ensured by the large
scale separation ΛSM  mEW. New physics at MGUT is not really one specific
BSM scenario. Given that it makes no requirement on how the physics at
the cutoff should look like and that it does not require new particles that we
might be capable to observe in the foreseeable future4, it just coincides with
what we typically call the “SM-only” option for high energy physics. We just
rephrased it in the educated language of effective field theories.
The effective field theory language is essential in order to properly discuss
4This doesn’t make it completely untestable. Purely Majorana neutrino masses would
be a strong indication of its validity while observing a large Dirac component would make
it less appealing.
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the limitations of the SM. One of those, which was already mentioned, is
the hierarchy among the Yukawa couplings of the various quark and lepton
flavors, which span few orders of magnitude. This tells us that the new
physics at ΛSM cannot actually be completely generic, given that it must
be capable of generating such a hierarchy in its prediction for the Yukawa’s.
This limits the set of theories allowed at the cutoff but is definitely not
a strong constraint. Whatever mechanism we might imagine to generate
flavor hierarchies at ΛSM ∼ MGUT, it will typically not be in contrast with
observations given that the bounds on generic flavor-violating operators are
“just” at the 108 GeV scale. Incorporating dark matter also requires some
modification of the SM picture, but there are several ways in which this
could be done without changing the situation dramatically. Perhaps the
most appealing solution from the viewpoint of the SM is “minimal dark
matter” [12], a theory in which all the symmetries which are needed for
phenomenological consistence are accidental. This includes not only the SM
accidental symmetries, but also the additional Z2 symmetry needed to keep
the dark matter particle cosmologically stable. Similar considerations hold for
the strong CP problem, for inflation and all other cosmological shortcomings
of the SM. The latter could be addressed by light and extremely weakly-
coupled new particles or by very heavy ones above the cutoff. In conclusion,
none of the above-mentioned issues is powerful enough to put the basic idea
of very heavy new physics scale in troubles. The only one that is capable to
do so is the Naturalness (or Hierarchy) problem discussed below.5
We have not yet encountered the Naturalness problem in our discussion
merely because we voluntarily ignored, in our classification, the operators
with d < 4. The only such operator in the SM is the Higgs mass term,
with d = 2.6 When studying the d > 4 operators we concluded that their
coefficient is suppressed by 1/Λd−4SM . Now we have d = 2 and we are obliged
to conclude that the operator is enhanced by Λ2SM, i.e. that the Higgs mass
term reads
cΛ2SMH
†H , (1.1.2)
with “c” a numerical coefficient. In the SM the Higgs mass term sets the scale
of EWSB and it directly controls the Higgs boson mass. Today we know that
mH = 125 GeV and thus the mass term is µ
2 = m2H/2 = (89 GeV)
2. But if
ΛSM ∼MGUT, what is the reason for this enormous hierarchy? Namely
why
µ2
Λ2SM
∼ 10−28 ≪ 1 ?
This is the essence of the Naturalness problem.
5See Refs. [13] and [14] for recents essays on the Naturalness problem. The problem
was first formulated in Refs. [15] and [16, 17], however according to the latter references it
was K.Wilson who first raised the issue.
6There is also the cosmological constant term, of d = 0. It poses another Naturalness
problem that we will mention later in this chapter.
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Further considerations on the Naturalness problem, its implications and
the possible solution offered by the composite Higgs scenario are postponed
to the next section. However, we can already appreciate here how radically it
changes our expectations on high energy physics. The SM-only picture gets
sharply contradicted by the Naturalness argument since the problem is based
on the same logic (i.e., dimensional analysis) by which its phenomenological
virtues (i.e., the suppression of d > 4 operators) were established. The new
picture is that ΛSM is low, in the 100 GeV to few TeV range, such that a light
enough Higgs is obtained “Naturally”, i.e. in accordance with the estimate in
Eq. (1.1.2). The new physics at the cutoff must now be highly non-generic,
given that it cannot rely any longer on a large scale suppression of the BSM
effects. To start with, baryon and lepton family number violating operators
must come with a highly suppressed coefficient, which in turn requires baryon
and lepton number being imposed as symmetries rather than emerging by
accident. In concrete, the BSM sector must now respect these symmetries.
This can occur either because it inherits them from an even more fundamental
theory or because they are accidental in the BSM theory itself. Similarly, if
ΛSM ∼ TeV flavor violation cannot be generic. Some special structure must
be advocated on the BSM theory, Minimal Flavor Violation (MFV) [18, 19]
being one popular and plausible option. The limits from EW Precision Tests
(EWPT) come next; they also need to be carefully addressed for TeV scale
new physics. On one hand this makes Natural new physics at the TeV scale
very constrained. On the other hand it gives us plenty of indications on how
it should, or it should not, look like.
1.2 A Natural electroweak scale
The reader might be unsatisfied with the formulation of the Naturalness
problem we gave so far. All what Eq. (1.1.2) tells us is that the numerical
coefficient “c” that controls the actual value of the mass term beyond di-
mensional analysis should be extremely small, namely c ∼ 10−28 for GUT
scale new physics. Rather than pushing ΛSM down to the TeV scale, where
all the above-mentioned constraints apply, one could consider keeping ΛSM
high and try to invent some mechanism to explain why c is small. After all,
we saw that there are other coefficients that require a suppression in the SM
Lagrangian, namely the light flavors Yukawa couplings. One might argue
that it is hard to find a sensible theory where c is small, while this is much
simpler for the Yukawa’s. Or that 28 orders of magnitude are by far much
more than the reduction needed in the Yukawa sector. But this would not
be fully convincing and would not make full justice to the importance of the
Naturalness problem.
In order to better understand Naturalness we go back to the essential
message of the previous section. The SM is an effective field theory and
thus the coefficients of its operators, which we regard today as fundamental
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input parameters, should actually be derived phenomenological parameters,
to be computed one day in a more fundamental BSM theory. Things should
work just like for the Fermi theory of weak interactions, where the Fermi
constant GF is a fundamental input parameter that sets the strength of the
weak force. We know however that the true microscopic description of the
weak interactions is the EW theory. The reason why we are sure about this
is that it allows us to predict GF in terms of its microscopic parameters gW
and mW , in a way that agrees with the low-energy determination. What we
have in mind here is merely the standard textbook formula
GF =
g2W
4
√
2m2W
, (1.2.1)
that allows us to carry on, operatively, the following program. Measure the
microscopic parameters gW and mW at high energy; compute GF ; compare it
with low-energy observations.7 Since this program succeeds we can claim that
the microscopic origin of weak interaction is well-understood in terms of the
EW theory. We will now see that the Naturalness problem is an obstruction
in repeating the same program for the Higgs mass and in turn for the EWSB
scale.
Imagine knowing the fundamental, “true” theory of EWSB. It will predict
the Higgs mass-term µ2 or, which is the same, the physical Higgs mass m2H =
2µ2, in terms of its own input parameters “ptrue”, by a formula that in full
generality reads
m2H =
∫ ∞
0
dE
dm2H
dE
(E; ptrue) . (1.2.2)
The integral over energy stands for the contributions to m2H from all the en-
ergy scales and it extends up to infinity, or up to the very high cutoff of the
“true” theory itself. The integrand could be localized around some specific
scale or even sharply localized by a delta-function at the mass of some spe-
cific particle, corresponding to a tree-level contribution to m2H . Examples of
theories with tree-level contributions are GUT [10, 11] and Supersymmetric
(SUSY)8 models, where mH emerges from the mass terms of extended scalar
sectors. The formula straightforwardly takes into account radiative contribu-
tions, which are the only ones present in the composite Higgs scenario. Also
in SUSY, radiative terms have a significant impact given that the bounds on
the scalar (SUSY and soft) masses that contribute at the tree-level are much
milder than those on the colored stops and gluinos that contribute radia-
tively. In the language of old-fashioned perturbation theory [1], “E” should
be regarded as the energy of the virtual particles that run into the diagrams
through which m2H is computed.
7Actually GF is taken as an input parameter in actual calculations because it is better
measured than gW and mW , but this doesn’t affect the conceptual point we are making.
8Standard textbooks and reviews on supersymmetry are in Refs. [20–25].
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Figure 1.2: Some representative top, gauge and Higgs boson loop diagrams that
contribute to the Higgs mass.
Consider now splitting the integral in two regions defined by an interme-
diate scale that we take just a bit below the SM cutoff. We have
m2H =
∫ .ΛSM
0
dE
dm2H
dE
(E; ptrue) +
∫ ∞
.ΛSM
dE
dm2H
dE
(E; ptrue)
= δSMm
2
H + δBSMm
2
H , (1.2.3)
where δBSMm
2
H is a completely unknown contribution, resulting from energies
at and above ΛSM, while δSMm
2
H comes from virtual quanta below the cutoff,
whose dynamics is by assumption well described by the SM. While there is
nothing we can tell about δBSMm
2
H before we know what the BSM theory is,
we can easily estimate δSMm
2
H by the diagrams in Figure 1.2, obtaining
δSMm
2
H =
3y2t
8pi2
Λ2SM −
3g2W
8pi2
(
1
4
+
1
8 cos2 θW
)
Λ2SM −
3λ
8pi2
Λ2SM , (1.2.4)
from, respectively, the top quark, EW bosons and Higgs loops. The idea is
that we know that the BSM theory must reduce to the SM for E < ΛSM.
Therefore no matter what the physics at ΛSM is, its prediction for m
2
H must
contain the diagrams in Figure 1.2 and thus the terms in Eq. (1.2.4). These
terms are obtained by computing dm2H/dE from the SM diagrams and inte-
grating it up to ΛSM, which effectively acts as a hard momentum cutoff. The
most relevant contributions come from the quadratic divergences of the dia-
grams, thus Eq. (1.2.4) can be poorly viewed as the “calculation” of quadratic
divergences. Obviously quadratic divergences are unphysical in quantum field
theory. They are canceled by renormalization and they are even absent in cer-
tain regularizations schemes such as dimensional regularization. However the
calculation makes sense, in the spirit above, as an estimate of the low-energy
contributions to m2H .
The true nature of the Naturalness problem starts now to show up. The
full finite formula for m2H obtained in the “true” theory receives two con-
tributions that are completely unrelated since they emerge from separate
energy scales. At least one of those, δSMm
2
H , is for sure very large if ΛSM
is large. The other one is thus obliged to be large as well, almost equal and
with opposite sign in order to reproduce the light Higgs mass we observe. A
cancellation is taking place between the two terms, which we quantify by a
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fine-tuning ∆ of at least
∆ ≥ δSMm
2
H
m2H
=
3 y2t
8pi2
(
ΛSM
mH
)2
'
(
ΛSM
450 GeV
)2
. (1.2.5)
Only the top loop term in Eq. (1.2.4) has been retained for the estimate
since the top dominates because of its large Yukawa coupling and because
of color multiplicity. Notice that the one above is just a lower bound on the
total amount of cancellation ∆ needed to adjust mH in the true theory. The
high energy contribution δBSMm
2
H , on which we have no control, might itself
be the result of a cancellation, needed to arrange for δBSMm
2
H ' −δSMm2H .
Examples of this situation exist both in SUSY and in composite Higgs.
The problem is now clear. Even if we were able to write down a theory
that formally predicts the Higgs mass, and even if this theory turned out to
be correct we will never be able to really predict mH if ΛSM is much above
the TeV scale, because of the cancellation. For ΛSM = MGUT, for instance,
we have ∆ & 1024. This means that in the “true” theory formula for mH
a 24 digits cancellation is taking place among two a priori unrelated terms.
Each of these terms must thus be known with at least 24 digits accuracy
even if we content ourselves with an order one estimate of mH . We will
never achieve such an accuracy, neither in the experimental determination
of the ptrue “true” theory parameters mH depends on, nor in the theoretical
calculation of the Higgs mass formula. Therefore, we will never be able to
repeat for mH the program we carried on for GF and we will never be able to
claim we understand its microscopic origin and in turn the microscopic origin
of the EWSB scale. A BSM theory with ΛSM = MGUT has, in practice, the
same predictive power on mH as the SM itself, where Eq. (1.2.2) is replaced
by the much simpler formula
m2H = m
2
H . (1.2.6)
Namely if such an high-scale BSM theory was realized in Nature mH will
remain forever an input parameter like in the SM. The microscopic origin of
mH , if any, must necessarily come from new physics at the TeV scale, for
which the fine-tuning ∆ in Eq. (1.2.5) can be reasonably small.
The Higgs mass term is the only parameter of the SM for which such
an argument can be made. Consider for instance writing down the ana-
log of Eq. (1.2.2) for the Yukawa couplings and splitting the integral as
in Eq. (1.2.3). The SM contribution to the Yukawa’s is small even for
ΛSM = MGUT, because of two reasons. First, the Yukawa’s are dimensionless
and thus, given that there are no couplings in the SM with negative energy
dimension, they do not receive quadratically divergent contributions. The
quadratic divergence is replaced by a logarithmic one, with a much milder
dependence on ΛSM. Second, the Yukawa’s break the flavor group of the SM.
Therefore there exist selection rules (namely those of MFV) that make ra-
diative corrections proportional to the Yukawa matrix itself. The Yukawa’s,
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and the hierarchies among them, are thus “radiatively stable” in the SM.
This marks the essential difference with the Higgs mass term and implies
that their microscopic origin and the prediction of their values could come
at any scale, even at a very high one. The same holds for all the other SM
parameters apart from mH .
The formulation in terms of fine-tuning (1.2.5) turns the Naturalness
problem from a vague aesthetic issue to a concrete semiquantitative question.
Depending on the actual value of ∆ the Higgs mass can be operatively harder
or easier to predict, making the problem more or less severe. If for instance
∆ ∼ 10, we will not have much troubles in overcoming a one digit cancella-
tion once we will know and we will have experimental access to the “true”
theory. After some work, sufficiently accurate predictions and measurements
will become available and the program of predicting mH will succeed. The
occurrence of a one digit cancellation will at most be reported as a curios-
ity in next generation particle physics books and we will eventually forget
about it. A larger tuning ∆ = 1000 will instead be impossible to overcome.
The experimental exploration of the high energy frontier will tell us, through
Eq. (1.2.5), what to expect about ∆. Either by discovering new physics that
addresses the Naturalness problem or by pushing ΛSM higher and higher un-
til no hope is left to understand the origin of the EWSB scale in the sense
specified above. One way or another, a fundamental result will be obtained.
The discovery of “Unnaturalness” by the non-observation of new physics
at the TeV scale would prevent us from predicting mH as an effective phe-
nomenological parameter, but this does not necessarily mean that we will
never get some control on its value. The idea of anthropic vacuum selection,
first applied by Weinberg to the cosmological constant problem [26], might
help in this respect. The cosmological constant operator suffers of exactly the
same Naturalness problem as the Higgs mass. Provided we claim we under-
stand gravity well enough to estimate them, radiative corrections push the
cosmological constant to very high values, tens of orders of magnitude above
what we knew it had to be (and was subsequently observed) in order for
galaxies being able to form in the early universe. Weinberg pointed out that
the most plausible value for the cosmological constant should thus be close
to the maximal allowed value for the formation of galaxies because galaxies
are essential for the development of intelligent life. The idea is that if many
ground state configurations are possible in the fundamental theory, typically
characterized by a very large cosmological constant but with a tail in the
distribution that extends up to zero, the largest possible value compatible
with galaxies formation, and thus with the very existence of the observer,
will be actually observed. A similar argument can be made for the Higgs
mass (see for instance Ref. [27]), however it is harder in the SM to identify
sharply the boundary of the anthropically allowed region of the parameter
space. The anthropic argument basically says that we might be following a
radically wrong path in our search for the fundamental laws of Nature. The
Higgs mass might not be fundamental, but instead dictated by the environ-
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ment, and in this case there could be no true mystery about its value. Poorly
speaking, mH could be like the average temperature on the surface of Earth,
of around 15 ◦C. It is the one we observe, rather than the one on the surface
of the Sun, of around 5500 ◦C, because of anthropic selection. Plausible or
not, the very existence of such speculative ideas demonstrates the relevance
of the Naturalness problem and the importance of further investigating it.
Once again, we see that even discovering Unnaturalness in mH by excluding
Natural new physics at the TeV scale would be a fundamental result that
would change our perspective on the physics of fundamental interactions.
1.3 Dimensional transmutation
The composite Higgs scenario offers a simple solution to the problem of Nat-
uralness. Suppose that the Higgs, rather than being a point-like particle
as in the SM, is instead an extended object with a finite geometric size lH .
We will make it so by assuming that it is the bound state of a new strong
force characterized by a confinement scale m∗ = 1/lH of TeV order. In this
new theory the dm2H/dE integrand in the Higgs mass formula (1.2.2), which
stands for the contribution of virtual quanta with a given energy, behaves as
follows. Low energy quanta have too a large wavelength to resolve the Higgs
size lH . Therefore the Higgs behaves like an elementary particle and the inte-
gral grows linearly with E like in the SM, resulting in a quadratic sensitivity
to the upper integration limit. However this growth gets canceled by the
finite size effects that start becoming visible when E approaches and eventu-
ally overcomes m∗. Exactly like the proton when hit by a virtual photon of
wavelength below the proton radius, the composite Higgs is transparent to
high-energy quanta and the integrand decreases. The linear SM behavior is
thus replaced by a peak at E ∼ m∗ followed by a steep fall. The Higgs mass
generation phenomenon gets localized at m∗ = 1/lH and mH is insensitive
to much higher energies. This latter fact is also obvious from the fact that
no Higgs particle is present much above m∗. Therefore there exist no Higgs
field and no d = 2 Higgs mass term to worry about.
Clearly it is essential for this to work that the Higgs size, or its inverse
that we associated with a confinement scale, is itself Natural. Namely we
must not encounter a new Naturalness problem when trying to put m∗ at
the TeV scale. The complete composite Higgs picture, which by the way is
common to all the non-SUSY attempts to address Naturalness, beginning
with technicolor [17, 28, 29] (see Ref. [30] for a review), is as follows. The
main ingredient is a new “composite sector” that will eventually deliver the
Higgs as a bound state. At least part of the composite sector dynamics will
have to take place in a strongly-coupled non-perturbative regime, therefore
it is appropriate to say that the new sector describes a new strong force.
The composite sector emerges from an even more fundamental theory at a
very high scale ΛUV  TeV, whose precise value will not matter for us given
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that the whole point of the construction is precisely to make the EW scale
insensitive to it. We might think, just for definiteness, ΛUV ∼MGUT.
At ΛUV the composite sector sits close to a fixed point of its Renormal-
ization Group (RG) evolution and it is assumed that no strongly relevant
deformation exists around this fixed point. Namely, we assume that no oper-
ator in the composite sector Lagrangian has scaling dimension considerably
below 4, which corresponds to the absence of parameters with strongly pos-
itive dimensionality. This is the educated way to express the absence of
unprotected energy scales in the UV theory, which would reintroduce the
Naturalness problem. The SM, with its d = 2 Higgs mass operator and the
corresponding d = 2 parameter µ2, is an example of how the composite sector
should not look like. A sector with the features above, realized in Nature,
is low-energy QCD. Low-energy QCD emerges, after integrating out the EW
bosons and the heavy quarks, as a weakly-coupled theory close to the triv-
ial (free) fixed point.9 No strongly relevant deformation is present because
the only d < 4 operators, the quark mass terms, are protected by the chiral
symmetry and thus they evolve under the RG flow as if they had d ' 4.
The absence of strongly relevant deformations makes the RG flow towards
the IR a “slow” process. Deviations from the fixed point are controlled by
the RG “time” t = log[ΛUV/E] so that the theory can significantly depart
from the fixed point, confine and eventually develop the composite Higgs
bound state, only at an exponentially suppressed scale m∗ defined by t =
log[ΛUV/m∗]. The time t by which the RG running ends can be arbitrarily
long, depending on how close to the fixed point we started from at ΛUV. It
could be easily of order 10, allowing for a Natural huge hierarchy between
ΛUV and m∗. The analogy with QCD is once again extremely useful to
clarify the situation. For 3 light quark flavors and the running starting at
mZ = ΛUV, the habitual formula for the QCD confinement scale ΛQCD = m∗,
can be expressed as
log[ΛUV/m∗] =
1
18
(
4pi
gS
)2
. (1.3.1)
The loop expansion parameter g2S/16pi
2, with gS evaluated at ΛUV = mZ
controls the departure of the UV theory from the free fixed point. This is why
its inverse sets the total RG running time and hence the hierarchy between
ΛUV and m∗. This mechanism, by which a scale m∗ is generated through
the running without dimensionful parameters but only d = 0 couplings being
present in the UV theory is called “dimensional transmutation” in QCD
textbooks. The name is appropriate also in the more general context we
have in mind here, where the absence of relevant deformations corresponds
to the absence of dimensionful parameters in the microscopic theory.
9A theory with nearly massless u, d and s quarks, and all the others with masses at
the EW scale ∼ mZ , at which gS ∼ 4pi/10 well within the perturbative regime, is what we
actually have in mind for our analogy.
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The second ingredient we need for a potentially realistic theory is one
extra “elementary” sector that contains all those particles that we know, by
phenomenology, can not be composite at the TeV scale unlike the Higgs.10
Those are basically all the other SM particles, the only possible exception
being, as we will see, the right-handed component of the top quark. The ele-
mentary sector is a weakly-coupled gauge theory with the gauge group of the
SM and its particle content aside from the Higgs. The most relevant operators
in its Lagrangian, namely those that are not suppressed by 1/ΛnUV, are thus
just the ordinary d = 4 SM gauge and fermion kinetic terms. Obviously no
Yukawa couplings are present since there is no Higgs. The phenomenological
need of describing the SM vector bosons as elementary gauge fields obliges
the whole theory, including the composite sector, to respect the SM gauge
symmetry. Namely, the composite sector will be characterized by an exact
symmetry group “G” containing one SU(2)L×U(1)Y subgroup. The elemen-
tary Wµ and Bµ fields make the latter subgroup local by the habitual gauging
procedure. This amounts to couple them to the global SU(2)L×U(1)Y con-
served current of the composite sector, giving rise to one sure communication
channel between the elementary and the composite sectors.
In the analogy with QCD, the elementary sector consists of the pho-
ton field and the light leptons. The global group G is the chiral symmetry
SU(3)L×SU(3)R and the photon gauges its U(1)e.m. subgroup. The major
difference between our construction and QCD is, in this respect, the fact that
the chiral group is explicitly broken by the quark masses while our composite
sector is exactly invariant under G . The latter assumption could actually be
relaxed, allowing for some amount of breaking inside the composite sector.
However this would not introduce radically new phenomena, therefore we will
ignore this possibility in the following and assume that the explicit breaking
of G is entirely due to the presence of the elementary sector. This breaking
gets transmitted to the composite sector by the elementary/composite inter-
action Lint. The same would happen in QCD if we set the quark masses to
zero. The breaking of the chiral group would solely come from the coupling
of the elementary photon.
In obvious analogy with QCD, the global group G will generically be bro-
ken spontaneously to a subgroup H at the confinement scale m∗, delivering
exactly massless Nambu–Goldstone Bosons (NGB) in the G/H coset. In
the scenario described in these Notes, the Higgs is one of those Goldstone
bosons. It acquires a mass and a potential, triggering EWSB, through the
explicit breaking of the Goldstone symmetry group G induced by the elemen-
tary sector. The Higgs being a NGB, or more precisely a pseudo NGB since
the Goldstone symmetry is explicitly broken, is essential for the composite
Higgs scenario having a chance to be realistic and marks the difference with
the old composite Higgs constructions [15, 16] (see for instance Ref. [31] for
an even earlier attempt) where the Higgs was emerging as a generic bound
10Those particles might be “partially composite”, a concept that we will introduce and
discuss extensively in these Notes.
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Figure 1.3: The basic structure of the composite Higgs scenario.
state of the composite sector. In the latter case, the Higgs mass would be
set directly by the confinement scale m∗, which we would thus be obliged to
take in the 100 GeV range rather than at the TeV or multi-TeV scale. But a
large number of bound states, called “resonances”, are expected at m∗, very
much like plenty of hadrons emerge from the QCD confinement at ΛQCD.
None of such particles is observed at 100 GeV, therefore m∗ must be at the
TeV and mH much below that. This is Naturally the case for a NGB Higgs,
whose mass is controlled by the explicit breaking of the Goldstone symmetry,
provided of course the breaking effects are small. But G breaking comes from
the elementary sector and it is communicated to the composite one by the
elementary/composite interactions Lint. Keeping it small thus requires Lint
being a weak perturbation of the composite sector dynamics. This condition
is also crucial in order to ensure that the presence of the elementary sector
does not destabilize the hierarchy among m∗ and ΛUV induced by the com-
posite sector dynamics, invalidating our solution of the Naturalness problem.
The elementary sector being a weak perturbation of the composite one at
all scales between ΛUV and m∗ requires that no strongly relevant operator,
compatible with symmetries and selection rules, should be present in Lint.
This is indeed the case in QCD and it is why the electromagnetic interactions
are small corrections to the hadron dynamics. The approximate Goldstone
symmetry can also explain, at the price of a mild tuning, why the composite
Higgs particle not only is light, but also it couples in approximately the same
way as if it were elementary as in the SM. This comes, as we will see in the
next chapter, from the mechanism of “vacuum misalignment” discovered in
Refs. [32–34].
In summary, the composite Higgs setup is defined by the three basic el-
ements depicted in Figure 1.3. We have a composite sector, an elementary
one and an interaction Lint between the two, which transmits to the compos-
ite sector the explicit breaking of G . Characterizing the features they must
possess in order to produce a potentially realistic theory is the purpose of the
present Notes. The reader should be aware the she/he will not find here any
attempt to formulate a microscopic UV realization of the composite Higgs
scenario. It is relatively easy, and was done already in the original literature
[32–34], to produce QCD-like models, weakly coupled at ΛUV and thus de-
scribed by “technigluons” and “techniquarks” constituents at that scale, with
a G → H symmetry breaking pattern suited to deliver a NGB Higgs. These
models typically result in a phenomenologically satisfactory description of the
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EW bosons and Higgs dynamics. Very few attempts have been made [35–39]
to extend these constructions to the fermionic sector. Here the challenge is to
find a microscopic realization of the “partial compositeness” hypothesis [40]
that, as we will see, requires a peculiar structure of the elementary/composite
fermionic interactions. The best examples we have of composite Higgs mod-
els with partial fermion compositeness are five-dimensional gauge theories on
truncated anti-de Sitter space [41–43], which however are not UV-complete.
Their completion might not be an asymptotically-free four-dimensional gauge
theory, it could instead be some other kind of construction flowing towards
a strongly-coupled UV fixed point. Given the extra dimensional nature of
these model a string theory completion, possibly dual to a strongly-coupled
theory in four dimensions, could be also envisaged. Our viewpoint on the UV
completion of the composite Higgs scenario is the following. What we can
definitely do is to identify and spell out as precisely as possible the required
assumptions on the UV dynamics and, by the power of symmetries, selection
rules and effective field theory techniques, study their compatibility with
current observations and make prediction for future experimental searches.
Which is by the way how we would proceed even if we knew the microscopic
theory given the difficulty of performing explicit calculations in the strong
coupling regime. If, as a result of this effort, something that resembles the
composite Higgs is discovered, we would be sure that microscopic theory
with the required features exists and finding one will become a priority. If
conversely the composite Higgs scenario will be found to be experimentally
excluded, or too much tuned to be relevant, finding a UV completion will still
remain an interesting theoretical quantum field theory question, but with no
direct phenomenological relevance.
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Chapter 2
Goldstone boson Higgs
This chapter provides a first illustration of the composite Higgs scenario and
a first characterization of its phenomenology. In particular of those aspects of
the phenomenology that robustly follow from the Nambu–Goldstone Boson
(NGB) nature of the Higgs in a model-independent way. Interestingly enough,
this includes a specific pattern of Higgs coupling modifications with respect
to the SM predictions. The basic concept behind the formulation of the
composite Higgs scenarios is “vacuum misalignment”, a mechanism by which
the composite Higgs boson can effectively behave as an elementary one. This
concept is explained in Sect. 2.1 and further illustrated in Sect. 2.2 with the
help of two simple examples. Sect. 2.3 is more technical. It reviews the
Callan–Coleman–Wess–Zumino (CCWZ) approach to spontaneously broken
symmetries, an essential tool for the study of the composite Higgs scenario.
Finally, in Sect. 2.4 we explain the concept of partial fermion compositeness,
which is how the elementary SM fermions are assumed to couple with the
composite sector in our construction.
2.1 Vacuum misalignement
We now consider, in addition to the SM fermions and gauge fields, a new
sector endowed with a global Lie group of symmetries G . This is the “com-
posite sector”, in the language of the previous chapter. Since we want our
setup to address the Naturalness problem by the mechanism of dimensional
transmutation we imagine dealing with a strongly-interacting sector, con-
ceptually similar to a QCD-like confining theory. However the forthcoming
discussion applies to weakly-coupled theories as well and indeed illustrative
weakly-coupled examples will be worked out in the following section. We
assume that the vacuum state of the composite sector, when the latter is
considered in isolation, is only invariant under a subgroup H ⊂ G lead-
ing to G → H spontaneous breaking and thus to the appearance of mass-
less NGB’s in the coset G/H . The subgroup H is assumed to contain the
17
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EW group GEW = SU(2)L × U(1)Y ⊆ H and G is assumed to be large
enough for at least one Higgs doublet to be present in the coset. In order
to study this system we must first of all introduce a reference system in the
Lie algebra of G by choosing a basis of linearly independent generators TA
and splitting them into “unbroken” (A = a = 1, . . . ,dim[H ]) and “broken”
(A = aˆ = 1ˆ, . . . ,dim[G/H ]) sets as
{TA} = {T a, T̂ aˆ} . (2.1.1)
The set {T a} generates the Lie algebra of the subgroup H . It is also conve-
nient to introduce a reference vacuum field configuration
#„
F , that describes
one of the degenerate vacua of the composite sector. It is chosen to satisfy
T a
#„
F = 0 , T̂ aˆ
#„
F 6= 0 . (2.1.2)
To be precise, what we mean with the second equation is that {T̂ aˆ #„F } forms
a linearly independent (over the reals) set of vectors.
Notice that Eq. (2.1.1), and consequently Eq. (2.1.2), is merely a conven-
tional choice of the reference system in the G algebra. From the viewpoint of
the composite sector alone, for which G is an exact symmetry, there is no pre-
ferred system. Any embedding of H in G , obtained by acting on Eq. (2.1.1)
with G elements, is completely equivalent.1 However, G is eventually broken
in our construction by identifying some of its generators with those of the
EW group. In view of this breaking, it is convenient to choose the reference
system in such a way that the embedding of H contains all the GEW gen-
erators. Namely, the SM gauge fields W 1,2,3µ and Bµ, that gauge the GEW
group, will couple to some of the global currents associated with the {T a}’s
and not to the {T̂ aˆ}’s. This is our definition of the {T a} set and of the refer-
ence vacuum
#„
F , it does not entail any assumption on the G → H symmetry
breaking pattern.
As well known, and reviewed in Sect. 2.3, the NGB fields are local trans-
formations in the direction of the {T̂ aˆ} generators and correspond to the
ansatz
#„
Φ(x) = ei θ
aˆ(x)T̂ aˆ #„F , (2.1.3)
in the space of the field operators
#„
Φ of the theory. Among the θaˆ fields we
identify the four real components of one Higgs doublet, plus possibly other
scalars of an enlarged Higgs sector. The Higgs field taking a Vacuum Expecta-
tion Value (VEV) eventually breaks GEW down to the electromagnetic group
exactly like in the SM. To illustrate how this works, let us first consider the
composite sector in isolation and ignore the G-breaking perturbations that
arise from the coupling with the SM gauge fields.2 In this case the θ fields
1This is clearly not the case when H is embeddable in multiple inequivalent ways in
G , namely when different choices of the H algebra generators are not all related by inner
automorphisms. Which inequivalent embedding is selected is in this case a dynamical
question and depends on the details of the underlying theory.
2The couplings with the SM fermions also break G explicitly, as we will see in Sect. 2.4.
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Figure 2.1: A geometrical illustration of EWSB through vacuum misalignment, in
the case of the spatial rotations group G = SO(3) with H = SO(2). The SO(2)
breaking from vacuum misalignment is proportional to the projection of ~F on the
SO(2) plane, v = f sin〈θ〉.
are exact NGB’s, therefore they have no potential and their VEV’s 〈θaˆ〉 are
completely arbitrary. Moreover the VEV’s are unobservable because any con-
stant θ configuration merely corresponds to one equivalent vacuum obtained
by acting on
#„
F with the G transformation exp[−i〈θaˆ〉T̂ aˆ]. Technically, we
will be able to get rid of any 〈θaˆ〉 by a suitable redefinition of the θ fields that
induces the transformation
#„
Φ → exp[−i〈θaˆ〉T̂ aˆ] #„Φ. In this way it is possible
to set, in full generality, 〈θaˆ〉 = 0. The concept that the composite Higgs
VEV is unobservable in the absence of explicit breaking of G is often useful
in the study of composite Higgs theories.
When we take G-breaking into account and θ becomes a pseudo NGB
(pNGB) the situation changes. First of all, θ develops a potential and its
VEV is not arbitrary anymore. Moreover, 〈θ〉 becomes observable as it can
not be set to zero by an exact symmetry transformation. Its physical effect
is to break GEW, embedded in H , giving rise to EWSB. Geometrically, as
depicted in Fig. 2.1, 〈θ〉measures the angle by which the vacuum is misaligned
with respect to the reference vector
#„
F , which we have chosen to be orthogonal
to the plane of H ⊇ GEW. The convenience of this choice should now be clear:
the field θ defined by Eq. (2.1.3) behaves exactly like the SM Higgs field in the
sense that its non-vanishing VEV triggers EWSB. More precisely, we expect
all the EWSB effects such as the SM particle masses to be controlled by the
projection of
#„
F on the GEW plane, i.e. we expect the EWSB scale to be set
by v = f sin〈θ〉 where f = | #„F | is the scale of G → H spontaneous breaking.
This expectation is confirmed by the examples that follow.
The actual value of 〈θ〉 depends on the details of the composite sector and
on those of the symmetry-breaking perturbations. It can be obtained, in each
given explicit model, by minimizing the pNGB potential. In the absence of
some special mechanism or of an ad-hoc cancellation, we generically expect
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a minimum for 〈θ〉 ∼ 1. Namely, the vacuum does not generically point in a
direction close to
#„
F and the EW symmetry is maximally broken, i.e. v ∼ f .
If this is the case our setup is merely a non-minimal technicolor model where
we enlarged the group H to contain also the broken SM generators and not
only the electromagnetic U(1). But if these additional generators are broken
with maximal strength v ∼ f we will find no qualitative difference with the
minimal technicolor case, aside from the presence of additional pNGB asso-
ciated with the new broken generators. The composite Higgs construction
becomes interesting, and different from technicolor, only if the misalignment
angle is small, 〈θ〉  1, such that a gap is generated among f and the EWSB
scale v. This condition is conveniently expressed as
ξ ≡ v
2
f2
= sin2〈θ〉  1 , (2.1.4)
in terms of the important parameter ξ which appears ubiquitously in the
study of composite Higgs. The limit ξ → 0, at fixed v, corresponds to decou-
pling the composite sector from the low-energy physics by sending to infinity
its typical scale f . In this limit, only the Goldstone boson Higgs remains
in the spectrum while all the other bound states decouple. The theory, as
shown explicitly in the examples that follow, systematically reduces to the
SM for ξ → 0 and the composite Higgs becomes effectively elementary. Un-
like technicolor, composite Higgs theories are endowed with one adjustable
parameter ξ that controls all the departures from the Standard Higgs model.
The experimental confirmations of the SM, in particular its successful de-
scription of EW precision physics, can be systematically recovered by a small
enough ξ. This mechanism is called “vacuum misalignment” [32–34].
However, we generically expect a large misalignment angle, 〈θ〉 ∼ 1, and
therefore ξ ∼ 1. Two attitudes are possible towards the problem of obtaining
a small enough ξ. The first one is to assume a certain degree of acciden-
tal cancellation, or fine-tuning, taking place in the scalar potential ensuring
ξ  1. Though not completely satisfactory, this might well be the correct
explanation as long as not too a small ξ, not much smaller than around 0.1,
is required. Moderate cancellations, of the order of one part into ten, are
acceptable from the viewpoint of Naturalness, or at least of its formulation
in terms of fine-tuning we insisted on in the previous chapter. A microscopic
model of EWSB, which explains the huge Planck (or GUT) to weak hierar-
chy and complies with all the precise tests of the SM at the only price of a
10% tuning of a single parameter would definitely be an extremely plausible
possibility. The second approach to the small ξ problem is to try to design
some specific mechanism which leads to a small 〈θ〉, not by tuning but rather
through a structural cancellation taking place in the potential. One incarna-
tion of this idea is provided by the so-called “little Higgs” program [44, 45]
(for a review see Refs. [46, 47]), which foresees a parametric reduction of the
Higgs mass term in the potential relative to the quartic, leading to a natu-
rally small VEV. Unfortunately this is not achieved by reducing the Higgs
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mass term, but by enlarging the quartic, leading to a serious tension with
the observed Higgs mass. Furthermore the proposed constructions are rather
complicated and rely on seemingly artificial model-building. In comparison,
the explanation based on some degree of unnatural tuning seems more plau-
sible. We will not elaborate any further on these ideas, nevertheless they
could be the right starting point towards the construction of a more Natural
“self-tuned” version of the composite Higgs scenario.
2.2 Two simple examples
For a concrete illustration of the general idea we discuss two examples, for-
mulated as renormalizable and weakly-coupled scalar theories or, as we will
sometimes denote them in what follows, “linear σ-models”. The first one
is a toy model with SO(3)→ SO(2) spontaneous breaking, which provides
a composite realization of the Abelian Higgs model. The second example,
based on the breaking SO(5)→ SO(4), is instead more realistic and leads to
a SM-like Higgs theory of EWSB.
2.2.1 The Abelian composite Higgs model
We consider a triplet
#„
Φ of real scalar fields, described by the Lagrangian
LC = 1
2
∂µ
#„
Φ
T
∂µ
#„
Φ − g
2
∗
8
(
#„
Φ
T #„
Φ − f2
)2
. (2.2.1)
In spite of being just a simple scalar theory, which we will study in the
perturbative weakly-coupled regime g∗ < 4pi, we interpret it here as the
strongly-interacting composite sector we described in the previous chapter.
The theory is invariant under SO(3) transformations acting on
#„
Φ as
#„
Φ → g · #„Φ , g = eiαATA ∈ SO(3) , (2.2.2)
where the SO(3) generators, normalized to Tr[TATB ] = δAB , can be conve-
niently chosen as TA = {T, T̂ i}
T =
1√
2
 0 −i 0i 0 0
0 0 0
 , T̂ i =
 1√2
 0 0 −i0 0 0
i 0 0
 , 1√
2
 0 0 00 0 −i
0 i 0
 ,
(2.2.3)
with i = 1, 2. Geometrically, the three generators correspond to rotations in
the 1-2, 1-3 and 2-3 planes.
The field
#„
Φ acquires a non vanishing VEV breaking SO(3) to the SO(2)
subgroup of rotations around 〈 #„Φ〉. The tree-level minimization condition
reads 〈 #„ΦT 〉〈 #„Φ〉 = f2, so that the manifold of equivalent vacua is the two-
sphere depicted in Fig. 2.1. Given the basis (2.2.3) we adopted for the gen-
erators, the representative vacuum, selected by the condition in Eq. (2.1.2),
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reads
#„
F =
 00
f
 . (2.2.4)
In order to study the fluctuations around the vacuum it is convenient to
perform a field redefinition and to trade the three ~Φ components for one
radial coordinate σ plus two “angular” variables Π1,2 (the Goldstone fields)
describing the fluctuations around the broken generators as in Eq. (2.1.3).
We write
#„
Φ = ei
√
2
f Π
i(x)T̂i
 00
f + σ(x)
 , (2.2.5)
where the normalization factor has been chosen (see below) to obtain a canon-
ical kinetic term for the Goldstone boson fields Πi. The exponential matrix
in the above equation is a space-time dependent element of SO(3) which we
call the “Goldstone matrix” U [Π]. It can be defined for any G → H breaking
and it ubiquitously appears in composite Higgs.
The Goldstone matrix can be computed explicitly in this simple case and
it is given by
U [Π] = ei
√
2
f Πi(x)T̂
i
=
[
1− (1− cos Πf ) #„Π #„ΠTΠ2 sin Πf #„ΠΠ
− sin Πf
#„
ΠT
Π cos
Π
f
]
, (2.2.6)
where Π =
√
#„
ΠT
#„
Π. Actually, the expression above is more general and holds
for any SO(N)→ SO(N − 1) breaking provided the N−1 broken generators
are chosen, in analogy with Eq. (2.2.3), to have one non-vanishing entry in
the last line and column. The field redefinition (2.2.5) becomes
#„
Φ = (f + σ)
[
sin Πf
#„
Π
Π
cos Πf
]
. (2.2.7)
We see that the new variables furnish a full one-to-one parametrization of
the field space, aside from the singular point
#„
Φ = 0, provided f + σ is taken
to be positive and the Goldstones are restricted to the region Π ∈ [0, pif).
By substituting in the Lagrangian we straightforwardly obtain
LC = 1
2
∂µσ∂
µσ − (g∗f)
2
2
σ2 − g
2
∗f
2
σ3 − g
2
∗
8
σ4 (2.2.8)
+
1
2
(
1 +
σ
f
)2 [
f2
Π2
sin2
Π
f
∂µ
#„
ΠT∂µ
#„
Π +
f2
4Π4
(
Π2
f2
− sin2 Π
f
)
∂µΠ
2∂µΠ2
]
.
Many interesting and generic properties of the composite Higgs scenario
are well illustrated by the expression above. First, by Taylor-expanding
around Π = 0 (which is a perfectly regular point) we see that the Lagrangian
contains an infinite set of local interactions involving an arbitrary number
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of Goldstone fields but only two derivatives. Each Goldstone leg insertion is
weighted by the Goldstone symmetry breaking scale f . This is simply be-
cause
#„
Π enters in the Goldstone matrix as
#„
Π/f . In analogy with the theory
of QCD pions, where the role of f is played by the pion decay constant fpi,
we will sometimes refer to f as the “Higgs decay constant”. In agreement
with the Goldstone theorem the Π’s describe two massless bosons associated
with the two broken generators T̂ 1,2.
The σ field has instead a mass
m∗ = g∗f . (2.2.9)
In analogy with a strongly coupled sector, which we would like to mimic by
our example, the σ particle is called a “resonance”. We generically call a res-
onance any particle that emerges from the composite sector aside from the
Goldstone bosons. In the analogy, the mass m∗ corresponds to the strong sec-
tor’s confinement scale, conceptually similar to the QCD scale ΛQCD. The
parameter g∗ controls the interactions in our Lagrangian. It is thus inter-
preted as an effective low-energy coupling of the composite sector. In Chap. 3
we will see that in a genuine strong theory g∗ could easily be of order 4pi,
outside the perturbative regime, but it could also be parametrically reduced
in the case of a confining gauge group with a large number of colors.
We now inspect the symmetries of the Lagrangian in the non-linear form
of Eq. (2.2.8). We immediately recognize the presence of an SO(2) group
under which
#„
Π forms a doublet and transforms as
#„
Π → eiασ2 #„Π . (2.2.10)
We call this a “linearly realized” symmetry as it acts in a linear and homo-
geneous way on the field variables. We can switch to the complex notation
by defining
H =
Π1 − iΠ2√
2
, (2.2.11)
which we identify with the Higgs field, with unit charge under U(1) = SO(2),
of the Abelian Higgs model we are constructing. Obviously, the linearly
realized SO(2) invariance follows from one of the symmetries of the original
Lagrangian (2.2.1). It is indeed immediate to see that it induces an SO(3)
rotation along the unbroken generator T
#„
Π → eiασ2 #„Π ⇔ #„Φ → ei√2αT #„Φ . (2.2.12)
This correspondence guarantees the invariance of the Lagrangian in Eq. (2.2.8),
which is a mere rewriting of the original one.
For the two broken generators T̂ i identical considerations hold. Therefore,
even if it would have been hard to tell at a first sight, Eq. (2.2.8) must have
other symmetries. It is not hard to work out, at the infinitesimal level, the
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Goldstone field transformations that induce rotations of
#„
Φ along the broken
generators. These read
#„
Π → #„Π + Π cot Π
f
#„α +
(
f
Π
− cot Π
f
)(
#„αT
#„
Π
) #„Π
Π
, (2.2.13)
m
#„
Φ → #„Φ + iαiT̂ i~Φ .
As for the unbroken U(1), the correspondence ensures that the transforma-
tions above are symmetries of the Lagrangian in Eq. (2.2.8). This can also
be directly verified by a lengthy but straightforward calculation. Differently
from those associated with the unbroken U(1), the broken transformations
act non-linearly on the Goldstone field variables Π and thus they are said to
be “non-linearly realized”. Moreover they also act non-homogeneously, in the
sense that the zero field configuration is transformed into one with constant
#„
Π fields, i.e.
#„
0 → f #„α . Conversely, any constant field configuration, such
as the one that defines a generic vacuum 〈 #„Π〉, can be transformed into the
trivial vacuum 〈 #„Π〉 = 0. This implies that, as explained on general grounds
in the previous section, the composite Higgs VEV has no physical effect in
the absence of an explicit breaking of the Goldstone symmetry. Clearly for
the argument above being conclusive we would need the finite form of the
transformation, which however is too involved to be written explicitly. An
implicit but compact form is reported in the following section.
Now that a NGB Higgs scalar has been obtained the last ingredient to
construct the Abelian Higgs model is a U(1) gauge field. Rather intuitively it
is introduced by gauging the unbroken U(1) subgroup, namely by replacing
in the original Lagrangian
∂µ
#„
Φ → Dµ #„Φ =
(
∂µ − i
√
2eAµT
)
#„
Φ , (2.2.14)
where Aµ is a U(1) gauge field with canonical kinetic term. In the language
of Chap. 1, Aµ is an elementary sector field and its gauge couplings with
Φ are elementary/composite interactions. The gauging, since it selects one
generator among three, breaks SO(3) explicitly to SO(2). The composite
Higgs has now became a pNGB. One might wonder whether the choice of
the embedding in SO(3) of the SO(2) gauge group, which we take exactly
aligned with the generator T , hides some dynamical assumption. In view
of this possible confusion we stressed in the previous section that the choice
of the generators of the G group, performed in such a way that the gauged
directions are exclusively in H , is completely conventional and does not rely
on any assumption. In the present example this is immediately verified.
Suppose we had started from a generic embedding of the gauge group, defined
by an arbitrary (but normalized) linear combination of generators T . In full
generality, T can be rotated to T by an SO(3) transformation, namely it can
be expressed as T = gTgT . In this case our prescription for the choice of
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the reference system in the algebra would have been to work with rotated
generators, obtained by acting with g on Eq (2.2.3). However this would not
have changed the results because g can be eliminated by a field redefinition
#„
Φ → g #„Φ and thus it has no physical effect. Therefore the choice T = T in
Eq. (2.2.14) is completely general.
We can finally write down our Abelian composite Higgs theory. The only
effect of the gauging is to turn ordinary derivatives into covariant ones in
Eq. (2.2.8), with
Dµ
#„
Π = (∂µ − i eAµσ2) #„Π . (2.2.15)
By turning to the complex field notation the terms of the Lagrangian involv-
ing the Higgs become
1
2
(
1 +
σ
f
)2 [
f2
|H|2 sin
2
√
2|H|
f
DµH
†DµH (2.2.16)
+
f2
4|H|4
(
2
|H|2
f2
− sin2
√
2|H|
f
)(
∂µ|H|2
)2]
.
while the σ field Lagrangian remains unchanged. The covariant derivative in
the previous equation is just the usual one
DµH = ∂µH − i eAµH . (2.2.17)
Now that the Goldstone symmetry has been broken by the gauging two
new important features emerge. First, the emergence of a Higgs potential is
no longer forbidden, as it would be in the unbroken case because of the non-
linearly realized symmetry of Eq. (2.2.13). Even if the potential still vanishes
in our tree-level Lagrangian, it is radiatively generated by the gauge field
loops, which transmit to the Higgs sector the Goldstone symmetry breaking.
This potential, whose generation is not particularly enlightening and not
worth discussing in this example, eventually gives a VEV to the composite
Higgs field. Second, the Higgs VEV becomes observable and the breaking of
the U(1) symmetry can take place. By setting the Higgs to its VEV
H = 〈H〉 ≡ V√
2
, (2.2.18)
the first term in the square bracket of Eq. (2.2.17) gives to the gauge field a
mass
mA = ef sin
V
f
≡ e v . (2.2.19)
In the second equality of the above equation we have defined the scale v of
U(1) symmetry breaking in analogy with the ordinary elementary Abelian
Higgs mass formula. In the latter case the scale v is directly provided by the
Higgs field VEV while in the composite case
v = f sin
V
f
⇒ ξ = v
2
f2
= sin2
V
f
. (2.2.20)
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The situation is thus precisely the one depicted in Fig. 2.1, where the symme-
try breaking scale is provided by the projection of the vacuum configuration
on the plane associated with the unbroken generator.
2.2.2 The minimal composite Higgs model
It is not hard to turn our toy example into a model of EWSB. To this end we
must enlarge the unbroken group in a way that it contains GEW. Furthermore
we need at least four spontaneously broken generators giving rise to one
complex doublet of NGB Higgs fields. One possibility is to consider SO(5)
spontaneously broken to an SO(4) subgroup. As explained in Appendix 2.A,
SO(4) is locally isomorphic to the chiral group SU(2)L×SU(2)R. We interpret
the SU(2)L factor as the SM one and we identify the hypercharge with the
third SU(2)R generator, Y = t
3
R. The 10 SO(5) generators acting on the 5
representation, normalized as Tr[TATB ] = δAB , are conveniently taken to be
TA = {T a, T̂ i} where
T a =
{
TαL =
[
tαL 0
0 0
]
, TαR =
[
tαR 0
0 0
]}
,(
T̂ i
)
IJ
= − i√
2
(
δiIδ
5
J − δiJδ5I
)
. (2.2.21)
The 6 first generators Ta span the SO(4) sub-algebra and are written in
SU(2)L×SU(2)R notation in terms of the 4 × 4 generators tαL,R defined in
Appendix 2.A. The remaining four, T̂i, are instead broken and the associated
NGB fields provide the two complex Higgs doublet components. As shown
below the Goldstones transform in the 4 = (2,2) of the unbroken SO(4) and
thus they have the correct SM quantum numbers to be identified with the
Higgs field by applying Eq. (2.A.14) in Appendix 2.A.
The composite sector Lagrangian is again the one in Eq. (2.2.1), where
#„
Φ
is now an SO(5) fiveplet. The manifold of equivalent vacua is the 4-sphere and
the representative vacuum configuration points along the fifth component. In
complete analogy with the Abelian model example, the 5 real components of
#„
Φ are conveniently parametrized as
#„
Φ = ei
√
2
f Πi(x)T̂
i
[ #„
0
f + σ(x)
]
= (f + σ)
[
sin Πf
#„
Π
Π
cos Πf
]
, (2.2.22)
in terms of the resonance field σ and of four NGB’s
#„
Π. The above expression
was derived by employing Eq. (2.2.6) which, as previously stated, applies in
general to SO(N)→ SO(N − 1) and thus in particular to the present case.
By substituting in the Lagrangian we obtain Eq. (2.2.8) exactly like in the
Abelian model.
The symmetry content of the Lagrangian is also a trivial generalization of
the Abelian case. The linearly-realized group consists now of SO(4) rotations
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of the
#„
Π fourplet and it corresponds to the action of the unbroken generators
T a on
#„
Φ. This is immediately verified by noticing that a rotation of
#„
Π in
Eq. (2.2.22) induces a rotation of
#„
Φ in the SO(4) subgroup embedded in the
first 4× 4 block, i.e.
#„
Π → eiαata #„Π ⇔ #„Φ → eiαaTa #„Φ . (2.2.23)
As anticipated, the Goldstones live in the fourplet of SO(4) and thus they
can be expressed, by inverting Eq. (2.A.14) in terms of the two Higgs doublet
components H = (hu, hd)
T as
~Π =

Π1
Π2
Π3
Π4
 = 1√2

−i (hu − h†u)
hu + h
†
u
i (hd − h†d)
hd + h
†
d
 . (2.2.24)
The theory is of course also invariant under four non-linearly realized transfor-
mations associated with the broken generators T̂ i. Their infinitesimal action
on the fields is the same as in the Abelian model, reported in Eq. (2.2.13).
The electroweak interactions are introduced in the theory by gauging,
with coupling strength g and g′, the SU(2)L×U(1)Y subgroup of SO(4). The
covariant derivative reads
Dµ
#„
Φ =
(
∂µ − i gWαµ TαL − i g′BµT 3R
) #„
Φ . (2.2.25)
Non-Abelian gauge kinetic terms are also introduced and collected in a purely
elementary Lagrangian
LE = −1
4
WαµνW
µν
α −
1
4
BµνB
µν . (2.2.26)
This implies that at leading order in ξ the EW boson propagators and self-
interactions vertices are identical to the SM ones. Important subleading
modifications will be discussed in Chap. 3.
Now that the model is fully specified we can discuss its phenomenology.
It describes the bosonic sector of the SM, namely the Higgs and the EW
bosons, plus the resonance σ with a mass
m∗ = g∗f . (2.2.27)
Given that no particles are observed beyond the SM ones we will be interested
in a situation where the resonance is heavy, with m∗ in the TeV or multi-
TeV range much above the EW scale.3 This separation of scales emerges
from two combined effects. First, some gap among v and f is due to the
3Actually in the present example, in which the resonance is just an EW-neutral scalar
singlet, there is not a concrete phenomenological need of taking it so heavy. We assume
m∗ above the TeV in order to mimic the generic situation encountered in the genuine
strongly-coupled models we eventually aim to describe where such a strong bound applies.
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condition ξ  1 which, as anticipated in Sect. 2.1 and discussed at length
in the following chapters, is essential to ensure the viability of the composite
Higgs scenario. However making ξ small costs fine-tuning and our hope is
to achieve a realistic theory for ξ & 0.1, for which the separation among v
and f is moderate. Second, a gap between f and m∗ is naturally achieved
by a strong enough composite sector coupling g∗. Thorough this review we
will consider g∗ values in the range g∗ ∈ (1, 4pi), taking however into account
that a moderately large values g∗ > 1 are preferred to keep the resonances far
from the EW scale. Because of the scale separation, resonances are effectively
decoupled from the SM particles and their presence can be simply ignored
at a first approximation as we will do in the forthcoming discussion. Their
effects on the SM particles phenomenology can be treated in a low-energy
effective theory expansion as we will see in Chap. 3.
Ignoring the resonance, the Lagrangian (2.2.8) becomes
f2
2|H|2 sin
2
√
2|H|
f
DµH
†DµH +
f2
8|H|4
(
2
|H|2
f2
− sin2
√
2|H|
f
)(
∂µ|H|2
)2
,
(2.2.28)
where we employed the standard Higgs covariant derivative
DµH =
(
∂µ − i gWαµ
σα
2
− i g′Bµ 1
2
)
H . (2.2.29)
The phenomenological implications of Eq. (2.2.28) can be illustrated in two
ways, which we describe in turn. The first approach is to compute directly
the physical couplings by going to the unitary gauge, defined as usual by
H =
[
0
V+h(x)√
2
]
, (2.2.30)
where V denotes the Higgs VEV, which we take to be real without loss of
generality, and h(x) describes the physical Higgs fluctuations. In the unitary
gauge the Lagrangian is surprisingly simple
1
2
(∂µh)
2
+
g2
4
f2 sin2
V + h
f
(
|W |2 + 1
2c2w
Z2
)
, (2.2.31)
where W and Z denote the ordinary SM mass and charge eigenstate fields,
cw is the cosine of the weak mixing angle defined as usual by tan θw = g
′/g.
We immediately read the vector bosons masses
mW = cwmZ =
1
2
gf sin
V
f
≡ 1
2
g v , (2.2.32)
out of which we have extracted the definition of the physical EWSB scale
v ' 246 GeV. As already discussed in the Abelian model, the latter is not
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directly provided by the composite Higgs VEV, but it is related to it and to
the Higgs decay constant f precisely as in Eq. (2.2.20).
On top of the vector boson masses, the Lagrangian also contains an infinite
set of local interactions involving two gauge and an arbitrary number of Higgs
fields. By Taylor-expanding around h = 0 we easily compute the first few
terms
g2v2
4
(
|W |2 + 1
2c2w
Z2
)[
2
√
1− ξ h
v
+ (1− 2ξ) h
2
v2
− 4
3
ξ
√
1− ξ h
3
v3
+ . . .
]
,
(2.2.33)
where we traded the parameters V and f for the physical EWSB scale v and
ξ = v2/f2. Exactly like in the SM we find single- and double-Higgs vertices,
but with modified couplings
kV ≡ g
CH
hV V
gSMhV V
=
√
1− ξ < 1 , g
CH
hhV V
gSMhhV V
= 1− 2ξ , (2.2.34)
Moreover, higher-dimensional vertices with more Higgs field insertions emerge
and might trigger new interesting phenomena which are absent in the case
of an elementary SM Higgs. It is important to remark that in the limit
ξ → 0, taken at fixed v by sending f →∞, both these effects disappear. The
couplings approach those of the elementary Higgs and the new interactions
are suppressed, being weighted by inverse powers of f . The composite Higgs
becomes effectively elementary in this limit.
An alternative way to inspect our Lagrangian in Eq. (2.2.28), which helps
in clarifying why the composite Higgs reduces to the elementary SM one for
small ξ, is to expand it for large f , obtaining a series of two-derivative op-
erators with higher and higher energy dimension weighted by inverse powers
of f . The first terms in this expansion, up to dimension 6, are
DµH
†DµH− 2
3f2
|H|2DµH†DµH+ 1
6f2
∂µ
(
H†H
)
∂µ
(
H†H
)
+. . . . (2.2.35)
The first term is just the SM Higgs kinetic Lagrangian and this clearly does
not occur by accident. The reason is that the Higgs enters in the Lagrangian
only through the Goldstone boson matrix U which in turn depends on the
combination H/f . For f → ∞ the only relevant term is the one with two
Higgs field insertions, which corresponds to a d = 4 renormalizable opera-
tor. Since the elementary Higgs theory is the most general renormalizable
Lagrangian compatible with gauge invariance, it is the only model we might
have ended up with. The situation would have been slightly different if we
had considered a generic G → H symmetry breaking pattern, which delivers
more Goldstone bosons than just one Higgs doublet. In that case the f →∞
limit would not correspond to the SM, but to a renormalizable theory of an
extended Higgs sector. The presence of extra scalars, which potentially mix
with the SM Higgs, might induce additional corrections to the couplings on
top of those emerging from the higher-dimensional operators.
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Going back to our model, and to the Lagrangian in Eq. (2.2.35), we see
that the d = 6 operators provide the leading corrections to the SM. Actu-
ally the two operators have the same effect on the Higgs coupling to the
vector bosons because one can be transformed in the other by a field re-
definition, up to operators of even higher dimension. Namely, by sending
H → H + [|H|2/(3f2)]H the first can be eliminated in favor of the second
one with coefficient 1/2f2. In the notation of Ref. [48], where the d = 6
operators that emerge in theories with a pNGB Higgs are classified, the op-
erator (∂|H|2)2 is denoted by OH . It is interesting to notice that OH does
not correct the Higgs vertices with vector bosons directly but it induces,
after EWSB, corrections to the physical Higgs kinetic term and new Higgs
derivative self-interactions. When the the canonical kinetic term is restored
by the appropriate rescaling this leads to a modification of the trilinear hV V
coupling, which can be readily checked to match with kV in Eq. (2.2.34) for
small ξ. Computing the quadrilinear coupling hhV V requires more care be-
cause the new trilinear h interactions induced by OH also contribute to the
physical hhV V amplitude through virtual Higgs exchange. Therefore they
must be eliminated by a further field redefinition before reading the phys-
ical coupling and reproducing the second equation in (2.2.34). Details are
reported in Appendix B of Ref. [48].
A crucial phenomenological virtue of our model, which we have not yet
outlined, is that it respects the tree-level ρ = 1 relation at all orders in 1/f ,
where ρ = m2W /(cwmZ)
2, as apparent from Eq. (2.2.32). Correspondingly,
the d = 6 operator 4
OT =
1
2f2
(
H†
←→
DµH
)(
H†
←→
DµH
)
, (2.2.36)
which would induce ρ − 1 ∼ v2/f2 = ξ, is not present in the expansion of
Eq. (2.2.35). Experimentally, ρ = 1 is valid at the percent level and the
deviations are well described by SM loop effects. The accuracy of the mea-
surement bounds non–SM contributions to ρ at the per-mille level. Therefore
if ρ− 1 was of order ξ reconciling the model with observations would require
ξ . 10−3 and thus an unacceptable level of tuning. The reason why ρ equals
1 in our case is “custodial symmetry”, namely the fact that the SM group
generators are embedded in the global unbroken SO(4), which is an exact
symmetry of the composite sector and is only violated by the gauging. More
precisely, since SO(4) ' SU(2)L×SU(2)R, the gauging of SU(2)L preserves
SO(4) and the only breaking is due to the hypercharge. The Higgs is a
fourplet and therefore its VEV breaks SO(4) down to the custodial SO(3)c
subgroup. The Wαµ fields transform as a triplet under SO(3)c. This symmetry
is sufficient to fix the ratio among the W and Z bosons mass terms ensuring
ρ = 1. For a careful description of this mechanism the reader is referred
to the original literature [50] and to Appendix 7.A. The ρ = 1 constraint is
4We use again the notation of Ref. [48], see also Ref. [49] for the bounds on this operator
from EW precision measurements.
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so strong that all the viable composite Higgs models must be endowed with
custodial symmetry protection. Our SO(5)→ SO(4) example is the “Mini-
mal Composite Higgs Model” (MCHM) [42], in the sense that it delivers the
minimal number of pNGB Higgs fields and relies on the minimal number of
symmetry generators but still obeys custodial symmetry. An even more min-
imal possibility would be the SU(3)→ SU(2)× U(1) breaking. However it
must be discarded because of the lack of custodial protection. See [51, 52] for
non-minimal composite Higgs constructions where additional Higgs scalars
emerge.
After reading this section, where we worked out in detail a model with
a pNGB Higgs based on a weakly-coupled linear σ-model, the reader might
be led to overestimate the importance of this kind of constructions. We thus
stress that models of this sort are not interesting, the examples presented
here have exclusively an illustrative purpose and the theories we eventually
aim to discuss are very different from these. The first obvious limitations is
that these models are unable to address the Naturalness problem since they
are formulated in terms of an elementary scalar multiplet
#„
Φ. Its mass m∗
is sensitive to the UV physics in exactly the same way as the Higgs mass in
the SM. Still, one might think that the Higgs boson being a pNGB might
lead to some advantage, given that at least its mass is protected from large
radiative corrections by the Goldstone symmetry. However this protection
is insufficient, the Higgs mass receives quadratically divergent contributions
from loop diagrams involving the SM fields, like the ones depicted in Fig. 1.2.
In particular consider those from the gauge fields loops. They originate from
the Higgs coupling to the vector bosons, which we saw above are not much
different than in the ordinary SM. Therefore the result is expectedly similar,
namely
δm2H '
g2
16pi2
Λ2 . (2.2.37)
Notice that no special cancellation occurs because the gauge field couplings
break the Goldstone symmetry explicitly so that the Higgs mass is not pro-
tected at the radiative level. The occurrence of a divergence in mH , while no
Higgs mass term was present in the original Lagrangian, also signals that the
model is actually non-renormalizable. More precisely, the composite sector
defined by Eq. (2.2.1) is renormalizable if considered in isolation, renormal-
izability gets spoiled by the coupling to gauge fields through the covariant
derivative in Eq. (2.2.25) which breaks the Goldstone symmetry. In other
words, the breaking requires the introduction of Goldstone-breaking countert-
erms, among which the Higgs mass, which was not present in the Lagrangian
in Eq. (2.2.1). By looking at Eq. (2.2.37), and taking also into account that
a contribution from the top quark loop, identical to the SM one, would have
arisen if we had tried to introduce the top quark in our model, we immediately
realize that no progress has been made. The essential feature of composite
Higgs being a solution of the Naturalness problem is the strongly-coupled
nature of the underlying UV theory, by which the Higgs mass is stabilized
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through dimensional transmutation. The Goldstone symmetry is required to
keep the Higgs naturally lighter than the other strong sector’s resonances, it
is in itself of no help in addressing the Naturalness problem.
2.3 General CCWZ construction
It is clear, also in light of the previous discussion, that we can not rely on
the example of the previous section for the study of composite Higgs phe-
nomenology. Some of the results we obtained, and in particular the pattern
of Higgs coupling modifications in Eq. (2.2.34), are actually of general va-
lidity and do not rely on the specific model we considered, but in order to
establish this fact we need a general treatment of theories with spontaneous
symmetry breakdown: the famous Callan–Coleman–Wess–Zumino (CCWZ)
construction [53, 54]. This formalism allows to write general low-energy effec-
tive Lagrangians for strongly- or weakly-coupled theories characterised by a
generic G → H symmetry breaking pattern, describing the Goldstone bosons
associated with the breaking and the heavy resonances. It is also readily
extended to incorporate explicit symmetry breaking, a property we will ex-
tensively make use of in Sect. 2.4. Furthermore the generality of the method
makes it an essential tool for the systematic study of non-minimal cosets,
when trying to go beyond the canonical SO(5)→ SO(4) example.
2.3.1 The basic formalism
The starting point is to identify the correct degrees of freedom that describe
the massless NGB, one for each broken generator as predicted by the Gold-
stone theorem. Suitable candidates are obtained by considering, in the field
space of the underlying theory, configurations that are related to the repre-
sentative vacuum
#„
F by a local G transformation, namely
#„
Φ(x) = ei θA(x)T
A #„
F , (2.3.1)
where TA denotes, following the notation of Sect. 2.1, the full set of gen-
erators of the group G . Each θA(x) is potentially a massless field because
any constant θA configuration corresponds to a global symmetry transfor-
mation and thus it leads to one of the equivalent vacua of the theory, with
the same energy as the original one. Therefore θA(x) has no potential and
consequently zero mass, its energy is entirely kinetic and it originates from
derivative terms in the Lagrangian.
However not all these fields are physical, some of them are redundant and
they can be dropped from the ansatz (2.3.1). In order to see how this works,
and with the purpose of introducing the basic formula out of which CCWZ
is constructed, we notice that a generic, global or local group element g[αA],
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can be decomposed in a unique way as the product 5
g[αA] = e
i αAT
A
= ei faˆ[α]T̂
aˆ · ei fa[α]Ta , (2.3.2)
where, as in Eq. (2.1.1), T a and T̂ aˆ denote the unbroken and broken gen-
erators, respectively. The transformation on the right is an element of the
subgroup H and as such it leaves the representative vacuum invariant.6 By
applying the above equation to the ansatz (2.3.1) we thus obtain
#„
Φ(x) = U [Π]
#„
F , (2.3.3)
where we defined the Goldstone matrix
U [Π] = ei
√
2
f Πaˆ(x)T̂
aˆ
, (2.3.4)
in terms of canonically-normalized scalar NGB fields Πaˆ(x). In accordance
with the Goldstone theorem we have one massless scalar for each broken
generator. The fields associated with the unbroken ones drop out from the
ansatz and thus do not lead to physical degrees of freedom. Because of
Eq. (2.3.2), the Goldstone bosons span the left coset space G/H , defined as
the equivalence class of G modulo H elements multiplication.
Symmetries are the central aspect of the CCWZ construction, let us then
work out the action of the G group on the Goldstone bosons. Namely, we
seek for an operation on the field variables
#„
Π(x) → #„Π(g)(x) , (2.3.5)
associated with a generic element g ∈ G , which results in a symmetry trans-
formation of the ansatz configuration defined by Eq. (2.3.3). The first at-
tempt would be to look for a transformation that induces U → g · U on the
Goldstone matrix, however this immediately fails because g · U is a generic
element of G and as such it can not be expressed as the exponential of broken
generators only. Therefore it is impossible to induce U → g · U by acting on
the Goldstone fields. However by Eq. (2.3.2) we can decompose g · U , in a
unique way, as the product of one broken generator exponential and one H
element and define Π(g) implicitly by the relation
g · U [Π] = U [Π(g)] · h [Π; g] , (2.3.6)
where
h [Π; g] = ei ζa[Π; g]T
a
. (2.3.7)
Or, equivalently
U [Π] → U
[
Π(g)
]
= g · U [Π] · h−1 [Π; g] . (2.3.8)
5It is trivial to verify the equation that follows for an infinitesimal group transformation
and it is not hard to believe that it can be extended by continuity to finite group elements
that are continuously connected to the identity.
6An analogous decomposition obviously holds with the H element on the left.
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This operation, given that h leaves
#„
F invariant, induces a symmetry trans-
formation on the the ansatz (2.3.3)
#„
Φ(x) → g #„Φ(x) . (2.3.9)
Being the latter a symmetry of the underlying theory, it has to be respected
also by the effective Lagrangian for the Goldstone bosons. Only a very pe-
culiar set of terms, invariant under Eq. (2.3.8), are thus allowed.
Before discussing the implication of the symmetry, few comments are in
order. First, it must be clarified that the above derivations do not rely on
the explicit matrix representation adopted for the group generators. Indeed
the coefficients fa and faˆ appearing in the decomposition (2.3.2) are uniquely
fixed by the generators commutation relations and not by their explicit form.
Consequently, the same holds for the Goldstone transformation function Π(g)
and for the coefficients ζa[Π; g] of h, which are derived from Eq. (2.3.2). This
means that the Goldstone matrix U [Π] can actually be defined for any rep-
resentation of the TA generators. Nevertheless if not otherwise specified we
will call Goldstone matrix the one in the fundamental representation. Sim-
ilar considerations apply to the h transformation. Second, it is important
to stress that the relevant symmetry for the classification of the operators
is provided by the full group G and not only by the unbroken subgroup H .
A spontaneously broken symmetry is thus not really broken, in the sense
that it still implies powerful constraints on the allowed operators, not much
differently from an unbroken one. This is expressed mathematically by the
fact the Goldstone boson transformation defined by Eq. (2.3.8) provides a
full-fledged representation of the whole G because it respects the group mul-
tiplication rule, namely
Π(g1·g2) =
(
Π(g2)
)(g1)
. (2.3.10)
Of course Π(g) is rather different from the habitual group representations.
The latter ones simply consist of constant transformation matrices acting
linearly on the field variables while Π(g) carries a complicated non-linear de-
pendence on Π. For this reason it is called a “non-linear” representation
and the spontaneously broken group is sometimes said to be “non-linearly
realized” rather than broken. We will soon encounter other non-linear repre-
sentations, suitable for describing the transformation properties of the heavy
resonance fields.
It is easy and instructive to derive the Goldstone bosons transformation
explicitly in the particular case of an H subgroup transformation, we just
need to recall few elementary properties of Lie algebras.7 Namely, we will
7See for instance Ref. [55] for a concise review on Lie algebras and a computer package
that could be useful in the study of composite Higgs models with non-minimal cosets.
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use the fact that the G generator algebra decomposes as[
T a, T b
]
= i fabcT
c + i
fabcˆ T̂
cˆ ≡ T c (taAd) bc ,[
T a, T̂ bˆ
]
= i fabˆcˆT̂cˆ + i
fabˆc T
c ≡ T̂ cˆ (tpia) bˆcˆ ,[
T̂ aˆ, T̂ bˆ
]
= i f aˆbˆcT
c + i f aˆbˆcˆT̂
cˆ , (2.3.11)
where the first equality, i.e. the fact that no broken generator appears in the
commutator of unbroken ones, is due to H being a subgroup and the second
equality follows from the first one because the G structure constants fABC
are completely antisymmetric.8 In the commutator of broken generators,
instead, both terms are present aside from the special cases called “symmetric
cosets” where only unbroken generators appear because f aˆbˆcˆ = 0. Symmetric
cosets are endowed with an algebra automorphism under T̂ → −T̂ which
can be associated with a Z2 parity on the Goldstones, leading sometimes
to interesting phenomenological consequences. In Eq. (2.3.11), tAd
a is the
adjoint representation of the Lie algebra of the subgroup H while the matrices
tpi
a, which can also be shown to obey the H algebra by the Jacobi identity,
form a not yet specified H representation denoted as rpi. We will readily see
that rpi is the representation in which the Goldstones transform under H . It
can be identified, for any coset, by looking at the decomposition under H of
the adjoint of G , namely at
AdG = AdH ⊕ rpi . (2.3.12)
For SO(N)/SO(N − 1) cosets, rpi is the fundamental representation in accor-
dance with the results of the previous section.
When g ∈ H , namely for
g = gH = e
i αaT
a ∈ H , (2.3.13)
Eq. (2.3.6) is immediately worked out and reads
gH · U [Π] = exp
[
i
√
2
f
Πaˆ(x) gH · T̂ aˆ · g−1H
]
· gH
= U
[
ei αatpi
a #„
Π
]
· gH , (2.3.14)
having employed the exponentiated version of the commutation relation in
Eq. (2.3.11), i.e.
ei αaT
a · T̂ aˆ · e−i αaTa = T̂ bˆ
(
ei αatpi
a
) aˆ
bˆ
. (2.3.15)
8We consider here a compact Lie group G , whose structure constants are indeed com-
pletely antisymmetric. The extension of Eq. (2.3.11) to non-compact case is possible. For
a composite Higgs model based on a non-compact coset, see Ref. [56].
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Therefore, as anticipated, Π transforms in rpi
Πaˆ → Πaˆ(gH ) =
(
ei αatpi
a
) bˆ
aˆ
Πbˆ , (2.3.16)
and the H transformation on the right side of the Goldstone matrix in
Eq. (2.3.6) is h[Π; gH ] = gH . Contrary to the general ones, H subgroup
transformations act linearly on the Goldstones. Verifying H invariance can
thus serve as a simple check of the consistency of our effective Lagrangian.
The situation is different for the transformations along the broken gen-
erators. There is no simple way to write them explicitly, not even at the
infinitesimal level, aside from particular cases such as the SO(N)/SO(N − 1)
coset in Eq. (2.2.13). Their action is relatively simple only on the Goldstone
matrix, as shown in Eq. (2.3.8), and this is why U [Π] is the fundamental
object to construct invariants in CCWZ. The broken transformations can
however be worked out in a combined expansion on the transformation pa-
rameters αaˆ, defined by g = gG/H ' 1 + i αaˆT̂ aˆ, and on the field variables,
leading to
Πaˆ → Π(gG/H )aˆ = Πaˆ + f√
2
ααˆ +O
(
α
Π2
f
+ α
Π3
f2
. . .
)
. (2.3.17)
This is the famous “shift symmetry”, which forbids non-derivative potential
terms in the Goldstone Lagrangian. The implications of the symmetry on the
terms involving derivatives are instead more subtle, and harder to recognize
in the Lagrangian because of the polynomial corrections to the shift. The
latter implies that the transformation relates operators with different number
of fields, leading to invariant Lagrangians with an infinite series of polynomial
terms. For instance, out of the Goldstone kinetic terms a whole set of two-
derivative interactions with any number of Goldstone legs would be generated
by applying Eq. (2.3.17). By the CCWZ construction all these terms are
automatically written at once.
A particular case in which the transformation can be written explicitly is
when the Goldstone fields are constant, namely when they are set to their
VEV Π = 〈Π〉 and we perform a transformation g = U−1[〈Π〉]. In this case
we trivially find
〈 #„Π〉 → #„0 , (2.3.18)
showing, as anticipated in the previous sections, that the Goldstone bosons
VEV is unobservable because it can be set to zero by a symmetry transfor-
mation. This makes that in composite Higgs EWSB effects are mediated by
the explicit breaking of the Goldstone symmetry.
Let us finally turn to the classification of the operators allowed by the
symmetry. The two fundamental objects employed in the construction are
the d[Π]µ, aˆ and e[Π]µ, a symbols, which carry, respectively, one aˆ index of
the Goldstone representation rpi and one a in the adjoint of H . They also
contain one derivative, leading to the space-time index µ, because we saw
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that derivatives are needed to construct non-trivial invariants. The d and e
symbols are defined by decomposing on the G algebra the Maurer–Cartan
form constructed with U , namely
i U [Π]
−1 · ∂µU [Π] = dµ, aˆ[Π]T̂ aˆ + eµ, a[Π]T a ≡ dµ + eµ , (2.3.19)
where the shorthand notations dµ and eµ have been introduced. Under G ,
following Eq. (2.3.8), the Maurer–Cartan form transforms as
i U [Π]
−1 · ∂µU [Π] → h[Π; g] ·
(
i U [Π]
−1 · ∂µU [Π]
)
· h[Π; g]−1
+ i h[Π; g] · ∂µh[Π; g]−1 . (2.3.20)
We notice that the shift term on the second line is itself a Maurer–Cartan
form, the one associated with the transformation h[Π; g], which is an element
of the subgroup H . Therefore it decomposes on the Lie algebra of H and it
does not have components along the broken generators. It follows that the
shift is carried entirely by the e symbol while d transforms linearly with h 9
dµ[Π] → h[Π; g] · dµ[Π] · h[Π; g]−1 ,
eµ[Π] → h[Π; g] · (eµ[Π] + i ∂µ) · h[Π; g]−1 . (2.3.21)
When rewritten in components by Eq. (2.3.15), the d symbol transformation
is a simple rotation of the aˆ index in the representation rpi
dµ, aˆ → d(g)µ, aˆ =
(
ei ζa[Π; g]tpi
a
) bˆ
aˆ
dµ, bˆ . (2.3.22)
We see that dµ, aˆ transforms like the Goldstones and this is not surprising
because the d symbol is a sort of derivative of the Goldstone fields, in the
sense that when expanding it we find
dµ, aˆ ' −
√
2
f
∂µΠaˆ +O
(
∂Π/f ·Π2/f2) . (2.3.23)
However dµ, differently from ∂µΠ, keeps transforming in rpi under the full
G and not just under the subgroup H , this is why it is useful to construct
invariants. The e symbol components eµ, a have an index in the adjoint of H
and they transform, as the above equation clearly shows, as if they were gauge
fields associated with a local H invariance. As such they can be employed to
construct covariant derivatives and field-strengths, as we will see later, but
they can not be inserted directly in the operators.
The CCWZ prescription is to construct G-invariant operators by combin-
ing d and e symbols and derivatives. With the remarkable exception of the
Wess–Zumino–Witten term [57–59] (which signals the presence of a global
9Of course h is itself highly non-linear, therefore d still lives in a non-linear representa-
tion of G .
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anomaly in G), all the invariant operators can obtained in this way. The
reason why this results in a systematic and simple procedure is that the
transformation rules are now entirely expressed in terms of the linear action
of the matrix h. Therefore we just have to worry about building H invariants
with the standard group theory tools and the full G invariance will follow au-
tomatically. In doing so one must however remember that H is effectively a
local group because h depends on the Goldstone fields Π(x). The simplest
operators we can think to, which contain only two derivatives, are the ones
constructed by two powers of the d symbol, with the two rpi indices properly
contracted to form an H invariant. The most general combination of such
operators defines the so-called 2-derivative non-linear σ-model Lagrangian.
If H is compact, since rpi is real, one such an invariant always exists and it
is given by 10
L(2) = f
2
4
dµ, aˆδ
aˆbˆdµbˆ =
1
2
∂µΠaˆ∂
µΠaˆ +
∑
n
O ((∂Π)2 ·Πn/fn) . (2.3.24)
It provides the Goldstone bosons kinetic terms plus an infinite set of two-
derivative interactions, which are all fixed by the symmetry and controlled
by the unique parameter f . In general, other 2-derivative operators might
exist, provided there is more than one way to form invariants out of two rpi
indices. One example which might be relevant for composite Higgs is the coset
SO(6)/SO(4) which delivers 9 Goldstones in the representation rpi = 4⊕4⊕1.
Being rpi reducible, several invariants can be formed (4, in this case) and more
free parameters appear in the non-linear σ-model Lagrangian.
For the minimal composite Higgs coset SO(5)/SO(4), instead, rpi = 4 is ir-
reducible and there is only one invariant. Therefore all the 2-derivative Higgs
interactions are predicted in terms of the Higgs decay constant f . Given that
the CCWZ construction is completely general, this means that any explicit
composite Higgs model, provided it is based on the minimal symmetry break-
ing pattern SO(5)→ SO(4), leads to the exact same Lagrangian and physical
predictions at the 2-derivative level. We will see in the next section that this
remains true when gauge fields are included. We can thus conclude, even
before computing the Lagrangian explicitly, that all the results previously
obtained in the linear σ-model example are completely general, in spite of
the fact that the linear σ-model is just one possible realization of the compos-
ite Higgs idea and furthermore not a particularly motivated one. This first
application of the CCWZ method should be already sufficient to illustrate
the tremendous predictive power of the non-linearly realized symmetry on
the physics of a pNGB Higgs.
10It is not worth considering the case of non-compact H since it leads to negative-defined
kinetic terms for the Goldstones.
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2.3.2 Gauge sources and local invariance
Before going on with the discussion we need to take one step back and to
add an additional bit of complication. Until now we have been considering
a global G invariance, now we want to extend the formalism to the case in
which G is made local by introducing the appropriate set of gauge fields Aµ,A,
transforming in the standard way
Aµ ≡ Aµ,ATA → A(g)µ = g(x) · (Aµ + i ∂µ) · g(x)−1 , (2.3.25)
under a local G element g.
This is almost the situation we have to deal with in the study of composite
Higgs theories where a subgroup of the global G is gauged to describe the EW
vector bosons. On general grounds, the gauging procedure means modifying
the composite sector Lagrangian by adding couplings with the currents Jµ,A
associated with the global symmetry generators
LC → LC +Aµ,AJµ,A . (2.3.26)
The A·J term is of course precisely designed, by the definition of the Noether
currents, to compensate for the variation of LC under space-time dependent
G transformations leading to a locally invariant theory. If the full G group
has to be gauged, kinetic terms have to be introduced for all the Aµ,A’s, but
nothing forbids us to gauge a subgroup by giving a kinetic term only to a
subset of the fields. Equivalently, all the fields can be formally gauged and
the unwanted ones eventually decoupled by an infinite kinetic term, which
corresponds to vanishing coupling strength. Any process which does not
involve gauge bosons propagation is completely insensitive to the presence
or to the absence of the kinetic terms and to the couplings, therefore all the
Aµ,A’s can be treated on the same footing as external sources. Some of them
will be made dynamical by the kinetic terms and the others will be regarded
as non-dynamical and eventually set to zero at the end of the calculation.
The advantage of retaining the extra non-dynamical fields is of course the
presence of the enlarged local G group under which the sources transform
as in Eq. (2.3.25). With this method one can study the effective composite
Higgs Lagrangian for Goldstone, gauge and possibly resonance fields obtained
by integrating out the composite sector dynamics. Propagating gauge fields
effects, which of course are sensitive to the kinetic terms, are conveniently
added at a second stage by working in perturbation theory. Notice that the
latter effects break G because the truly dynamical fields do not fill a complete
G representation. This structure complies with the picture outlined in the
Introduction and with the examples of the previous section. In the minimal
SO(5)/SO(4) model we turn on all the 10 SO(5) gauge fields and eventually
identify as physical only the 4 ones associated with the SM SU(2)× U(1)
gauge group. In this case the physical value of the Aµ source reads
Aµ = Aµ,AT
A = gWαµ T
α
L + g
′BµT 3R . (2.3.27)
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in accordance with Eq. (2.2.25).
It is not hard to generalize the CCWZ construction to the local case.
The Goldstone transformation property is still defined by Eq. (2.3.8) where
g is now a local group element. The Maurer–Cartan form, which we used
to define the d and e symbols, generalizes to the object Aµ constructed with
the following logic: the Goldstone matrix U [Π] is a local element of G and
as such it can be used to act on the gauge field Aµ following Eq. (2.3.25).
The result of this operation is still an element of the G algebra and as such
it can be decomposed in terms of broken and unbroken generators similarly
to what we did for the Maurer–Cartan form in Eq. (2.3.19). Actually it is
worth acting with U−1, and not with U , defining
Aµ = A
(U−1)
µ = U [Π]
−1 · (Aµ + i ∂µ) · U [Π] ≡ dµ[Π, A] + eµ[Π, A] . (2.3.28)
The Maurer–Cartan form is immediately recovered in the ungauged limit
Aµ = 0.
11 Furthermore, Aµ transforms under G exactly like the Maurer–
Cartan form does in the global case, namely as in Eq. (2.3.20). By exploiting
the group multiplication rules the latter property is shown by a one-line
calculation
Aµ = A
(U−1)
µ → A(g)µ
(h·U−1·g−1)
= A(U
−1)
µ
(h)
= h
(
Aµ + i ∂µ
)
h−1 . (2.3.29)
The generalized d and e symbols thus transform precisely as in Eq. (2.3.21)
dµ[Π, A] → h[Π; g] · dµ[Π, A] · h[Π; g]−1 ,
eµ[Π, A] → h[Π; g] · (eµ[Π, A] + i ∂µ)h[Π; g]−1 , (2.3.30)
though of course, now, under the full local G group. According to the defi-
nition (2.3.28), the generalized d and e symbols are provided by those of the
global case, which contain one derivative of the Goldstone field, plus non-
derivative terms proportional to Aµ. In order to maintain the homogeneity
of the operators constructed out of d and e it is thus convenient to treat the
gauge fields on the same footing as derivatives and to regard both ∂ and A as
O(∂) or equivalently, by going to the momentum space, as O(p) objects. The
reader can get an idea of how the d and e symbols look like in concrete by
Eq. (2.B.13) in Appendix 2.B, where these objects are explicitly computed
for the minimal Coset SO(5)/SO(4).
From this point on, since we encountered exactly the same transformation
rules, the classification of locally invariant operators proceeds in parallel with
the globally invariant ones. In both cases, local H invariance is all what we
have to worry about. The 2-derivative non-linear σ-model Lagrangian, for
instance, trivially generalizes to
L(2) = f
2
4
dµ, aˆ[Π, A]δ
aˆbˆdµbˆ[Π, A] , (2.3.31)
11Notice that Aµ can also be regarded as the trivial generalization of the Maurer–Cartan
form obtained by replacing the ordinary derivative with the covariant one. Expressing it
in terms of the gauge-transformed Aµ is not just a fancy but also a useful rewriting.
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and contains now not only the Goldstone kinetic terms and self-couplings,
but also interactions involving the gauge fields, which are all dictated by the
local G invariance and predicted in terms of the sigma-model scale f . All
the previous considerations about the unicity of the σ-model Lagrangian in
SO(5)/SO(4) remain the same, meaning that also the Higgs/gauge interac-
tions are completely determined by the coset structure. In particular the
modifications of the Higgs couplings to the gauge fields we obtained in the
linear σ-model example in Eq. (2.2.34) must be regarded as robust model-
independent predictions of the SO(5)/SO(4) composite Higgs. We verify in
Appendix 2.B that L(2) as given above coincides as expected with the La-
grangian (2.2.28) we derived in the linear σ-model.
2.3.3 Two derivative tensors and resonances
The classification of O(p2) (two-derivatives) invariant operators, out of which
we defined the non-linear σ-model Lagrangian, has been extremely simple
because the d symbol was the only object which could have appeared in
these operators. Going to higher orders, as we will need to do in the next
chapter, requires more care and some additional technicality. A simple way
to proceed is to forget momentarily about invariants and classify instead all
the possible two-derivative tensor operators which transforms homogeneously
under h.
The first ones we might think to are those constructed with two d-symbols,
of the form
dµ, aˆdν, bˆ ∈ rpi ⊗ rpi = AdH ⊕ 1H ⊕ . . . . (2.3.32)
They transform in the tensor product of two Goldstone representations,
whose decomposition contains the adjoint, the singlet, plus eventually other
representations depending on the nature of the group H . Notice that the
decomposition in irreducible representations is what matters for the CCWZ
method. Since H invariance is all what is required, tensor product com-
ponents belonging to different irreducible representations can be employed
separately to construct invariant operators. The singlet and the adjoint com-
ponents are immediately worked out for a generic coset
(d21)µν = δ
aˆbˆdµ, aˆdν, bˆ , (d
2
Ad)µν, c = f
aˆbˆ
c dµ, aˆdν, bˆ , (2.3.33)
in terms of the structure constants f appearing in Eq. (2.3.11). The existence
and the form of other tensors depend instead on the coset. In SO(5)/SO(4)
one extra d2 tensor is found in the 9 of SO(4).
A second class of operators is formed by acting on the d symbol with one
derivative, or more precisely with a suitable covariant derivative which takes
care of the local nature of the d symbol transformation rule in Eq. (2.3.22).
The e symbol transforms precisely like a gauge connection (2.3.30) and thus
the covariant derivative is given by
(D · d)µν, aˆ ≡ ∂µdν, aˆ − i eµ, a (tpia) bˆaˆ dν, bˆ ∈ rpi . (2.3.34)
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It transforms, by definition, in the representation rpi. Whether D · d con-
stitutes a single CCWZ tensor or not depends on the number of irreducible
components of rpi.
Another object we can form, exploiting once again the fact that eµ trans-
forms like a gauge field, is the field strength tensor
Eµν ≡ Eµν, aT a = i [Dµ, Dν ] = ∂µeν − ∂νeµ − i [eµ, eν ] , (2.3.35)
which transforms homogeneously with h in the adjoint representation, namely
Eµν [Π, A] → h[Π; g] · Eµν [Π, A] · h[Π; g]−1 . (2.3.36)
In components, E reads
Eµν, a = ∂µeν, a − ∂νeµ, a + f bcaeµ, beν, c ∈ AdH . (2.3.37)
It turns out that d2, D · d and E exhaust the most general O(p2) tensor,
but this is not yet apparent because in our discussion we have ignored the
possibility of constructing tensors directly from the gauge fields Aµ rather
than starting from the d and the e symbols. Notice that Aµ is very different
from the other CCWZ objects because it transforms directly with the G
transformation g(x), as in Eq. (2.3.25), rather than with the H matrix h.
This is the reason why we had to “dress” it with the Goldstone matrix in
Eq. (2.3.28): the Goldstone matrix, since in transforms with g on one side
and with h on the other, is precisely what is needed to change an index
transforming with g into a one transforming with h. We might consider
dressing the Aµ field strength defining an object
Fµν = U [Π]−1 · Fµν [A] · U [Π]
= U [Π]
−1 · (∂µAν − ∂νAµ − i [Aµ, Aν ]) · U [Π] , (2.3.38)
that transforms homogeneously with h. Clearly, F belongs to the algebra of
G and therefore decomposes along the broken and the unbroken generators
leading to two tensors
Fµν = (FAd)µν, a T a + (Frpi )µν, aˆ T̂ aˆ ∈ AdH ⊕ rpi , (2.3.39)
in the adjoint and in the rpi representation, respectively. However the F ten-
sors are redundant, and thus they can be ignored in the operator classification
because they can be expressed as linear combinations of the others. This is
readily shown by noticing that the field strength Fµν [A] reacts linearly to a
gauge transformation of the argument so that
Fµν = U [Π]−1 · Fµν [A] · U [Π] = Fµν
[
A(U
−1)
]
= Fµν [d+ e] , (2.3.40)
where we made use of the definition of d and e in Eq. (2.3.28). The object
on the second line of the equation is an O(p2) tensor constructed in terms
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of the d and the e symbols and thus it must be, according to the previous
classification, a linear combination of d2, D · d and E.
Notice that Eq. (2.3.40) could be used in two ways, either for eliminating
F in favor of the others or for expressing two linear combinations of d2, D · d
and E in terms of FAd and Frpi . This second option might be convenient
for certain applications. For instance in composite Higgs one might want to
separate the operators constructed with the F ’s, which are entirely induced
by the SM gauging and vanish in the ungauged limit Aµ → 0, from the ones
which emerge from the composite sector alone. Moreover the F components
are easy to compute because they contain no Goldstone boson derivatives
and thus it might be useful to express the other tensors in terms of them.
For those applications Eq. (2.3.40) needs to be explicitly worked out. By
exploiting the commutation relations in Eq. (2.3.11) we obtain
(FAd)µν, a = Eµν, a + (d2Ad)µν, a ,
(Frpi )µν, aˆ = (D · d)µν, aˆ − (D · d)νµ, aˆ + (d2rpi )µν, aˆ , (2.3.41)
where d2rpi is a d
2 operator in the rpi representation defined as
(d2rpi )µν, aˆ = f
aˆbˆ
cˆ dµ, aˆdν, bˆ . (2.3.42)
Notice that for symmetric cosets, where f aˆbˆcˆ = 0, d
2
rpi vanishes.
Aside from being a derivation of Eq. (2.3.41), the discussion above il-
lustrates how the gauge source fields can be ignored in the classification of
CCWZ tensors or invariant operators. The dµ symbol, the Eµν field-strength
and the covariant derivatives is all what is needed, any object directly formed
with the sources can be systematically expressed in terms of the latter as we
saw above for the F tensors. It is actually even simpler than that because
Eµν is the commutator of two covariant derivatives as in Eq. (2.3.35). There-
fore dµ and Dµ are, strictly speaking, the only needed objects. However for
practical purposes derivative commutators are conveniently traded for the
field-strength. In Sect. 3.2.1 we will make use of those rules for the classifi-
cation of the complete SO(5)/SO(4) Lagrangian at O(p4).
In what follows we will occasionally need to include in our model, on top
of the Goldstone and of the gauge bosons, also some of the composite sector
resonances. The latter states are parametrically heavier than the former ones,
but it might still be worth including some of them in the effective field theory
if their mass happens to be smaller than the typical composite sector scale.
CCWZ is the ideal framework to discuss resonances. In full analogy with
what we found for the d-symbol components in Eq. (2.3.22), we introduce
resonance fields Ψi transforming as
Ψi → Ψ(g)i =
(
ei ζa[Π; g]tΨ
a
) j
i
Ψj ≡ hrΨ [Π; g] ji Ψj , (2.3.43)
where ζa[Π; g] are the parameters of the H transformation h[Π; g] as in
Eq. (2.3.7) and tΨ
a are the generators of H in a given representation rΨ.
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The d-symbol transformation property corresponds to the particular case
rΨ = rpi. This is a consistent assignment because it respects the G group
multiplication rules
Ψ(g1·g2) =
(
Ψ(g2)
)(g1)
, (2.3.44)
thanks to the following property of h
h [Π; g1 · g2] = h
[
Π(g2); g1
]
· h [Π; g2] . (2.3.45)
The latter is easily shown from the definition in Eq. (2.3.6). Notice that all
the structural properties of h, among which the one above, only depend on
the commutators algebra of the generators employed in its definition and not
on their explicit representation. Therefore Eq. (2.3.45) holds for hrΨ as well,
in spite the latter being defined as the exponential of H generator matrices
tΨ
a.
We stress once again that the resonance transformation property is defined
in terms of a representation of H , and not of the full G group. Therefore the
resonance fields organize themselves in “short” multiplets, corresponding to
H irreducible representations, each of which can be treated separately. If for
instance G = SO(5) and H = SO(4), resonances in the 4 or in the 1 can be
introduced individually rather than grouping them in a complete 5 of G as we
would have been obliged to do if G were unbroken. Indeed we know that in
spontaneously broken theories no degenerate G multiplets are expected and
the spectrum is classified in terms of the irreducible representations of the
unbroken group. It is thus reassuring that the formalism allows us to deal
with H multiplets individually.
In CCWZ, effective Lagrangian are written in terms of the resonance fields
and of the d and the e symbols, with the indices properly contracted to form
H invariants. Clearly when taking derivatives of the resonances the local
nature of H must be taken into account by using the covariant derivative
DµΨi = ∂µΨi − i eµ, a (trpia) ji Ψj . (2.3.46)
If for instance Ψ is a fermionic resonance its kinetic Lagrangian is simply
iΨγµDµΨ−mΨΨΨ . (2.3.47)
Notice that it contains, through the “e” term in the covariant derivative, a
full set of interactions with the Goldstone and the gauge fields which are all
dictated by the symmetry and controlled by the σ-model scale f .
2.4 Partial fermion compositeness
Nothing has been said up to now on how we plan to introduce in our con-
struction the SM matter fermions, their interactions with the Higgs and
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eventually generate their mass. This is actually a delicate task, which is
achieved in modern composite Higgs models by relying on the so-called “par-
tial compositeness” hypothesis. partial compositeness was first introduced
by D.B. Kaplan in Ref. [40] and more recently rediscovered in the context
of extra-dimensional models of EWSB [60]. Interestingly enough, partial
compositeness emerges naturally and automatically in those models. This
provides a hint that the partial compositeness hypothesis might eventually
find a microscopic realization. See Sect. 1.3 for additional considerations on
this aspect.
2.4.1 The basic idea
It is convenient to illustrate partial compositeness in opposition to the “stan-
dard” approach to matter fermions in strongly-coupled EWSB models, namely
the one which was originally adopted in technicolor models [16, 17, 28–30]
and later in the composite Higgs context [34] (see also Ref. [61] for a recent
example). In technicolor, and in composite Higgs as well as explained in
Sect. 1.3, the SM fermions are introduced as elementary fields external to the
composite sector and coupled to the latter by bilinear operators of the form
LInt = λt
Λd−1UV
qLOcStR +
λb
Λd−1UV
qLOSbR + h.c. , (2.4.1)
where qL = (tL, bL)
T , tR and bR denotes one of the SM quark fields families,
even though for the present discussion we will be mainly interested in the
third one as the notation suggests. Leptons could be included along similar
lines but they play no role in what follows. All the fields are assumed to be
canonically normalized, with SM-like kinetic terms
LE = qLi /DqL + tRi /DtR + bRi /DbR + . . . , (2.4.2)
that originate, exactly like for the gauge fields, from the elementary sector of
the theory. In equation (2.4.1), OS is meant to be one Lorentz scalar operator
composed of strong sector fields. Its SM quantum numbers are precisely those
of the Higgs field and as such it can form Yukawa-like couplings.
Writing down OS explicitly in one example helps to clarify what we have
in mind. In minimal technicolor, which consists of a scaled version of two-
flavor QCD, we have
(OS) ji = (1O4S + i σαOαS) ji = Ψ
j
RΨL, i , (2.4.3)
where ΨL,R are the chiral techniquark fields, endowed with flavour indices
i, j = 1, 2 in SU(2)L×SU(2)R. The equation above provides the OS compo-
nents in the real fourplet notation, one could switch to the complex doublet
notation trough Eq. (2.A.14). Therefore in technicolor OS is a techniquark
bilinear with energy dimension d = 3, the elementary/composite interactions
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Figure 2.2: A pictorial view of the partial compositeness approach to SM fermion
couplings compared with the old-fashioned technicolor way.
are dimension-6 four-fermion operators and as such are suppressed by two
powers of the high scale, ΛUV, at which they are generated. Eq. (2.4.1)
provides the obvious generalization, based on dimensional analysis, for an
arbitrary OS dimension d.
The physical origin of the suppression scale ΛUV is pictorially represented
in Fig. 2.2 and it can be understood as follows, along the lines of Sect. 1.3.
At around the TeV the strong sector confines and it dynamically generates
the new physics scale m∗, which can be identified with the typical mass of
the composite resonances. Above that scale the strong sector approaches
a conformal fixed point around which the energy scaling is dictated by the
operators dimensionality. In minimal technicolor models the conformal fixed
point merely correspond to the free theory of techniquarks and technigluons,
weakly perturbed by the technicolor interactions, but on general grounds
strongly interacting fixed points might also be considered. See Ref. [62] for a
review and Ref. [63] for a concise but clear discussion. An explicit realization
is the so-called “walking technicolor” model [64–69]. The fermion fields are
not part of the strong sector, therefore their origin as physical particles and
their interactions will emerge from a more complete theory at a scale ΛUV 
m∗. The scale ΛUV should be regarded as the cutoff scale of the BSM theory
itself. For example ΛUV might be the extended technicolor scale (see Refs. [30,
70]) at which the four-fermion interactions among quarks and techniquarks
are generated by the exchange of heavy gauge fields.
The interaction strength is dictated by dimensional analysis, up to dimen-
sionless coefficients λt and λb which depend on the couplings of the underlying
microscopic theory. In the extended technicolor example, λt,b ∼ g2ETC, where
gETC is the extended technicolor gauge coupling. On general grounds λt,b
could be small, if the underlying couplings are weak, but they can not be too
much larger than unity if the underlying theory has to remain perturbative.
This implies an upper bound λt,b < λMax, where for simplicity we treat λMax
as an order-one parameter even if its numerical value might be larger, for
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instance λMax ∼ 16pi2 in extended technicolor. More formally, the bound
on λ comes from the fact that the elementary quark interaction must be a
small perturbation of the strong sector dynamics in the full [m∗, ΛUV] range,
otherwise our picture is not self-consistent and the scale separation among
m∗ and ΛUV gets destabilized.
As depicted in Fig. 2.2, the elementary quark interactions in Eq. (2.4.1)
must be evolved down to m∗ before reading their low-energy implications. In
our hypothesis the evolution is driven by the operator dimension 12
λt,b[m∗] ' λt,b
(
m∗
ΛUV
)d−1
, (2.4.4)
up to corrections due to departures from the fixed point, either intrinsically
present in the strong sector or induced by the elementary quark interaction
itself. The quark masses, or equivalently the Yukawa couplings, are thus
estimated to be
yt,b =
√
2
mt,b
v
' λt,b[m∗] ' λt,b
(
m∗
ΛUV
)d−1
. (2.4.5)
By taking into account that d − 1 can be shown to be necessarily positive
by unitarity arguments, so that the couplings get power suppressed when
running to the IR, we see that the above equation is problematic in two
respects. First, the presence of the upper bound λ < λMax makes hard
to generate large Yukawas in our setup, which foresees a considerable scale
separation ΛUV  m∗. If for instance λMax ∼ 1 and d is significantly larger
than 1 no realistic top Yukawa coupling yt ' 1 can be obtained. Second, even
if it was possible to get yt right by a large enough λMax this could definitely
not be achieved for an arbitrarily large scale separation. Since m∗ is tied to
the TeV scale by the Naturalness problem we end up with an upper bound
on ΛUV, which reads
ΛUV '
(
λt
yt
) 1
d−1
m∗ < λ
1
d−1
Max TeV . (2.4.6)
But ΛUV is where the Yukawa’s are generated, therefore the full flavor struc-
ture of the SM must emerge at that scale. If it is not heavy enough, above
around 105 TeV, large and phenomenologically unacceptable extra flavor-
violating interactions will also arise, at least in the absence of special mech-
anisms and selection rules in the underlying microscopic theory. In the tech-
nicolor case, where d = 3 and λMax = 16pi
2, ΛUV can be quantitatively
estimated to be
ΛUV < 10 TeV , (2.4.7)
12The equation below trivially follows from the fact that the interaction operator stays
unchanged during the evolution at a fixed point. The coupling runs just because of the
different normalization of the operator in the IR, which is provided by the scale m∗ rather
than by ΛUV. The IR normalization is the appropriate one to read the low-energy effects
of the interaction.
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far below what phenomenologically acceptable.
As proposed in Ref. [63], one way out to this situation would be to consider
theories where the scalar operator dimension d is close to one, namely d =
1 + ε. This would allow, in principle, to maintain a large scale separation
while still obtaining the correct top quark Yukawa. The problem here is that
d = 1 is the dimension of the elementary Higgs field and furthermore it can
be shown that the only theory where d is exactly equal to 1 is the one of a free
scalar, which suffers from the Naturalness problem. This somehow suggests
that by taking d = 1 + ε we might run into the risk of reintroducing the
Naturalness problem in our construction. More concretely, the issue comes if
we ask ourselves about the scaling dimension of the scalar operator squared,
O2S , which is the analog of the Higgs mass term in the SM. If d[O2S ] < 4, its
presence in the Lagrangian reintroduces the Naturalness problem like for a
free scalar where d[O2S ] = 2. In Ref. [71], the following bound was derived
d[O2S ] ≤ f(d) , (2.4.8)
where f(d) is a continuos function and f(1) = 2. Therefore for d = 1 + ε
d[O2S ] ≤ 2 +O(ε) , (2.4.9)
and we are pushed into the dangerous region d[O2S ] < 4. Though qualitative
and not completely accurate 13, the above discussion is sufficient to illustrate
the difficulties with the standard technicolor-like approach to fermion mass
generation and to motivate the study of alternative mechanisms.
We now turn to partial compositeness. Also in this case, matter fermions
are introduced as elementary fields external to the composite sector and cou-
pled to the latter at the high scale ΛUV, with the only possible exception
of the right-handed top quark which might instead be a completely compos-
ite state. Leaving aside this possibility, on which we will return later, the
elementary/composite interactions now read
LInt = λtL
Λ
dL−5/2
UV
qLOLF +
λtR
Λ
dR−5/2
UV
tRORF + . . . , (2.4.10)
plus analogous terms for the bottom and the other quarks. The crucial
difference with the technicolor way is that the interaction terms are linear in
the elementary fields rather than bilinear and correspondingly the composite
sector operators OL,RF are fermionic rather than scalar. The reason why
this setup is called “partial compositeness” is that the linear couplings give
rise, in the IR, to mixings of the elementary quarks with some composite
resonances so that the physical mass eigenstates are linear combinations of
elementary and composite degrees of freedom. The compositeness fraction,
and eventually the Yukawa couplings which emerge from this mechanism
13For instance, potentially important numerical factors have been ignored in the estimate
of Eq. (2.4.5) while they could emerge in concrete technicolor-like theories.
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as we will see below, is controlled by the couplings λtL,R , duly evolved to
the IR scale m∗. Assuming for simplicity dL,R > 5/2 14 and ignoring self-
induced contributions to the Renormalization Group evolution, which become
numerically important for dL,R close to 5/2 [60] but do not change the picture
qualitatively, the low-energy couplings are
λtL [m∗] ' λtL
(
m∗
ΛUV
)dL−5/2
, λtR [m∗] ' λtR
(
m∗
ΛUV
)dR−5/2
. (2.4.11)
We see that for a large scale separation ΛUV  m∗ they can remain sizable,
thus generating a large enough top Yukawa, if the operator dimensions are
taken to be close to the critical value dL,R ∼ 5/2.
Partial compositeness is superior to the technicolor way in two respects.
First, there is no known obstruction in having fermionic operators of dimen-
sion nearly 5/2 while we saw that d ' 1 for a scalar is problematic. There
is no risk of reintroducing an Naturalness problem because already in the
simplest cases where d[φ2] = 2 d[φ], like in the free theory or for gauge the-
ories with a large number of colors, the operator square |OF |2 has a safely
irrelevant dimension equal to 5. Furthermore the five-dimensional models in
anti-de Sitter space do provide explicit examples of conformal field theories
(in the sense that they obey the conformal group algebra and unitarity) where
dimensions close to 5/2 can be realized. Differently from the scalar operator
of dimension one, there can thus not be any first principle obstruction against
dL,R ∼ 5/2.
The second point in favor of partial compositeness concerns the genera-
tion of the flavor hierarchies. With the technicolor approach the small masses
of the bottom, the charm and the other quarks must find a justification in
the underlying microscopic theory, where some selection rule must be at
work ensuring an hierarchy among the λt and λb UV couplings of the differ-
ent families. These hierarchies are maintained by the running since all the
Yukawa-like operators have the same scaling dimension, which is dictated by
the one of the scalar operator OS . In partial compositeness, instead, each
quark flavor couples to the composite sector through its own set of fermionic
operators OL,RF,f , each characterized by its own dimensions dfL,R. The oper-
ators in top quark sector are required to have dtL,R ∼ 5/2 while the others
could have different dimensions. If db, c, ...L,R − 5/2 = O(1) > 0 the couplings at
m∗ are naturally reduced by the running as in Eq. (2.4.11) and light quark
masses are obtained even if no hierarchy was present in the UV couplings
λb, c, ... ∼ λt. More details on this mechanism, and on how it could lead to
a realistic VCKM matrix and to the suppression of extra flavor transition
among the light quarks, will be reviewed in Chap. 4.
Partial compositeness means, as mentioned above, that the physical SM
particles are linear superimpositions of elementary and composite degrees of
14The unitarity bound on fermionic operators is dL,R ≥ 3/2, therefore we might well
consider also the case 3/2 < dL,R < 5/2 [60].
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freedom, namely
|Phys.i〉 = cos θi|Elem.i〉+ sin θi|Comp.i〉 , (2.4.12)
let us see how this works in detail. At the scalem∗ the strong sector condenses
and it generates, on top of the pNGB Higgs, a set of resonances with typical
mass m∗. At least one resonance is expected for each gauge-invariant local
operator, in the sense that each operator is expected to be capable to excite
from the vacuum a single-particle state with the same Lorentz and internal
quantum numbers. The fermionic operators OL,RF are thus associated, for
each family, to fermionic resonances Q and T˜ for which
〈0|OLF |Q〉 6= 0 , 〈0|ORF |T˜ 〉 6= 0 , (2.4.13)
and similarly for the down-type sector. The resonances are called “partners”
and their basic properties are easily deduced from the equation above. First
of all, they must carry the same SU(2)L×U(1)Y quantum numbers of the
corresponding SM fields, namely Q and T˜ are one doublet with 1/6 hyper-
charge and one singlet with Y = 2/3, respectively. One hypercharge −1/3
singlet, B˜, will also emerge from the bottom sector. These representations
are actually part of larger multiplets because in composite Higgs the SM
group is embedded in an unbroken SO(4). Second, the Partner’s mass origi-
nates from the strong sector confinement irregardless of the breaking of the
EW symmetry. The partners must thus be endowed with a Dirac mass term,
as opposite to a Majorana one because they are charged, which means that
both chiralities must be present with the same quantum numbers. Fermions
of this kind are said to be “vector-like”.
Finally, and very importantly, the partners carry QCD color because the
fermionic operators must come in color triplets in order to be consistently
coupled with the quarks. This property marks another relevant conceptual
difference with the technicolor approach to fermion masses. In the latter
case the composite sector needs not to carry color and all its constituents
might well be assumed to be color singlets. In partial compositeness this
is not possible: the color group must be present as a global and unbroken
SU(3) symmetry of the composite sector and the QCD interactions must
be introduced by gauging this symmetry through elementary gluon fields
similarly to what we saw in the previous section for the SU(2)L×U(1)Y group.
This has important phenomenological implications on which we will come
back later.
Since the partners are excited from the vacuum by OL,RF,f , the partial
compositeness interactions in Eq. (2.4.10) makes them mix with the quarks,
with a strength proportional to the IR couplings. The energy dimensionality
of the mixing is carried by the composite sector’s confinement scale m∗ and
the result is also weighted, as we will discuss in details in the next chapter,
by one inverse power of the typical composite sector coupling g∗. The mass
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yt =
fL
fR
sin ✓fL
sin ✓fR
Q
T˜
H
= g⇤ · sin ✓fL · sin ✓fR
g⇤
Figure 2.3: Yukawa couplings generation in partial compositeness, under the sup-
plementary hypothesis of VMD as explained in the text.
terms of the quark/quark-partners system are estimated to be
LLMass = −m∗QQ−
λfL
g∗
m∗ (qLQ+ h.c.) ,
LRMass = −m∗T˜ T˜ −
λfR
g∗
m∗ (tRT˜ + h.c.) . (2.4.14)
Even if we did not indicate it explicitly, the λfL,R couplings in the above
equation are clearly the ones evolved to m∗ according to Eq. (2.4.11). How-
ever from the low-energy viewpoint we can ignore their microscopic origin
and regard them as free input parameters. The mass matrices are easily di-
agonalized leading to two massless Eigenstates, which we identify with the
physical qL and tR quarks, plus heavy resonances. The light states are par-
tially composite as in Eq. (2.4.12) with compositeness fractions
sin θfL =
λfL√
g2∗ + (λfL)2
' λfL
g∗
, sin θfR =
λfR√
g2∗ + (λfR)2
' λfR
g∗
,
(2.4.15)
In the second set of equalities we took the limit λfL  g∗, which is most likely
appropriate for the light flavors but not necessarily so for the top quark.
We are finally in the position to estimate the Yukawa couplings, out of
which the SM particles eventually acquire their mass after EWSB. The Q
and T˜ partners couple to the Higgs with coupling strength g∗ and this gives
rise, after the rotation to the mass basis, to Yukawa couplings of the massless
eigenstates which are proportional to the left- and right-handed composite-
ness fractions. As depicted in Fig. 2.3 the Yukawas are given by
yf = g∗ sin θ
f
L sin θ
f
R '
λfLλfR
g∗
. (2.4.16)
Light SM particles, with small Yukawas, are thus characterized by small λ’s
and thus by a tiny compositeness fraction sin θfL,R  1 while the top is
obliged to be composite to a large extent in order to obtain its large Yukawa.
This concludes our first illustration of partial compositeness. Though
qualitative, it should be sufficient to transmit the general idea. However it
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is important to stress that our discussion, and in particular the derivation
of the Yukawa couplings in Eq. (2.4.16), is not only qualitative but it also
relies on one extra assumption which is not intrinsic of partial compositeness
and could have been avoided. Namely, the estimate (2.4.16) is based on the
idea that the only interactions of the elementary degrees of freedom with the
Higgs are the ones mediated by the mixing with the composite resonances.
Otherwise, extra contributions to the Yukawa would have been present in
Fig. 2.3 from contact interactions involving the elementary states directly.
This might be motivated by an analogy with hadron physics, where it is
known that the interactions of the photon are mostly driven by the mixing
with a resonance of appropriate quantum numbers, the ρ meson. This is
the so-called Vector Meson Dominance (VMD) hypothesis which we might
generalize in the present context to the dominance of the partner’s exchange
in the interaction of the elementary fields with the composite sector. However,
VMD is not a robust and theoretically well understood feature and we should
not take it too seriously.15 It is thus important to remark that Eq. 2.4.16 does
not rely on VMD. The reader will easily realize this after reading Chap. 3.
2.4.2 Higgs couplings to fermions
Now that the general idea is clear, let us see how to implement partial com-
positeness concretely in the composite Higgs framework. We will show how
sharp leading-order predictions can be obtained for the physical Higgs cou-
plings to fermions. However, differently from the gauge boson couplings in
Eq. (2.2.34) which we saw to be model-independent and completely deter-
mined by the choice of the coset, the fermion interactions depend on one
extra model-building assumption related with the detailed implementation
of partial compositeness. The simplest and most common options will be
discussed in turn.
In partial compositeness the quarks interact with the composite sector
through fermionic operators OL,RF as in Eq. (2.2.34). In order to make quan-
titative predictions more details must be specified on the nature of those
operators. In particular, we do need to specify their representation under the
SO(5) global group. Notice that the full SO(5), irregardless of being spon-
taneously broken to SO(4), is what matters here because it must be kept in
mind that the elementary/composite interactions were originally written at
the high ΛUV scale, far above the one where spontaneous breaking occurs.
At that scale the operators are classified into full SO(5) multiplets. Stated
differently, the UV operators are made of the strong sector constituents of
the underlying microscopic theory, for which SO(5) is still an unbroken fla-
vor symmetry and particles are grouped in SO(5) representations. Choosing
the SO(5) representations of OL,RF is the model-building ambiguity we were
referring to in the previous paragraph. A priori, any complicated and re-
15Nevertheless, as stressed in Ref. [72], it might still be a convenient simplifying assump-
tion for the study of composite Higgs models.
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ducible representation might be considered. However the only mixing that
matters in the IR is the one with the operator of lowest dimension, given
that the effect of the others is washed out by the running. This singles out
a unique irreducible representation, barring the implausible possibility that
the strong sector contains several multiplets with accidentally comparable
scaling dimensions. A case-by-case study of the irreducible representations,
starting from the smallest multiplets which are more likely to have low energy
dimension, is thus sufficient to cover all the plausible theoretical options.
The operator multiplets must be such as to contain the SM quarks rep-
resentations, 21/6, 12/3 and 1−1/3, when decomposed under the EW group
GEW. These components of the multiplet are the only ones that actually
participate in the elementary/composite interactions. However, it turns out
that no such representation exists if GEW is entirely embedded in SO(5). An
extension of the global symmetry group of the composite sector is required
in order to implement partial compositeness. The simplest possibility is to
add a new unbroken U(1)X factor, extending the original breaking pattern
SO(5)→ SO(4) to 16
SO(5)×U(1)X → SO(4)×U(1)X . (2.4.17)
In the scheme we had in mind until now, which was introduced in Sect. 2.2.2,
GEW was embedded in the unbroken SO(4) = SU(2)L×SU(2)R and the hy-
percharge was provided by the third SU(2)R generator, Y = T
3
R. We now
instead give to the hypercharge also one component along the newly intro-
duced U(1)X generator, namely
Y = T 3R +X . (2.4.18)
In practice, this means introducing a new term in the elementary/composite
interactions of Eq. (2.3.26), namely to take 17
Lgaugeint = Aµ,AJµ,A +XµJµX , (2.4.19)
where JµX is the U(1)X global current and Xµ is the associated source field.
The physical value of the new source is
Xµ = g
′Bµ , (2.4.20)
where Bµ is the hypercharge field. Bµ also enters in the T
3
R term of Aµ
(2.3.27) and therefore it couples with Y as required by Eq. (2.4.18).
This might seem a radical deformation of our setup, however it is not
because U(1)X is unbroken and thus it does not lead to a new Goldstone.
16Partial compositeness requires, as described in the previous section, one further exten-
sion by an unbroken color SU(3)c group under which the fermionic operators are triplets.
The complete group is thus SO(5)×U(1)X×SU(3)c.
17An analogous term gS Ga · Jac has to be introduced for the gluon fields Gµ, a, coupled
to the currents of the SU(3)c color group introduced in Footnote 16.
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Furthermore it commutes with SO(5) and therefore the bosonic fields whose
dynamics we have been studying so far, namely the Higgs and the gauge
fields, are all neutral objects. All the derivations of the previous sections, the
definition of the CCWZ d and e symbols and their properties are unaffected
by the extension of the group and hold in exactly the same way. The pres-
ence of the U(1)X must of course be taken into account when dealing with
charged fields, in particular the covariant derivative of Eq. (2.3.46) should be
supplemented by a term with the source Xµ in order to respect local U(1)X
invariance.
We now return to our problem of identifying suitable representations for
the fermionic operators. The simplest one is the 5, let us thus start from
the case in which the OL,RF , namely those that mix with the elementary qL
and tR as in Eq. (2.4.10), are part of a fiveplet with an appropriate choice,
X = 2/3, of the U(1)X charge. When decomposed under SO(4), the fiveplet
splits into a singlet plus one fourplet 4 = (2,2), which in turn leads to two
SU(2)L doublets of opposite T
3
R charges as shown in Appendix 2.A. Given
our new definition of the hypercharge (2.4.18), the 52/3 decomposes under
GEW as
52/3 → 42/3 ⊕ 12/3 → 27/6 ⊕ 21/6 ⊕ 12/3 . (2.4.21)
The two last terms could couple to qL and to tR respectively. The easiest
one is the tR coupling. The fermionic operator, (ORF )I , is endowed with a
fiveplet index I but the only component which couples to tR is the singlet
embedded in the last entry I = 5. Nevertheless, it is convenient to express
the interaction as
LtRint = λtRtR
(ORF )5 + h.c. = λtR (TR)I (ORF )I + h.c. , (2.4.22)
in terms of an incomplete fiveplet
TR = {0, 0, 0, 0, tR}T , (2.4.23)
which we denote as the embedding of tR in the 5. Notice that the interac-
tion has been written in a shorthand notation in which λtR represents the
coupling strength at the IR and the powers of m∗ needed to match energy
dimensionality have been reabsorbed in the operator normalization. The “ T
” symbols is just the transpose, needed because we want to work with column
vectors.
The rewriting in terms of TR is extremely useful to read the implications
of the symmetries on the elementary fermions interactions. Suppose one is
willing to compute the effective Lagrangian for the SM fermions, the gauge
and the Higgs fields, obtained by integrating out the composite sector dy-
namics and ignoring the virtual effects from elementary fields exchange, which
could be possibly added on top. The fact that TR is an incomplete multiplet
is irrelevant for this calculation, we might formally uplift it to a complete
multiplet of external source fields and eventually set it to its physical form
by Eq. (2.4.23). The idea is exactly the one we introduced in Sect. 2.3.2 to
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deal with the elementary gauge fields. But if TR is regarded as a complete
multiplet we can consider transforming it under the global group and its ef-
fective Lagrangian must stay invariant. The transformation must clearly be
the same one of ORF in order for the interaction to be formally invariant.
Therefore under SO(5)
(TR)I → g JI (TR)J , (2.4.24)
and the U(1)X charge is equal to 2/3. In order to write down invariant
Lagrangians by employing the general CCWZ construction it is convenient
to “dress” the source with the Goldstone matrix and to define the following
objects {
T 4R, T
1
R
}T
= U [Π]−1 · TR . (2.4.25)
This dressing procedure is fully analog to the one we adopted for the gauge
source in Eq. (2.3.28): by multiplying with U−1 we turn an index transform-
ing with g into one transforming with h[Π; g]. The latter can be eventually
contracted, together with all the other CCWZ objects defined in Sect. 2.3,
by respecting the local SO(4) symmetry and the result will be automati-
cally invariant under the full SO(5). Notice that h[Π; g] is the exponential
of unbroken SO(4) generators only, for which we took a block-diagonal form.
Therefore h itself is block diagonal, with the first 4×4 block made of an SO(4)
rotation and “1” in the remaining entry. The two objects defined above, T 4R
and T 1R, thus belong to two distinct SO(4) representation, namely
T 4R ∈ 42/3 , T 1R ∈ 12/3 , (2.4.26)
with 2/3 U(1)X charge. They can be employed independently in the con-
struction of invariants.
We now turn to the qL coupling. The corresponding operator, (OLF )I ,
is still an SO(5) fiveplet with X = 2/3, but it is not necessarily related
with (ORF )I . Two independent operators might well exist in the composite
sector, characterized by different scaling dimensions dL 6= dR. Furthermore,
the opposite chirality components of OLF and ORF participate to the mixing,
namely the right-handed chirality for OLF , which mixes with qL, and the
left-handed one for ORF . If the composite sector does not respect the parity
symmetry the two chiralities correspond to independent operators. If on the
contrary the composite sector does respect parity we might be entitled to
regard OLF and ORF as the two components of one single Dirac operator and
in this case dL = dR. The discussion which follows is independent of which
of the two options is realized.
In very much the same way as for the tR we write the qL interaction as
LqLInt = λtR
(
QtL
)I (OLF )I + h.c. , (2.4.27)
where QtL is again an incomplete multiplet, this time given by
QtL =
1√
2
{−i bL, −bL, −i tL, tL, 0}T . (2.4.28)
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The qL doublet is embedded in the SO(4) fourplet components of the fiveplet
according to Eq. (2.A.19), it corresponds to the T 3R = −1/2 doublet Ψ−.
Exactly like for TR (2.4.25), we can act on QL with the Goldstone matrix
and obtain two new SO(4) multiplets
Q4tL ∈ 42/3 , Q1tL ∈ 12/3 , (2.4.29)
which we will employ in the construction of the invariants.
The leading order invariants are the ones made of two source fields and
no derivatives. These are O(p0) operators in the counting we introduced in
Sect. 2.3. The contraction of two TR or of two QtL sources vanishes because
of chirality and one is left with mixed QtL-TR terms. Two invariants might
be formed, a priori, by contracting Q4tL with T
4
R and Q
1
tL with T
1
R, however
the two are not independent because of the following relation(
Q
4
tL
)i (
T 4R
)
i
+ Q
1
tLT
1
R =
(
QtL
)I [
U iI U
† J
i + U
5
I U
† J
5
]
(TR)J
=
(
QtL
)I
(TR)I = 0 , (2.4.30)
which vanishes because QtL and TR are orthogonal. We thus find a unique
effective operator with two elementary fermions and no derivatives, which
leads to a generalized top Yukawa Lagrangian
LtYuk = −ct
λtLλtR
g2∗
m∗Q
1
tLT
1
R + h.c.
= −ctλtLλtR
g2∗
m∗
1
2
√
2|H| sin
2
√
2|H|
f
qLH
ctR + h.c. (2.4.31)
where Hc = i σ2H∗. The parametrization of the operator coefficient in the
equation above is actually irrelevant for the results which follow, however
it requires some explanation. The QL and TR sources interact with the
composite sector only in combination with the coupling strength λtL and
λtR , respectively. Therefore each source insertion is necessarily accompanied
by one power of the corresponding coupling. The composite sector scale m∗
provides the energy dimensionality of the operator and ct is an order one free
parameter. The justification of the 1/g2∗ factor, which is similar to one we
encountered in Eq. (2.4.14), is instead more complicated and it is postponed
to the next chapter.
Eq. (2.4.31) is an infinite series of operators with more and more insertions
of the Higgs field, each weighted by the Higgs decay constant f . The leading
operator is just the dimension 4 SM up-type Yukawa interaction. All the
others, starting from d = 6, provide corrections to the Higgs–top coupling
with respect to the SM. This whole set of interactions is controlled, at fixed
f , by a single multiplicative parameter which however is not free because we
still have to impose the constraint of the top quark mass. When the Higgs is
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set to its VEV, Eq. (2.4.31) becomes the top mass term with
mt = c
tλtLλtR
g2∗
m∗
√
ξ(1− ξ)√
2
. (2.4.32)
By trading the prefactor formt and going to the unitary gauge the generalized
Yukawa Lagrangian in Eq. (2.4.31) becomes
LtYuk = −
mt
2
1√
ξ(1− ξ) sin
2(V + h)
f
tt
= −mttt− ktmt
v
h tt− c2mt
v2
h2tt+ . . . (2.4.33)
It provides the top mass term, plus a set of top interactions with the physical
Higgs. The first one is a SM-like coupling, but with a modified strength
k5t ≡
gcomphtt
gSMhtt
=
1− 2 ξ√
1− ξ . (2.4.34)
The result is labeled by the superscript “ 5” because it relies on our choice
of embedding the operators in the fiveplet. The second interaction is a di-
mension 5 vertex with two Higgs bosons, obviously absent in the SM, with
coefficient
c52 = −2ξ . (2.4.35)
As expected on general grounds, the couplings reduce to the SM ones in the
limit ξ → 0. Namely k5t → 1 and c52 → 0.
The bottom quark sector, namely the interactions needed to generate
the bottom mass and Yukawa couplings, are introduced in complete analogy
with the top ones. We consider, on top of Eq. (2.4.10), two further elemen-
tary/composite couplings
LbInt =
λbL
Λ
dbL−5/2
UV
qLOb
L
F +
λbR
Λ
dbR−5/2
UV
bRObRF , (2.4.36)
where ObLF and ObRF are, respectively, in the 21/6 and 1−1/3 of the SM group.
Notice that ObLF has the same SM quantum numbers of the corresponding
operator in the top sector. In spite of this, the two are independent objects, a
priori. The bottom sector operators can be embedded in a 5−1/3 of SO(5)×
U(1)X , which decomposes as
5−1/3 → 4−1/3 ⊕ 1−1/3 → 21/6 ⊕ 25/6 ⊕ 1−1/3 , (2.4.37)
under GEW. The interaction (2.4.36) is rewritten as
Lbint = λbL
(
QbL
)I (ObLF)
I
+ λbR
(
BR
)I (ObRF)
I
, (2.4.38)
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where, for shortness, the dimensionful normalization has been reabsorbed in
the operators. The two new source fields QbL and BR are given by
QbL =
1√
2
{−i tL, tL, i bL, bL, 0}T ,
BR = {0, 0, 0, 0, bR}T . (2.4.39)
Differently from the one for the top in Eq. (2.4.28), the QbL source is chosen
to project on the T 3R = 1/2 doublet in the decomposition (2.A.19).
By acting with the inverse of the Goldstone matrix we turn the sources
into SO(4) multiplets
Q4bL ∈ 4−1/3 , Q1bL ∈ 1−1/3 ,
B4R ∈ 4−1/3 , B1R ∈ 1−1/3 , (2.4.40)
out of which we can form invariants. Contractions with the top sector sources
are forbidden by U(1)X and the only invariant is found to be
LbYuk = −cb
λbLλbR
g2∗
m∗Q
1
bLB
1
R + h.c.
= −cbλbLλbR
g2∗
m∗
1
2
√
2|H| sin
2
√
2|H|
f
qLHbR + h.c. (2.4.41)
This generalized down-type Yukawa Lagrangian gives mass to the bottom
quark. After trading the prefactor for mb and going to the unitary gauge
LbYuk = −
mb
2
1√
ξ(1− ξ) sin
2(V + h)
f
bb
= −mbbb− kbmb
v
h bb+ . . . (2.4.42)
where kb, the modification of the bottom–Higgs coupling with respect to the
SM is found to be
k5b ≡
gcomphbb
gSMhbb
=
1− 2 ξ√
1− ξ . (2.4.43)
Additional higher dimensional vertices, such as h2bb, are also present in
Eq. (2.4.42). However they are suppressed by the small bottom mass and
thus, differently from the h2tt coupling in Eq. (2.4.33), hardly play a relevant
phenomenological role.
The discussion proceeds along similar lines for any representation in which
we might take the fermionic operators to transform. An “economical” choice
is the spinorial 4 of SO(5) defined in Appendix 2.B. From the explicit form
of its generators (2.B.5) we see that it decomposes as 4 = (2,1) ⊕ (1,2)
under SO(4), therefore if we assign to it a U(1)X charge X = 1/6 it will
simultaneously contain all the SM representations of one complete quark
family, namely
41/6 → (2,1)1/6 ⊕ (1,2)1/6 → 21/6 ⊕ 12/3 ⊕ 1−1/3 . (2.4.44)
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The elementary field embeddings become now
QtL = QbL = {tL, bL, 0, 0}T ,
TR = {0, 0, tR, 0}T ,
BR = {0, 0, 0, bR}T , (2.4.45)
out of which a total of 6 CCWZ tensors, 3 of which in the (2,1)1/6 and
the others in the (1,2)1/6, can be constructed by acting with the inverse
of the Goldstone matrix. Clearly, the Goldstone matrix in the spinorial,
reported in Eq. (2.B.9), has to be employed. Out of the 4 possible invariants
only two are independent because, similarly to what we saw happening in
Eq. (2.4.30) for the fiveplet, the sum of the (2,1) and of the (1,2) self-
contractions vanishes. This is actually a general rule, which has to do with
the fact the sum of the contractions among the different SO(4) multiplets
reconstructs one SO(5) invariants from which the Goldstone matrix, which
acts as an SO(5) transformation, systematically cancels. The net result is that
only two invariants exist, corresponding to up- and down-type generalized
Yukawas
LtYuk = −i ct
λtLλtR
g2∗
m∗Q
(2,1)
tL · TR(2,1) + h.c.
= −ctλtLλtR
g2∗
m∗
1
2|H| sin
√
2|H|
f
qLH
ctR + h.c.
LbYuk = −icb
λbLλbR
g2∗
m∗Q
(2,1)
bL ·BR(2,1) + h.c.
= −ctλtLλtR
g2∗
m∗
1
2|H| sin
√
2|H|
f
qLHbR + h.c. (2.4.46)
where the dot stands for the doublet indices contraction. By trading the pre-
factor for the physical top and bottom masses, going to the unitary gauge
and Taylor-expanding the Lagrangian we obtain the top and bottom Yukawa
couplings modification and the coefficient of the h2tt operator
k4t = k
4
b =
√
1− ξ , c42 = −
ξ
2
. (2.4.47)
As anticipated, the predicted pattern of fermion coupling modification is
different than the one we encountered in the case of the 5.
The scenarios described above, with fermionic operators in the 5 and in
the 4, correspond to the most popular Minimal Composite Higgs Models,
denoted as MCHM5 and MCHM4, respectively. The MCHM4 was first pro-
posed in Ref. [42] but subsequently abandoned in favour of the MCHM5 [73]
because it was found, as reviewed in the following chapters, that it leads
to a large and phenomenologically unacceptable correction to the Z boson
coupling to the left-handed bottom. The MCHM4 and the MCHM5, aside
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from the fact that they predict different modified couplings, share two pecu-
liar features which are not representative of the generic situation one might
encounter for other representations. The first peculiarity is that the Higgs
couplings are uniquely predicted in terms of ξ. This came because in both
cases we found only one invariant operator for the top and one for the bottom
sector, the theory was thus completely specified in terms of two parameters
only which we traded for mt and mb. There exist representations for which
this is not the case. Suppose for instance embedding the top sector operators
in an adjoint of SO(5) with X = 2/3, the SO(4)×U(1)X decomposition of
this representation is
102/3 → (3,1)2/3 ⊕ (1,3)2/3 ⊕ (2,2)2/3 . (2.4.48)
This is a viable representation since qL can be embedded in the bidoublet
and tR in one of the components of the (1,3)2/3. After being dressed with
the Goldstone matrix, the QL and TR sources give rise, by the above decom-
position, to three separate irreducible representations which we can use to
write down the effective Lagrangian. Three singlets can thus be formed by
contracting QL with TR and only one combination of those is trivial because
it corresponds to a full SO(5) invariant. We are thus left with two indepen-
dent operators in the top sector and thus with two free parameters.18 One
combination is fixed by the top mass but the other remains free and affects
the Higgs couplings which are no longer predicted.
The second peculiarity is that in both the MCHM5 and the MCHM4
scenarios the physical Higgs couplings to top and bottom are modified by
the same amount with respect to the SM, namely kt = kb. This is obviously
not a general feature, the simplest counterexample is to consider to different
SO(5) representation for the top and the bottom sectors. If for instance
we had taken the top sector operators are in the 5 but the bottom ones
in the 4 we would have found kt = k
5
t 6= kb = k4b . Generic or not, the
equality of top and bottom couplings modification is a robust feature of the
MCHM4,5 models, which we can exploit for a fast and easy comparison with
the experimental measurements of the Higgs boson couplings. One way in
which those experimental results are presented are Confidence Level (CL)
curves on the kV -kF plane, where kV is the modification of the Higgs coupling
to vectors and kF is a universal rescaling of the coupling to fermions with
respect to the SM. Since the current experimental results are dominated by
the top and bottom Yukawa couplings while the sensitivity to leptons and
light quark couplings is extremely mild or absent, we can interpret kF as
kF = kt = kb, without worrying about the other fermions. By combining
our predictions for kF as a function of ξ with kV obtained in Eq. (2.2.34) we
can draw a line on the kV -kF plane for each of the two models and compare
18By making extra assumptions on the composite sector the number of parameters might
be reduced back to one. For instance, if we postulate that the composite sector is invariant
under a PLR parity which interchanges left and right SO(4) generators the operators
constructed from the (3,1) and the (1,3) would be obliged to have the same coefficient.
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Figure 2.4: Fit of the Higgs coupling strength to the gauge bosons (kV ) and fermions
(kF ) obtained by the ATLAS (red contours) [74] and CMS Collaborations (blue
contours) [75] from the combination of the 7 and 8 TeV LHC data. The solid black
lines show the predictions in the MCHM5,4 models for different values of ξ.
with the CL curves. The result, displayed in Fig. 2.4, shows that relatively
large values of ξ, above around ξ & 0.2 are excluded by the Higgs data. As
we will see in the following chapters, these limits are barely competitive with
other constraints from the LEP electroweak precision tests and from direct
resonance searches at the LHC, but they are sufficient to give an idea of the
allowed parameter space of the composite Higgs models.
For reasons related with the radiative generation of the Higgs potential
which will become clear in the following chapter, one last case which is worth
discussing is when the top sector operator OtLF is in a 142/3 of SO(5) and
OtRF in a singlet 12/3. The setup could be completed by different choice
of representations in the bottom sector, which will turn out to have a mild
impact on the Higgs potential. The 14 is the symmetric traceless tensor
product of 2 fiveplets, thus it decomposes in SO(4) in terms the corresponding
2-index tensor, the 9 = (3,3), plus one fourplet sitting on the last line and
column and one singlet in the 5-5 entry, namely
142/3 → (3,3)2/3 ⊕ (2,2)2/3 ⊕ (1,1)2/3 . (2.4.49)
The qL doublet mixes, as in previous cases, with the (2,2)2/3, its embedding
in the (QtL)IJ source tensor reads
QtL =
1√
2

0 0 0 0 −i bL
0 0 0 0 − bL
0 0 0 0 −i tL
0 0 0 0 tL
−i bL − bL −i tL tL 0
 . (2.4.50)
When dressed with the Goldstone matrix, the 142/3 splits into three irre-
ducible representations in accordance with the decomposition above, but the
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only one that matters is the singlet
QtL
1 =
(
U [Π]†
)
5I
(
U [Π]†
)
5J
QtL
IJ =
1√
2|H| sin
2
√
2|H|
f
(Hc)
† · qL .
(2.4.51)
which we will combine with the TR to form an invariant operator.
LtYuk = −ct
λtLλtR
g2∗
m∗Q
1
tLTR + h.c , (2.4.52)
where TR = tR is the trivial embedding of tR in the singlet. With the usual
procedure the modified Higgs couplings are easily found to be
k14t =
1− 2 ξ√
1− ξ , c
14
2 = −2ξ . (2.4.53)
The results happens to coincide with the one obtained for the 5.
One further reason for being interested in the 14 ⊕ 1 pattern is that it
can be also interpreted as describing the case of a completely composite tR
field, emerging directly from the composite sector rather than originating in
the elementary one. This is possible because the tR couples to an operator
in the 12/3 of SO(5)×U(1)X , therefore its interaction
LtRint = λtRtROR1 + h.c. , (2.4.54)
is perfectly invariant under the composite sector symmetry group, provided
the tR field is interpreted as a composite sector bound state in the 12/3 of
the unbroken group SO(4)×U(1)X . Also, being an SO(4) singlet, the CCWZ
kinetic term for such a resonance (see Eq. (2.3.47)) would contain no eµ term
and it would just coincide with the SM one we assumed in Eq. (2.4.2).19
Therefore all the terms we wrote down for tR could have come from the
composite sector, compatibly with all its symmetries. The difference between
the elementary and composite tR interpretation of the 14⊕1 setup is purely
quantitative and resides in the expected strength of λtR . In the former case,
λtR is an elementary sector coupling and thus we take it smaller than the
composite sector one: λtR < g∗. In the latter one, λtR is naturally of order
g∗. By treating it as a free parameter and making no a priori assumption
on its value we can smoothly interpolate among the two interpretations. In
particular in Eq. (2.4.52) we can take λtR ∼ g∗ showing (using the relation
m∗ = g∗f which we will discuss in the next chapter) that in the composite
tR case the left-handed coupling must be λtL ∼ yt in order to reproduce the
top quark Yukawa coupling yt. These considerations will be important when
we will study the generation of the Higgs potential.
19The gauging of U(1)X leads to an additional term in the resonance covariant derivative
in Eq. (2.3.46) which precisely reproduce the SM gauge interaction.
Appendix
2.A The SO(4) algebra
The Lie algebra of SO(4) is the 6-dimensional space of traceless Hermitian
imaginary 4× 4 matrices that define the fundamental (the 4) representation
of the group. For applications to composite Higgs the most convenient choice
of the Lie algebra basis is the one that makes explicit its connection with the
algebra of the chiral group SU(2)L×SU(2)R, which has also dimension 6. The
two groups are indeed locally isomorphic, i.e.
SO(4) ' SU(2)L × SU(2)R , (2.A.1)
which means that they have the same algebra. In order to prove the isomor-
phism and to derive the SO(4) basis we proceed as follows. Be
#„
Π a real vector
in the 4 of SO(4), its four components are in one-to-one correspondence with
the elements of a 2× 2 pseudo-real matrix
Σ =
1√
2
(
i σαΠ
α + 12Π
4
)
=
1√
2
σiΠ
i , (2.A.2)
where α = 1, 2, 3, σα are Pauli matrices and
σi = {i σα,12} . (2.A.3)
The σ’s obey the following normalization, completeness and reality conditions
Tr[σ†iσj ] = 2 δij ,
4∑
i=1
(σ†i )
b
a (σi)
d
c = 2 δ
d
aδ
b
c ,
(σi)
∗ = σ2σiσ2 , σiσ
†
j − σjσ†i = 2σiσ†j − 2 δij12 , (2.A.4)
from which Σ is immediately seen to be pseudo-real, i.e.
Σ∗ = σ2Σσ2 . (2.A.5)
The chiral group acts on Σ by matrix multiplication,
Σ → gLΣg†R. (2.A.6)
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and it preserves the pseudo-reality condition (2.A.5). Therefore the ma-
trix Σ offers a consistent representation of the chiral group, which we call
a pseudo-real bidoublet (2,2) with a self-explanatory notation. In order to
demonstrate the local isomorphism among the two groups we consider an
infinitesimal chiral transformation on Σ and we show that it has the same
effect as an SO(4) rotation on the
#„
Π vector. This is because
Tr
[
Σ†Σ
]
= | #„Π|2 . (2.A.7)
The trace is invariant under Eq. (2.A.6), which means that the norm of
#„
Π is
unchanged by the chiral transformations. Since SO(4) contains the most gen-
eral norm-preserving infinitesimal transformation of a four-component vector,
this demonstrates that any chiral transformation is an element of SO(4) and
therefore the chiral group algebra is contained in the SO(4) one. However no
sub-algebra exists, aside from the full algebra itself, with the same dimen-
sionality of the original one. The isomorphism (2.A.1) is thus proven.
Let us turn to the determination of the SO(4) generators. In light of the
discussion above we can split them into two sets ta = {tαL, tαR} with α = 1, 2, 3.
Each set obeys SU(2) commutation relations and the two sets commute in
accordance with the SU(2)L×SU(2)R algebra, namely[
tαL, t
β
L
]
= iεαβγtγL ,
[
tαR, t
β
R
]
= iεαβγtγR ,[
tαL, t
β
R
]
= 0 . (2.A.8)
Those generators, in the fundamental 4 representation, are easily extracted
from the infinitesimal variations
δLΣ = i δ
L
α
σα
2
Σ ,
δRΣ = − i δRαΣ
σα
2
, (2.A.9)
under chiral transformations gL,R ' 1+ iδL,Rα σα/2. The corresponding vari-
ations of
#„
Π have the form
δL
#„
Π = i δLα t
α
L
#„
Π ,
δR
#„
Π = i δRα t
α
R
#„
Π , (2.A.10)
from which, by matching with Eq. (2.A.9), we obtain
(tαL)ij =
1
4
Tr[σ†iσ
ασj ] = − i
2
[
εαβγδ
β
i δ
γ
j +
(
δαi δ
4
j − δαj δ4i
)]
,
(tαR)ij =
1
4
Tr[σiσ
ασ†j ] = −
i
2
[
εαβγδ
β
i δ
γ
j −
(
δαi δ
4
j − δαj δ4i
)]
. (2.A.11)
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The generators obey the commutation relations in Eq. (2.A.8) and they are
subject to the normalization and completeness relations
Tr
[
tαLt
β
L
]
= Tr
[
tαRt
β
R
]
= δab , Tr
[
tαLt
β
R
]
= 0
3∑
α=1
[
(tαL)ij (t
α
L)kl + (t
α
R)ij (t
α
R)kl
]
= − 12 (δikδjl − δilδjk) ,
3∑
α=1
[
(tαL)ij (t
α
L)kl − (tαR)ij (tαR)kl
]
= − 12εijkl , (2.A.12)
where εijkl is the anti-symmetric Levi-Civita tensor in 4 dimensions.
In composite Higgs models the SU(2)L group is identified with the SM
left-handed group and the hypercharge U(1)Y is the third SU(2)R generator
up to the U(1)X charge (see Sect. 2.4.2),which however vanishes for the Higgs
field. In this case the four real components of the (2,2) representation defined
in Eq. (2.A.2) form one complex SM-like Higgs doublet with 1/2 hypercharge.
This is immediately verified by noticing that Σ, thanks to pseudo-reality, can
be written as
Σ = (Hc, H) , (2.A.13)
in terms of the doublet H and of its conjugate Hc = iσ2H
∗. By remembering
that Hc is also a doublet but with −1/2 hypercharge it is immediate to verify
that the action of the chiral group in Eq. (2.A.6) matches the expected Higgs
transformation rules under the SU(2)L×U(1)Y . By the definition (2.A.2) the
H components are expressed as
H =
[
hu
hd
]
=
1√
2
[
Π2 + iΠ1
Π4 − iΠ3
]
, (2.A.14)
in terms of the fourplet fields Πi. Conversely, one real SO(4) fourplet or,
equivalently, one pseudo-real (2,2), can be rewritten in terms of one complex
Higgs doublet as in Eq. (2.2.24). This is to say that the real SO(4) fourplet
decomposes as
4 = (2,2) → 21/2 , (2.A.15)
under the SU(2)L×U(1)Y subgroup.
Similar considerations hold for the complex SO(4) fourplet, which we
will encounter in the main text when dealing with the SM matter fermions.
Its complex components ψi can be traded for the elements of a generic
2× 2 matrix
Ψ =
1√
2
(
ψ4 + i σαψ
α
)
=
1√
2
σiψ
i , (2.A.16)
which transforms in the (2,2) representation as in Eq. (2.A.6). Since it does
not obey the pseudo-reality condition we dub it a complex bidoublet (2,2)c.
Under the SU(2)L×U(1)Y subgroup the two columns of Ψ form two doublets
with opposite ±1/2 Y charge, namely
Ψ =
1√
2
[
ψ4 + i ψ3 ψ2 + i ψ1
−ψ2 + i ψ1 ψ4 − i ψ3
]
≡ (Ψ−, Ψ+) . (2.A.17)
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This corresponds to the decomposition
4c = (2,2)c → 21/2 ⊕ 2−1/2 . (2.A.18)
From Eq. (2.A.17) we can easily read the up and down components of the two
doublets in terms of the fourplet fields. Conversely, the fourplet components
are written in terms of Ψu,d± as
#„
ψ =
1√
2
{−iΨu+ − iΨd−, Ψu+ −Ψd−, iΨd+ − iΨu−, Ψd+ + Ψu−}T . (2.A.19)
The above equation is often referred to as the embedding of the two doublets
in the complex 4.
Other relevant representations are the (2,1) and the (1,2). As the no-
tation suggests these are doublets under one of the chiral SU(2) factors and
they are invariant under the other one. Their SU(2)L×U(1)Y decomposition
is obviously
(2,1) → 20 ,
(1,2) → 11/2 ⊕ 1−1/2 . (2.A.20)
The adjoint of SO(4), the 6, also deserves some comment. Given that the
algebra splits into the tensor product of two SU(2)’s, the adjoint is a reducible
representation and it is represented, in SU(2)L×SU(2)R notation, as
6 = (3,1)⊕ (1,3) , (2.A.21)
where two terms correspond to the generators tαL and t
α
R, respectively. The
decomposition reads
(3,1) → 30 ,
(1,3) → 10 ⊕ 11 ⊕ 1−1 . (2.A.22)
The last representation which is worth mentioning is the 9 = (3,3). It
corresponds to a real 3 × 3 matrix with the chiral group acting in the spin
one representation on the two sides, or to the symmetric traceless tensor
product of two fourplets. It decomposes as
9 = (3,3) → 30 ⊕ 31 ⊕ 3−1 . (2.A.23)
2.B Explicit CCWZ for SO(5)/SO(4)
The abstract definitions of Sect. 2.3, where the CCWZ construction is illus-
trated for a generic G/H coset, become concrete and fully explicit in the
particular case of the minimal coset SO(5)/SO(4).
The SO(5) generators, reported explicitly in Eq. (2.2.21) for the funda-
mental 5 representation, can be split into an unbroken subset T a which repre-
sents the SO(4) subgroup and obeys the commutation relations in Eq. (2.A.8)
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and a broken one T̂ i associated to the four Goldstone bosons, with commu-
tation relations [
T a, T̂ i
]
= i faij T̂
j = T̂ j (ta)
i
j ,[
T̂ i, T̂ j
]
= i f ij aT
a = (ta)
ji
T a , (2.B.1)
where ta = {tαL, tαR} are the SO(4) generators in the 4 as in Eq. (2.A.11).
The generators in the 5, defined in Eq. (2.2.21), obey normalization and
completeness conditions
Tr
[
TATB
]
= δAB ,
10∑
A=1
(
TA
)
IJ
(
TA
)
KL
= −1
2
(δIKδJL − δILδJK) . (2.B.2)
Given the generators, it is not hard to compute the Goldstone matrix in
the fundamental representation
U = ei
√
2
f Πi(x)T̂
i
=
 1−
(
1− cos Π
f
) #„Π #„ΠT
Π2
sin
Π
f
#„
Π
Π
− sin Π
f
#„
ΠT
Π
cos
Π
f
 , (2.B.3)
in terms of the four real Higgs field components. The complex Higgs doublet
notation can be reached afterwards by substituting Eq. (2.2.24). The Gold-
stone matrix considerably simplifies in the unitary gauge (2.2.30) and thus it
is worth reporting it
U =
UG

13 ~0
T 0
~0 cos
V + h
f
sin
V + h
f
0 − sin V + h
f
cos
V + h
f
 , (2.B.4)
where 13 is the 3× 3 identity matrix and #„0 is the 3-dimensional null vector.
The Goldstone matrix in the unitary gauge is a rotation in the 4-5 plane of
the five-dimensional space.
As explained in the main text, the Goldstone matrix can be defined in any
representation of the group as the exponential of the appropriate generator
matrices. Above we computed the one in the fundamental and one should
worry of how to obtain the others. For all the representations constructed
as tensor product of fundamentals, which can thus be expressed as tensors
with fiveplet indices, this is completely straightforward and does not require
any additional calculation: the Goldstone matrix acts by rotating each index
with the 5 × 5 matrix U . However not all the SO(5) representations are
tensor product of fundamentals, the simplest counterexample is the spinorial,
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for which the Goldstone matrix needs to be recomputed. The spinorial has
dimension 4 and its generators are
T4
α
L =
1
2
[
σα 0
0 0
]
, T4
α
R =
1
2
[
0 0
0 σα
]
,
T̂ i4 =
1
2
√
2
[
0 σi
σ†i 0
]
, (2.B.5)
where σα denotes the three Pauli matrices and σ is defined in Eq. (2.A.3).
The spinorial can be also regarded as the fundamental of the symplectic
group Sp(4), which is isomorphic to SO(5). The generators indeed obey the
symplectic condition
Ω · TA4 +
(
TA4
)T · Ω = 0 , (2.B.6)
with the antisymmetric unitary matrix
Ω = ei pi[T4
2
L−T42R] =
[
i σ2 0
0 −i σ2
]
. (2.B.7)
For completeness, we report normalization and completeness relations also
for the spinorial
Tr
[
TA4 T
B
4
]
=
1
2
δAB ,
10∑
A=1
(
TA4
) J
I
(
TA4
) L
K
=
1
4
(
δLI δ
J
K − ΩIKΩJL
)
. (2.B.8)
The Goldstone matrix in the spinorial is straightforwardly obtained by
exponentiating the broken generators and it turns out to be most easily ex-
pressed in the complex doublet Higgs notation rather than in terms of the
real fourplet
#„
Π. It reads
U4 = e
i
√
2
f Πi(x)T̂
i
4 =
 cos
|H|√
2f
12 i sin
|H|√
2f
Σ
|H|
i sin
|H|√
2f
Σ†
|H cos
|H|√
2f
12
 , (2.B.9)
where Σ is the pseudo-real bidoublet representation of the Higgs as defined
in Eq. (2.A.13). The result further simplifies in the unitary gauge
U4 =
UG
 cos
V + h
2f
12 i sin
V + h
2f
12
i sin
V + h
2f
12 cos
V + h
2f
12
 . (2.B.10)
Any SO(5) representation, including the 5, is the tensor product of spinorials
(the conjugate 4 is equivalent to the spinorial itself and its Goldstone matrix
2.B. EXPLICIT CCWZ FOR SO(5)/SO(4) 69
is U4 = U
∗
4 = ΩU4Ω
†). The knowledge of U4 thus allows to derive the
Goldstone matrix in any representation.
Let us now turn to the determination of the dµ and eµ symbols. Those
are defined in Eq. (2.3.28) in the presence of non-dynamical source gauge
fields Aµ,A, one for each of the 10 SO(5) generators. However, only a subset
of those sources will be made physical by giving them a kinetic term, all the
others will be eventually set to zero. The physical sources are the ones in
the SM subgroup, which is embedded in the unbroken SO(4).20 We can thus
split the Aµ,A’s in unbroken and broken components
Aµ,A =
{
Aµ, a = {ALµ, α, ARµ,α}, Aµ, i = 0
}
, (2.B.11)
and already set the latter ones to zero while retaining, for the moment, all
the unbroken generator sources. The unbroken sources have been further
split in the two sets that correspond to the two SU(2) factors of SO(4) '
SU(2)L × SU(2)R. The only truly dynamical sources are the ones associated
with the four SM gauge fields, namely we will eventually set
ALµ, α =
{
gW 1µ , g W
2
µ , g W
3
µ
}
,
ARµ,α = {0, 0, g′Bµ} , (2.B.12)
in accordance with Eq. (2.3.27).
The d and e symbols can be straightforwardly computed from the def-
inition (2.3.28), or obtained in a somewhat faster way by first classifying
the possible structures which they can contain compatibly with the SO(4)
symmetry. The result is
dµ
i =
√
2
(
1
Π
sin
Π
f
− 1
f
) #„
ΠTDµ
#„
Π
Π2
Πi −
√
2
Π
sin
Π
f
DµΠ
i ,
eLµ
α
= AL
α
µ −
4
Π2
sin2
Π
2f
#„
ΠT i tαLDµ
#„
Π ,
eRµ
α
= AR
α
µ −
4
Π2
sin2
Π
2f
#„
ΠT i tαRDµ
#„
Π , (2.B.13)
where Dµ
#„
Π is the SO(4) covariant derivative
Dµ
#„
Π =
(
∂µ − iALµ, αtαL − iARµ,αtαR
) #„
Π , (2.B.14)
not to be confused with the CCWZ covariant derivative introduced in Sect. 2.3.3.
We have split the eµ, a symbol in two components associated with the decom-
position 6 = (3,1) ⊕ (1,3) of the adjoint in irreducible representations. In
the absence of additional symmetries, the two objects can be employed sep-
arately in the construction of invariants. For instance, it is possible to define
20Actually the hypercharge has a U(1)X component introduced in Sect. 2.4.2, which
however plays nor role in the calculation of the d and e symbols.
70 CHAPTER 2. GOLDSTONE BOSON HIGGS
two independent field-strength tensors following Eq. (2.3.37)
ELµν
α
= ∂µe
Lα
ν − ∂νeL
α
µ + ε
αβγeLµ, βe
L
ν, γ ,
ERµν
α
= ∂µe
Rα
ν − ∂νeR
α
µ + ε
αβγeRµ, βe
R
ν, γ , (2.B.15)
in the (3,1) and (1,3), respectively. In the following we will also occasionally
employ a collective notation Eaµν = {ELαµν , ERαµν} for the six field-strength
tensor components.
For some practical calculation, especially when willing to switch to the
complex Higgs doublet notation, the d and e objects in Eq. (2.B.13) are
conveniently expressed in terms of 2 × 2 matrices obtained by contracting
them with σ and σ, namely
d(2)µ = d
i
µσi =
(
1√
2|H| sin
√
2|H|
f
− 1
f
)
∂µ|H|2
|H|2 Σ−
√
2
|H| sin
√
2|H|
f
DµΣ ,
e
(2)
L µ = e
L
µ
ασα
2
= ALµ +
i
2|H|2 sin
2 |H|√
2f
[
ΣDµΣ
† −DµΣ Σ†
]
,
e
(2)
R µ = e
R
µ
ασα
2
= ARµ +
i
2|H|2 sin
2 |H|√
2f
[
Σ†DµΣ−DµΣ†Σ
]
, (2.B.16)
where the Higgs matrix covariant derivative, in accordance with (2.B.14), is
DµΣ = ∂µΣ− i
2
ALµ Σ +
i
2
ΣARµ , (2.B.17)
with AL,Rµ = A
L,R
µ, ασ
α/2. Notice that the dµ symbol matrix representation is
pseudo-real and those of eL,Rµ are Hermitian and traceless, as obvious from
the definition. In the chiral notation, where the SO(4) rotation gets split into
two SU(2)L×SU(2)R transformations gL and gR, d(2) and e(2)L,R transform as
d(2)µ → gL · d(2)µ · g†R ,
e
(2)
L µ → gL · (e(2)L µ + i∂µ) · g†L ,
e
(2)
R µ → gR · (e(2)R µ + i∂µ) · g†R , (2.B.18)
i.e. respectively like one bidoublet and two gauge fields.
Now that the basic objects are known we can straightforwardly apply
the general CCWZ machinery and derive some useful formulas. First, we
compute the 2-derivative non-linear σ-model Lagrangian of Eq. (2.3.31) and
verify that it agrees with the expression reported in the main text. After
setting the gauge sources to their physical value (2.B.12) we obtain
L(2) = f
2
4
dµ, id
µ, i =
f2
8
Tr[(d(2)µ )
†d(2), µ] = (2.B.19)
f2
2|H|2 sin
2
√
2|H|
f
DµH
†DµH +
f2
8|H|4
(
2
|H|2
f2
− sin2
√
2|H|
f
)(
∂µ|H|2
)2
,
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in accordance with the result in Eq. (2.2.28) obtained for the linear σ-model.
We would also like to compute the Eµν field-strength components and the
antisymmetric part of the two-derivative tensor D · d defined in Eq. (2.3.34),
which we will need in the following chapter. These objects can be obtained
directly from their definitions in Eqs. (2.B.15) and (2.3.34), or derived in
fast way by employing the identity (2.3.41) proven in Sect. (2.3.3). In this
second case we proceed by first computing the “dressed” field-strength tensors
F defined in Eqs. (2.3.38), (2.3.39), which in our case consist of 3 CCWZ
multiplets in the (3,1), (1,3) and (2,2) representations. Those are rather
simple because they contain no derivatives of the Goldstone fields and read
FLαµν = cos2
Π
2f
AL
α
µν −
4
Π2
sin2
Π
2f
#„
ΠT tαL(A
R
µν, β t
β
R)
#„
Π ,
FRαµν = cos2
Π
2f
AR
α
µν −
4
Π2
sin2
Π
2f
#„
ΠT tαR(A
L
µν, β t
β
L)
#„
Π ,
F4iµν =
√
2
Π
sin
Π
f
(
ALµν, α i t
α
L +A
R
µν, α i t
α
R
)ij
Πj , (2.B.20)
where AL,Rµν denote the field-strengths associated with the gauge sources
AL,Rµν
α
= ∂µA
L,R
ν
α − ∂νAL,Rµ
α
+ εαβγAL,Rµ βA
L,R
ν γ . (2.B.21)
After setting the sources to their physical values in Eq. (2.B.12), they reduce
to the familiar Wµν and Bµν SM tensors.
The last object we need in order to apply Eq. (2.3.41) (since d2rpi = 0 for
a symmetric coset) is d2Ad, the adjoint tensor formed out of two d-symbols
defined in Eq. (2.3.33). In our case it splits in two components
d2L
α
µν = d
i
µ(i t
α
L)ijd
j
ν , d
2
R
α
µν = d
i
µ(i t
α
R)ijd
j
ν . (2.B.22)
The explicit form of d2L,R in terms of Π can be easily worked out, however the
expression in terms of the d-symbol provided by the equation above is already
the simplest one for practical calculations. The field-strengths EL,Rµν and
D · d[µ,ν] are, finally
EL
α
µν = FLαµν − d2Lαµν ,
ER
α
µν = FRαµν − d2Rαµν ,
(D · d)i[µ,ν] = Dµdiν −Dνdiµ = F4iµν . (2.B.23)
The above formulas can be also obtained by computing E and D · d directly
from their definitions. This provides a non-trivial cross-check of Eq. (2.3.41).
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In the matrix notation, E and D · d become
E
(2)
L µν = cos
2 |H|√
2f
ALµν +
1
|H|2 sin
2 |H|√
2f
(
ΣARµνΣ
† − 1
2
Tr[ΣARµνΣ
†]
)
+
i
8
(
d(2)µ d
(2)
ν
† − d(2)ν d(2)µ
†)
,
E
(2)
R µν = cos
2 |H|√
2f
ARµν +
1
|H|2 sin
2 |H|√
2f
(
Σ†ALµνΣ−
1
2
Tr[Σ†ALµνΣ]
)
+
i
8
(
d(2)µ
†
d(2)ν − d(2)ν
†
d(2)µ
)
,
D · d(2)[µ,ν] =
√
2 i
|H| sin
√
2|H|
f
(
ALµνΣ− ΣARµν
)
, (2.B.24)
where AL,Rµν = A
L,R
µν
α
σα/2.
All the formulas above greatly simplify in the unitary gauge, in which
Σ =
V + h√
2
12 . (2.B.25)
For the d and e symbols we have
d(2)µ =
UG
−
√
2
f
∂µh12 +
√
2 i sin
V + h
f
(ALµ −ARµ ) ,
e
(2)
L µ =UG
ALµ − sin2
V + h
2 f
(ALµ −ARµ ) ,
e
(2)
R µ =UG
ARµ + sin
2 V + h
2 f
(ALµ −ARµ ) , (2.B.26)
while for E and D · d one finds
E
(2)
L µν =UG
cos2
V + h
2f
ALµν + sin
2 V + h
2f
ARµν +
i
8
(
d(2)µ d
(2)
ν
† − d(2)ν d(2)µ
†)
,
E
(2)
R µν =UG
cos2
V + h
2f
ARµν + sin
2 V + h
2f
ALµν +
i
8
(
d(2)µ
†
d(2)ν − d(2)ν
†
d(2)µ
)
,
D · d(2)[µ,ν] =UG
√
2 i sin
V + h
f
(
ALµν −ARµν
)
. (2.B.27)
Chapter 3
Beyond the sigma-model
In the previous chapter we restricted our attention to a specific class of new
physics effects, that we can classify as “non-linear σ-model effects”. These
are modifications of the SM driven by the pNGB nature of the Higgs and
the associated non-linear σ-model structure of the effective Lagrangian. The
non-linear σ-model effects are encapsulated in the generalized Higgs kinetic
term and Yukawa Lagrangians that deliver the SM operators that couple the
Higgs to vector bosons and fermions, plus a series of terms with additional
Higgs field insertions weighted by the inverse of the non-linear σ-model scale
f . The non-linear operators can be regarded as the minimal extension of the
SM required to enforce the Goldstone symmetry on the Lagrangian. Thus
they define the minimal set of SM deformations which we will unmistakably
encounter in any explicit model with pNGB Higgs, if based on the minimal
coset SO(5)/SO(4). The Goldstone symmetry relates operators with different
number of Higgs insertions but with the same number of derivatives and
gauge fields. For the uplift of the SM couplings to Goldstone symmetry
invariants, therefore, only CCWZ operators of the minimal derivative order
are considered. Those of O(p2) in the bosonic sector and of O(p0) in the
fermionic one. Extending the operator analysis to higher orders is one of the
goals of the present chapter.
Going beyond the σ-model will carry us one step ahead in the theoretical
comprehension of the composite Higgs scenario, but it will also force us to
make additional assumptions on the dynamics of the composite sector besides
the occurrence of spontaneous Goldstone symmetry breakdown. Namely, we
will need to make a hypothesis on the typical size of the higher derivative
operators induced by the composite dynamics in the low energy effective
theory. Such operators estimate is what we call the “power-counting rule”
of the effective field theory. Power counting did not play a major role in
the previous chapter because the lower derivative order operators come in
such a limited number that their coefficient needs not to be estimated but
it can just be fixed by observations. This is what we saw happening in the
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fermion sector in Sect. 2.4.2, where the generalized Yukawa coefficients have
been traded for the top and bottom masses. Up to few exceptions this led us
to coupling predictions that are uniquely dictated by the σ-model scale f or,
equivalently, by the parameter ξ = v2/f2. The situation will be different with
higher derivative operators, each coming with its own independent parameter.
By power-counting we will estimate the operator coefficients and thus their
contribution to the physical observables, even if we will still be unable to
determine them completely. Their precise value depends on the microscopic
details of the composite sector and it is not calculable within the effective
theory. Other than estimating coefficients, and more importantly than that,
power-counting serves as a criterion to identify the most relevant operators
and to select only a finite number of them for practical calculations. Power-
counting also tells us the size of the operators that we have neglected when
truncating the effective field theory Lagrangian and thus it provides us with
an estimate of the accuracy of our predictions.
The second problem that we will address in the present chapter con-
cerns the physics of the resonances, i.e. the additional non-Goldstone bound
states that are present in the composite sector. While by powerful symmetry
principles the pNGB low-energy dynamics is well under control, nothing has
been said on the resonances up to now. But we need to characterize their
phenomenology and thus we must find a way to at least estimate resonance
couplings and masses.
The two problems are actually related in the case of perturbative com-
posite sector models because higher derivative operators originate from in-
tegrating out resonance fields. By an estimate of resonance couplings one
can thus derive the effective operators power-counting. This is conveniently
illustrated in the linear σ-model example of Sect. 2.2.2, which describes one
single scalar resonance σ on top of the pNGB Higgs and the SM gauge fields.
The Lagrangian contains the O(p2) non-linear σ-model operator (2.2.28) (or
equivalently (2.B.19)) plus σ resonance self-interactions (2.2.8) and σ cou-
plings to the SM fields which are given by(
f
2
σ +
1
4
σ2
)
dµ, id
µ, i . (3.0.1)
By integrating out σ and Taylor-expanding for momenta below the resonance
mass m∗, the interactions above generate operators of higher and higher
derivative order. The first one is O(p4) and emerges from the first diagram
in Fig. 3.1 by the exchange of one virtual σ particle, it is
L(4)EFT =
1
2
(
f
2
)2
1
m2∗
(
d2
)2
=
f2
8m2∗
(
d2
)2
. (3.0.2)
Aside from the 1/2 prefactor, which results from the explicit calculation,
the emergence of the other factors is easily understood from the diagram
in Fig. (3.1). The two powers of f/2 come from the σ vertices and 1/m2∗
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Figure 3.1: A schematic view of the Feynman diagrams that generate the effective
field theory operators from the virtual exchange of the massive resonances. The
blob denotes the resonance coupling to the light Higgs and gauge fields, given by
Eq. (3.0.1).
is the low-momentum propagator. If we compare the result with the O(p2)
operator with f2/4 coefficient, we reach the unsurprising conclusion that the
O(p4) term is weighted by one extra 1/m∗ factor for each extra derivative.
The simplest guess is that this pattern continues to higher orders and the
O(pn) operators scale as
L(n)EFT =
f2
mn−2∗
O(n) , (3.0.3)
where O(n) denotes a linear combination of O(pn) CCWZ invariants with
order-one numerical coefficients. It is not hard to verify that the guess is
correct. Consider for instance the O(p6) operators. Some of them come from
the single resonance exchange diagram by taking the second order in the
propagator expansion. This leads to one p2/m2∗ factor, which is ∂
2/m2∗ in
coordinate space, and Eq. (3.0.3) is respected. The second source of O(p6)
operators is the second diagram in Fig. 3.1, which gives
L(6) ∼ f3 1
m6∗
(g2∗f)
(
d2
)3
= f2
(g∗f)2
m6∗
(
d2
)3
, (3.0.4)
where the three f factors come from the σ couplings to SM fields, 1/m6∗ is due
to the three σ propagators and g2∗f is the trilinear σ self-coupling. The result
agrees with Eq. (3.0.3) because we saw that the resonance mass is related to
g∗ and f by
m∗ = g∗f . (3.0.5)
The same is found for the third contribution depicted in Fig. 3.1 and it would
not be hard to demonstrate by diagram inspection that the validity of the
power-counting (3.0.3) extends to all orders in the derivative expansion. This
has a simple and structural origin as we will explain in the following section.
76 CHAPTER 3. BEYOND THE SIGMA-MODEL
3.1 One Scale One Coupling
In order to illustrate the assumptions that we are going to make on the
composite sector dynamics we start by summarizing, with the help of Fig. 3.2,
the physical setup that we have in mind. There exists a new sector that
delivers the NGB Higgs plus a set of massive resonances. We will generically
denote the latter states as σ, that stands for bosonic spin 0 or spin 1 particles,
and Ψ, that represents spin 1/2 fermions. Ideally also higher spin resonances
might emerge, however since a weakly-coupled Lagrangian description of this
kind of objects is problematic we are not going to discuss them explicitly in
what follows.
We consider a situation where the composite sector dynamics can be de-
scribed perturbatively by a weakly-coupled Lagrangian LC . A simple ex-
ample, the linear σ-model, was studied explicitly in Sect. 2.2.2. One could
imagine complicating it by adding new scalar, fermion or massive gauge fields.
Provided they fulfill the condition described below this kind of generalized
linear σ-models are within the scope of the present discussion. More inter-
esting examples are the 5-dimensional holographic composite Higgs models,
many of which have been proposed in the literature [42, 73, 76]. In this case
what we call the composite sector is the 5-d bulk dynamics of the theory,
namely the 5-d gauge theory with Dirichlet boundary conditions on the UV
brane. After Kaluza–Klein reduction this theory describes the NGB Higgs
plus an infinite set of weakly-coupled resonance fields. Details on the inter-
pretation of 5-d models in these terms can be found in the original literature
and in a comprehensive review [43]. Another set of explicit constructions to
which these ideas apply will be discussed in Chap. 5. Clearly, the hope here is
that those models might faithfully reproduce the low-energy manifestations
of a genuine strongly-coupled confining sector, possibly described at the mi-
croscopic level by a 4-dimensional gauge theory. We will discuss at the end
of this section how a genuine strong sector might indeed fit in the present
discussion and truly obey the assumption which we are going to make on the
resonance dynamics. The composite Higgs models also contains, as shown in
Fig. 3.2, elementary SM fields coupled to the composite sector in a peculiar
manner explained in the previous chapter. We momentarily ignore the ele-
mentary fields interactions and we focus on the couplings among composite
particles.
Our assumption is that the composite sector Lagrangian involving space–
time derivatives, Goldstones and resonance fields is of the form
LC = m
4
∗
g2∗
L̂
[
∂
m∗
,
g∗Π
m∗
,
g∗σ
m∗
,
g∗Ψ
m∗3/2
]
, (3.1.1)
where L̂ is a dimensionless polynomial functional with arbitrary order-one
numerical coefficients. The fields that appear in the equation are all supposed
to be canonically normalized and indeed when applied to the kinetic terms our
formula consistently predicts order-one coefficients. Notice that Eq. (3.1.1)
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Composite Sector Elementary Sector
Wµ, Bµ, Gµ
 L,  R
 ,  
⇧
Lint
Figure 3.2: The composite Higgs setup. The elementary SM gauge fields are the
three W ’s, the hypercharge boson B and the eight QCD gluons. The elementary
fermionic quark and lepton fields are collectively denoted as ψL and ψR.
provides an estimate of the composite particle interaction vertices in terms of
two parameters only, the typical resonance scale m∗ and the typical resonance
coupling g∗. Theories obeying Eq. (3.1.1) are thus said to be “One Scale
One Coupling” (1S1C) models. We will show below how to define the 1S1C
assumption rigorously by dimensional analysis. The scaling of the Goldstone
field insertions in Eq. (3.1.1) should be compared with what is predicted by
the Goldstone symmetry, i.e. the fact that the Π field only enters in the
Lagrangian through the Goldstone matrix and thus it is weighted by the
non-linear σ-model scale f . We must then identify
f =
m∗
g∗
. (3.1.2)
Notice that by this identification the parametric scaling of the O(p2) La-
grangian (2.B.19) is immediately seen to match with Eq. (3.1.1). Further-
more, it is not hard to check that Eq. (3.1.1) is verified by the whole linear
σ-model Lagrangian, including σ self-interactions and its coupling with the
Goldstone in Eq. (3.0.1). This qualifies the linear σ-model as a 1S1C theory.
The 1S1C hypothesis can be phrased in a fancy but useful way in terms of
dimensional analysis. The argument is extremely simple, however it cannot
be made by just counting energy dimensions as we are used to do by work-
ing in Natural Units where ~ = c = 1. We must take care of all the three
fundamental physical quantities of the MKS system, namely the length L,
the mass M and the time T . For the sake of the present discussion we will
actually trade these three quantities for the energy E = M L2/T 2, length and
time. In MKS units the quantum-mechanical action has dimension of E · T ,
which is the one of the reduced Planck constant ~. Therefore the Lagrangian
density must have dimension 1
[L] = E T/L4 = [~]/L4 , (3.1.3)
and thus canonically normalized bosonic and fermionic fields have dimensions
[Π] = [σ] = [~]1/2/L , [Ψ] = [~]1/2/L3/2 . (3.1.4)
1We take xµ = {c t, #„x}, therefore the space–time volume is d4x = dx0d3x = c dt d3x
and ∂µ = ∂/∂xµ has dimension of L−1.
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Parameter e λH GF mW,Z v fpi
Dimension C C2 C2L2 L−1 C−1L−1 C−1L−1
Table 3.1: The dimension of some important SM parameter. The results agree
with the ones in Sect. 6-2-1 of the classical book in Ref. [77]. Comparing them with
the PDG ones, namely those reported in Table 1 “Physical Constants” of Ref. [7]
requires more care since the latter are given in an old-fashioned conventions (see
for instance Ref. [78]) where ~ and c appear explicitly in the Lagrangian.
In order for the interactions in Eq. (3.1.1) to have the correct dimension we
must set
[m∗] = L−1 , [g∗] = [~]−1/2 . (3.1.5)
This sharply defines m∗ as a scale, namely a length scale, and g∗ as a “cou-
pling” C, i.e. a parameter that carries a dimension
C = [~]−1/2 = (ET )−1/2 . (3.1.6)
In Natural Units, C dimensions are lost and one might be tempted to treat
g∗ on the same footing as a dimensionless numerical parameter. However it
is enough to reintroduce ~ to appreciate the fundamental difference between
g∗ and a pure number. Similarly, we can appreciate the difference between a
“pure scale” like m∗ and an object like the Goldstone decay constant f , with
dimension
[f ] = C−1L−1 . (3.1.7)
Dimensional analysis is extremely useful in many contexts and not just in the
study of composite Higgs theory. Table 3.1 reports the dimensions of some
important SM parameters. Those allow us to better understand a number of
known results. For instance from the fact that the Higgs quartic coupling λH
has dimension C2 we understand how it can appear at the first power in a
tree-level 2→ 2 scattering amplitude while the electric charge e, of dimension
C, must come with the square.2 We also understand why supersymmetric
relations among λH and the weak coupling are of the form λH ∼ g2. Similarly
we understand in which sense the Fermi constant is a coupling, or actually a
coupling squared. This is why it can mediate 2→ 2 scattering.
By turning around the dimension counting we can reformulate the 1S1C
hypothesis (3.1.1) in an equivalent and simpler way. The 1S1C theories are
those in which m∗ and g∗ are the only dimensionful parameters, with the
dimensions in Eq. (3.1.5). The composite particle couplings are thus obliged
2We can take creation/annihilation operators to have dimension L (and not to have
~ in their canonical commutators) by factoring out a
√
~ in the Fourier decomposition of
the fields. The n-particles states thus have dimension [|n〉] = Ln. The 2 → n Feynman
amplitude is conveniently defined as 〈n, out|2, in〉= (2pi)4δ4(pout − pin) ~n/2Mn, so that
[Mn] = CnLn−2 and in particular [M2] = C2. Having stripped out ~n/2 from the
definition, no further powers of ~ appears inMn at tree-level while a factor of ~L emerges
at L loops.
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to be as in Eq. (3.1.1) because this is the only form they can have by di-
mensional analysis. This reformulation is useful in at least two respects.
First, it allows us to tell if the 1S1C hypothesis is verified without having
to work out the Goldstone and resonance couplings explicitly and to check
that they agree with Eq. (3.1.1). For instance we might have told that the
linear σ-model fits in this category by just looking at its original Lagrangian
in Eq. (2.2.1), with no need of performing the field redefinition which isolated
the Goldstones from the resonance σ. A more interesting example is the one
of 5-d holographic models. In that case the only two dimensionful parameters
are the 5-d gauge coupling g5 with [g5] = C L
1/2 and the length of the extra
dimension in conformal coordinates 1/µIR with [1/µIR] = L. This qualifies
the 5-d model as a 1S1C theory with
m∗ = µIR , g∗ = g5 µ
1/2
IR . (3.1.8)
We can thus conclude that the resonance couplings obey Eq. (3.1.1) without
computing them explicitly through a complicated Kaluza–Klein reduction.
The second way in which the reformulation is useful is that it makes very
simple to draw the implications of the 1S1C hypothesis. Let us consider the
low-energy effective theory for the Goldstones obtained by integrating out
the heavy resonance fields. From our estimate of the resonance couplings we
should be able to derive the effective field theory power-counting. If the reso-
nances are integrated out at tree level, no dimensionful parameter appears in
the calculation aside from m∗ and g∗ and therefore dimensional analysis tells
us that the operator scaling in Eq. (3.1.1) must be respected also by the effec-
tive field theory Lagrangian. This indeed coincides with the power-counting
formula (3.0.3), which we derived explicitly in the linear σ-model example.
One can immediately check this by noticing that in the CCWZ invariants
O(n) the Goldstones enter as Π/f . The situation is different for radiative
corrections, where one extra dimensionful parameter, ~, appears. Indeed it is
well known that ~ controls the semiclassical perturbative expansion and one
power of ~ is associated to each loop. By dimensional analysis the complete
effective field theory Lagrangian must thus scale like
LEFT = m
4
∗
g2∗
L̂tree
[
∂
m∗
,
g∗Π
m∗
,
g∗σ
m∗
,
g∗Ψ
m∗3/2
]
+
g2∗~
16pi2
m4∗
g2∗
L̂1-loop
[
∂
m∗
,
g∗Π
m∗
,
g∗σ
m∗
,
g∗Ψ
m∗3/2
]
+ . . . , (3.1.9)
where 1/16pi2 is the habitual factor from the loop integral. In the above
equation we retained the dependence on the resonance fields σ and Ψ be-
cause we might sometimes be interested in integrating out only some of the
resonances and retaining the others in the effective field theory. Obviously
this does not make sense if all the resonance are equally heavy, but it can
have a justification if some of them are somewhat lighter than the others for
some numerical coincidence or for a structural reason.
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The above formula goes under the name of “SILH power-counting”, from
the title of Ref. [48] where it was introduced in the study of composite Higgs
theories.3 It was first discussed in a different context by Ref. [81] as a gen-
eralization of the NDA counting [82]. The NDA formula is recovered from
Eq. (3.1.9) in the limit g∗→ 4pi/
√
~, which is the maximum value of the cou-
pling for which the modelling of resonances of Eq. (3.1.1) makes sense before
entering the non-perturbative regime. The perturbativity bound g∗ < 4pi/
√
~
follows from the fact that the dimensionless parameter combination which
controls the loop expansion is g2∗~/16pi2. Below that value the theory of res-
onances is perturbative and consistent with unitarity, and so is the effective
field theory constructed out of it.4
One important comment to be made on Eq. (3.1.9) concerns the dis-
tinction among tree- and loop-generated effective operators, which clearly
depends on the details on the composite sector theory. For instance in the
linear σ-model we found that the only O(p4) operator that is generated at
the tree-level is (d2)2, whereas many others would arise in a more compli-
cated theory such as a 5-d model. Not having a strong enough argument to
distinguish loop from tree operators, in what follows we will adopt the agnos-
tic attitude that all the operators compatible with symmetries might arise at
tree-level, so that the estimate of their coefficients is provided by the first line
of Eq. (3.1.9). It must however be kept in mind that loop factor reductions
of the coefficients are actually possible in specific classes of composite sector
models [48].
We now consider the elementary sector. The 1S1C hypothesis is suffi-
cient to generalize the power-counting in Eq. (3.1.9) to include elementary
fields insertions. This will not cost us any new assumption, aside of course
from the one we made already in the previous chapter on the nature of the
elementary/composite interactions Lint. We start from the gauge fields (see
Eq. (2.4.19) and Footnotes 16,17), which are introduced with the gauging
procedure and thus talk with the composite sector through
Lgaugeint = g AµJµ . (3.1.10)
In the above equation, g collectively denotes the gauge couplings and Jµ are
the composite sector global symmetry currents that are gauged by the fields
Aµ. Among the gauge fields we have the four SU(2)L ×U(1)Y ones plus
the eight QCD gluons Gaµ. We indeed showed in Sect. 2.4 that partial com-
positeness obliges us to make the composite sector colored and thus coupled
3The derivation of the SILH power-counting based on dimensional analysis was known
to the experts of the field. See for instance Ref. [79] and Ref. [80].
4A not commonly appreciated puzzle is that the maximal coupling estimate based on
unitarity of 2 → 2 processes, see for instance [83], is actually √2pi times lower, meaning
that there exist perturbative theories which are formally non-unitary. This discrepancy
comes from the 2pi enhancement of the imaginary part of the one-loop amplitude, which
makes the latter comparable with the tree-level real part at smaller coupling. Given that
the imaginary part is actually a tree-level process we consider this fact as a signal that
the conventional unitarity argument, based on the habitual but artificial separation among
tree and loop, should be reconsidered.
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to gluons. Now that we know the structure of the gauge field couplings to
the composite sector, which by the way is the same through which the QED
photon couples to QCD, we should be capable to estimate their interactions
with the composite Particles. More precisely, we will now focus on the leading
contribution to the interactions, namely the one that comes purely from the
composite sector dynamics, i.e. in the limit of vanishing g coupling. Techni-
cally, what we want to do is to estimate the effective field theory operators
obtained by integrating out only the resonance fields (possibly retaining some
of them) while treating the gauge fields as external non-dynamical sources. In
those operators the gauge field necessarily comes accompanied by one power
of g and no other powers of the elementary couplings can arise since the only
dynamics that is integrated out is the composite sector one. Elementary
fields and elementary couplings thus only emerge in the combination
g ·Aµ , (3.1.11)
where of course the appropriate coupling g = {g, g′, gS} has to be picked out
for each field.
The dependence on the composite sector parameters g∗ and m∗ is now
uniquely fixed by dimensional analysis. In order to work it out we first of all
need to find the dimension of the elementary couplings g. Not surprisingly
it is 5
[g] = C . (3.1.13)
The g ·A combination, given the canonical fields dimension in Eq. (3.1.4), has
dimension of an inverse length. The dimensionless object which will appear
in the effective Lagrangian is thus
g ·Aµ
m∗
. (3.1.14)
We see that g ·A weights as much as a derivative in the power counting. This
result is compatible with the structure of the gauge covariant derivative and
with the dependence on the gauge fields of the CCWZ operators described
in the previous chapter.
The elementary fermion fields can be discussed in a similar way. The only
conceptual difference with the gauge fields is that the fermionic composite
operators are not as sharply defined as the global currents are. In concrete,
when we write the elementary/composite interactions as
Lint = λψO , (3.1.15)
we have not yet specifiedO but only its quantum numbers. The normalization
is still arbitrary and indeed in Sect. 2.4.2 we already exploited the ambiguity
5This is because the global current operator, as extracted from the Noether formula,
has dimensions
[J ] = [L] · L = [~]/L3 = C−2/L3 . (3.1.12)
Therefore, given that [Aµ] = C−1L−1, [g] = C is required for the interaction Lagrangian
to have the correct dimension.
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in the definition of O to reabsorb in it the powers of m∗ needed to make the
elementary/composite couplings λ dimensionless in Natural Units. Now we
have to deal with length and coupling dimensions but we can still reabsorb
powers of m∗ and g∗ in O giving to λ any conventional dimension. All choices
are equivalent but the convenient one is to take λ to be a coupling
[λ] = C . (3.1.16)
With this choice the dimensionless object is
λ · ψ
m
3/2
∗
, (3.1.17)
where the appropriate λ has to be chosen for a given fermion species and
chirality. We saw in Sect. 2.4.2 that four λ couplings exist already in the
third family sector, namely λtL,R for the top and λbL,R for the bottom. Given
that those couplings generate fermion masses after EWSB and the top mass
is larger than the one of the bottom, the top sector couplings are typically
larger than the bottom ones. Similarly, we expect the light fermion couplings
to be very small even though this is not necessarily the case as we will discuss
in Chap. 4.
In summary, our power-counting formula reads
LEFT = m
4
∗
g2∗
L̂
[
∂
m∗
,
g∗Π
m∗
,
g∗σ
m∗
,
g∗Ψ
m∗3/2
,
g ·Aµ
m∗
,
λ · ψ
m
3/2
∗
]
, (3.1.18)
up to higher orders in the g∗ loop expansion. The one above is the power-
counting rule for purely composite sector contributions to the operators, we
will see in Sect. 3.3 how to generalize it in order include the radiative ef-
fects from elementary field propagation, in particular we will consider those
responsible for the generation of the Higgs potential.
Large-N power counting
Until now we have considered the case of a weakly-coupled composite sector
and we have derived our power-counting rules based on the 1S1C hypothesis.
We have also mentioned concrete examples, the most interesting being the
one of 5-d holographic models, where the 1S1C hypothesis holds and thus the
power counting rule applies. It is important to remark that our argument,
though based on such simple and robust considerations like dimensional anal-
ysis, is intrinsically based on semiclassical perturbation theory and there is
no hope of extending it to the non-perturbative case. The reason is that in a
non-perturbative theory, where all the loop orders are equally important, the
Planck constant can appear in all places in a completely uncontrolled man-
ner, while for our reasoning it was crucial to keep track of the powers of ~
that arise at each order of the loop expansion. Coupling dimensional analysis
becomes not predictive in the strongly-coupled limit because C dimensions
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can always be compensated by ~, without paying the price of the small loop
expansion parameter. The QCD theory with vanishing quark masses is an
example of this situation. It is definitely a 1S1C theory because it is defined
in the UV in terms of just one coupling gS measured at one scale µ, however
it is clear that QCD hadrons do not obey the power counting (3.1.18), or
more precisely they do not obey it with m∗ identified with µ and g∗ identi-
fied with gS . Low-energy QCD physics is controlled by the confinement scale
ΛQCD (which is a highly non-trivial combination of µ, gS and ~) and there is
no obvious candidate for the resonance coupling g∗.
Nevertheless, Eq. (3.1.18) still holds, at least in the mesonic sector of
the theory. In order to understand how this works we must consider the
large-N expansion of QCD invented by G. ’t Hooft in Ref. [84]. It consists
in generalizing the SU(3) color group to SU(N), allowing N to be large and
asymptotically infinite. An expansion is thus set up in terms of the small
parameter 1/N  1. Notice that the expansion must be performed with care
in order to get sensible results. In particular, the strong coupling constant
must be taken to scale with N as gS = g’t/
√
N with a constant ’t Hooft
coupling g’t. At high energies the ’t Hooft coupling is small and the canonical
semiclassical expansion can also be set up together with the one in 1/N . In
the IR, which is the relevant regime for our discussion, the ’t Hooft coupling
becomes non perturbative and 1/N remains as the only expansion parameter.
The topic of large-N expansion is extremely broad, however for our argument
we will only need few basic results. The reader is referred to the Coleman
lectures [85] and to the introduction of Ref. [86] for their derivation.
We consider here the mesonic sector, i.e. only those bound states that
can be excited from the vacuum by a quark bilinear operator
M∼ qi(. . .)qi , (3.1.19)
where i = 1, . . . N is the color index contracted to form a color singlet.
The dots in the parentheses represent an arbitrary combination of Gamma
matrices and derivatives so that M could be a scalar, a vector, or any other
Lorentz tensor. The associated particles could thus be the Goldstone bosons,
i.e. the pions, or spin-1 resonances like the ρ or the a1 mesons or higher-spin
bosonic particles. Quark chiralities and flavor indices are not reported in our
schematic notation. The four combinations of spinor chiralities qL,R(. . .)qL,R
can be considered, with the flavor indices contracted in all the possible ways
to form irreducible representations of the chiral group. Clearly, a limited
set of representations can be formed in this way and correspondingly only
particles with certain isospin (or Gell-Mann SU(3)) quantum numbers can
be described by this class of operators. The others are outside the mesonic
sector and the considerations which follow do not hold for them.
We will now estimate the scattering amplitudes among mesonic particles
and for this we first need to discuss the connected correlators of the mesonic
operators. Diagrammatically those are shown in Fig. 3.3 where each oper-
ator is represented as a q–q vertex with the same color index on the two
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Figure 3.3: Some planar diagrams contributing to the mesonic correlators. Sum-
mation over the free color indices i, j, k is understood.
legs. Only few representative diagrams are reported in the figure but it is
clear that an infinite set of them should be considered since the theory is in a
non-perturbative regime and any loop order gives a comparable contribution.
However we can still rely on the large-N expansion and apply the classical
result [84–86] that the leading diagrams are the “planar” ones, namely those
that can be drawn on a plane without line intersections aside from the inter-
action vertices. Actually the true definition of planarity is a bit more refined
than that and the only truly planar diagrams in this case are the ones which
involve a single quark loop. It turns out that all the planar diagrams give a
contribution to the correlator which is proportional to N while the others,
depending on their “degree of non-planarity”, scale like N0, 1/N and so on,
providing subleading corrections. We will not demonstrate this here, however
the reader can easily verify that at least the first three planar diagrams in
Fig. 3.3 really scale like N . This is obvious for the first one because there
is only one free color index to be summed over. For the second one there
are two free indices, which gives N2, but also two powers of the coupling,
g2S , which scales like 1/N in the ’t Hooft limit. In the third one there are 3
indices but 4 couplings and so on for higher loop orders. In summary, the
correlators scale as
〈M1 . . .Mn〉 ∝ N , (3.1.20)
for an arbitrary number n of mesonic operator insertions.
We can get a better parametric control on the correlator by dimensional
analysis. Since coupling dimension does not help in the case of a strongly-
coupled theory we can go back to Natural Units and just count energy di-
mensions. Low-energy QCD is well-know (or at least widely believed) to be
a one-scale theory, with a single energy scale ΛQCD from confinement. But
if it is so, all the infinite series of diagrams in Fig. 3.3 must conspire to give
a dimensionally correct result which only depends on the external momenta
pi and on m∗ = ΛQCD, namely
〈M1 . . .Mn〉 ∼ N
16pi2
m∆∗ F [pi/m∗] , (3.1.21)
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where the energy dimensionality of the correlator, ∆, could be easily com-
puted in terms of those of the Mi’s. The actual value of ∆ does not matter
much. Since m∗ is the only dimensionful object in the problem aside from
the external momenta the overall dependence on it is trivially fixed. It could
be safely ignored and restored at the end of the calculation by dimensional
analysis. What is less trivial in the above equation is the 1/16pi2 loop fac-
tor, which has been introduced with the following logic. The theory being
non-perturbative means that loop diagrams of all orders give comparable con-
tributions, therefore it should be sufficient to pick up one in order to obtain
an estimate of the final result. The 1/16pi2 factor is found by looking at the
simplest (one loop) diagram in Fig. 3.3.
In order to obtain the scattering amplitudes we must compute the residual
of the correlators at the on-shell poles (which amounts to multiply by p2i −m2i
for each external leg and to take the on-shell limit) and eventually divide by
the wave function renormalization factors
√
Zi. Schematically, wave functions
are extracted from the two-point correlators as
〈MiMi〉 =
p2i→m2i
Zi
p2i −m2i
∼ N
16pi2
m∆i∗ F [pi/m∗]
⇓√
Zi ∼
√
N
4pi
m
∆i
2 +1∗ (3.1.22)
where ∆i is the dimension of the two-point correlator. Dividing by
√
Zi
leads to one 4pi/
√
N factor for each of the external legs. The powers of m∗
combine to give the correct dimension of the n-point Feynman amplitude,
which is [An] = E4−n, and we find
An ∼ m4∗
N
16pi2
(
4pi√
N
)n(
1
m∗
)n
F [pi/m∗] . (3.1.23)
The result is remarkable. It shows that any sensible amplitude (with
n > 2) is suppressed at large-N and eventually vanishes in the strict limit
1/N = 0. Therefore mesons asymptotically become free particles and this
is surprising since they originate as bound states of a strong dynamics. At
finite N they behave like weakly-interacting particles with a coupling factor
g∗ =
4pi√
N
, (3.1.24)
which suppresses the amplitude for each external leg. The behavior of the
amplitudes in Eq. (3.1.23) must be reproduced, in the low-energy effective
description of the mesonic particles, by a peculiar dependence of the effec-
tive operator coefficients on g∗ and m∗. Namely, for each field insertion
one needs one g∗ and an appropriate power of m∗ (m−1∗ for bosons and
m
−3/2
∗ for fermions) fixed by the energy dimension of the low-energy meson
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fields. Derivatives correspond to momenta in the Fourier space and thus they
come with 1/m∗. An overall additional factor of m4∗/g
2
∗ must also be present
to match with Eq. (3.1.23). We end up with the 1S1C power-counting in
Eq. (3.1.18). As anticipated it holds in the mesonic sector of low-energy
QCD even though for a radically different reason than for perturbative the-
ories. The actual value of g∗ depends on N , it can range from 0 to 4pi. For
real-world QCD N = 3 and one is entitled to approximate g∗ = 4pi/
√
3 ' 4pi,
in which case the power-counting formula reduces to the NDA counting [82].
The latter is known to give phenomenologically valid estimates of the chi-
ral Lagrangian operators, providing a partial experimental confirmation of
Eq. (3.1.18).
The interactions involving elementary fields are easily estimated by pro-
ceeding along similar lines. In this case one has to compute scattering am-
plitudes in the presence of external elementary field sources, at a fixed order
in the elementary/composite couplings g and λ. For this we need correlators
with insertions of the composite operators (J and O) the elementary fields are
coupled to. Under the assumption that also those operators are mesonic, the
correlator estimate is still the one in Eq. (3.1.21) and the derivation proceeds
as before, with the only difference that no wave-function factor has to be
taken out for the elementary field legs. Therefore, there is no 1/
√
Z ∼ g∗ for
the elementary field insertions, but instead we have the elementary coupling
g or λ from the source interaction coefficient. Dimensional analysis does the
rest and we recover Eq. (3.1.18). All this holds if the operators J and O
the sources couple to are mesonic operators. This is definitely the case in
QCD where the relevant source is the electromagnetic field coupled to the
quark current. Photon interactions with the hadrons can thus be estimated
by Eq. (3.1.18), once again with good phenomenological success.
The fact that the 1S1C power-counting applies to the mesonic sector
of QCD gives a strong support to its validity. It shows that it could hold
not just for “fake” weakly-coupled composite Higgs models but also for gen-
uine strongly-coupled theories. The two things might actually coincide, for
instance the 5-d holographic models might be dual to some strong 4-d dy-
namics, but we do not need to assume an exact duality to apply the 1S1C
power-counting. Nevertheless, those are just indications and no conclusive
statement can be made on which one is the true power-counting of the true
composite sector (if any) the pNGB Higgs emerges from. This is because
of several reasons, the most obvious one being that we do not know any-
thing about the underlying microscopic theory. For sure it is not QCD, nor
a rescaled version of it. If it is a radically different theory its hadron scatter-
ing amplitudes might obey a different power-counting. Actually even if the
theory was QCD-like the power-counting could be different if the relevant
composite particles and operators were not mesons but other color singlets
formed by more complicated contractions than qi · qi. For instance the glue-
ball amplitudes in QCD are not controlled by g∗ ∼ 1/
√
N but by g∗ ∼ 1/N
[84–86]. The composite Higgs fermionic operators O deserve a special men-
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tion in this context. We assumed them to be mesons, but of course in QCD
there are no mesonic operators with Fermi statistics. The only fermionic can-
didates are baryons which however behave at large-N in a radically different
manner. They cannot even be described by a Lagrangian because they are
solitons [86]. The femionic operators we are talking about and the associated
particles should emerge from some different theory, for instance from objects
like φ†iq
i in some supersymmetric model with scalar quark partners φi. Non-
supersymmetric proposals for the microscopic origin of these operators have
been made in Refs. [37–39].
In conclusion, the 1S1C power-counting should be regarded as a plausible
guess on the unknown composite sector dynamics, which can be supported
and motivated by different viewpoints, but it should not be taken as absolute
truth. Also the fact that it has no known alternative does not mean that it
is necessarily unique, other options could be explored.6 With this caution
remarks in mind, we will make extensive use of it in what follows.
3.2 Higher derivative operators
We now have all the ingredients to improve our low-energy description of the
composite Higgs, the SM vectors and fermions, by going to the next order
in the derivative expansion. This will induce new effects which were absent
in the leading-order Lagrangian. In particular, the only leading-order correc-
tions to the SM have been found to be the modified interactions of the Higgs
particle (see for instance Eqs. (2.2.34), (2.4.34)), induced by additional non-
renormalizable operators with extra powers of the Higgs field but without
extra derivatives or gauge field insertions. The leading terms are d = 6 oper-
ators suppressed by 1/f2 with respect to their d = 4 SM counterparts. The
higher order CCWZ operators discussed in what follows will instead induce,
in accordance with the power-counting in Eq. (3.1.18), d = 6 corrections with
extra derivatives and gauge fields, suppressed by 1/m2∗ = 1/g
2
∗ 1/f
2. Their
effect is thus generically subdominant if g∗ > 1 and this is precisely why it
makes sense to neglect them in a first approximation. Nevertheless they are
not at all irrelevant. First of all, because g∗ might be dangerously close to
one. Of course we would like to have it large to make the resonances heavy,
however we will see in Sect. 3.3 that it should better not be too large in
order for the Higgs being naturally light. Second, higher derivative opera-
tors induce corrections to the SM gauge field propagators and interactions
which were absent at the leading order. Though suppressed, those effects are
strongly bounded by Electro-Weak Precision Tests (EWPT) and thus they
6Several confusing statements about power-counting have appeared in the recent liter-
ature. For instance that power-counting is a convention and any guess is equally plausible.
Or the converse one, that power-counting should be inferred from the effective field theory
itself by some “consistency” requirement. Both those statements are false. Power-counting
is the result of a set of assumptions on the UV theory, thus it is not unique but any sensible
one, possibly alternative to 1S1C, must be founded on alternative physics hypotheses.
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give rise, as we will see below, to important phenomenological constraints
on the composite Higgs scenario. Finally, higher derivative operators give
enhanced contributions to high momentum reactions. Therefore they might
become relevant for a program of high-energy measurements to be performed
at the LHC and at future colliders.
3.2.1 Order p4 bosonic
The most general CCWZ invariant operator can be written, as discussed in
Sect. 2.3.3, in terms of the dµ symbol and the covariant derivative Dµ, with
the unbroken group and the Lorentz indices properly contracted to obtain
an invariant Lorentz scalar. The O(p4) operators can be classified in three
groups: those obtained by four d-symbol insertions and no derivative, those
with two d’s and two D’s and the ones with four D’s and no d-symbols. No
SO(4) invariant can be constructed with an odd number of d symbol insertions
so the three classes above exhaust all possibilities. It is convenient to start
the classification from the operators in the last category, which are obtained
by taking covariant derivative commutators, forming the Eµν field-strength
following Eq. (2.3.35) and contracting indices to form a scalar. Given that
the E tensor is a reducible representation of SO(4) (see Appendix 2.B ) and
taking care that the Lorentz indices can be contracted either with ηµν ’s or
with the Levi–Civita antisymmetric tensor εµνρσ, four independent operators
exist
O++, 1 = E
Lα
µνE
Lµν
α + E
Rα
µνE
Rµν
α ,
O+−, 1 = EL
α
µνE
Lµν
α − ER
α
µνE
Rµν
α ,
R−+ = εµνρσ
(
EL
α
µνE
L
ρσ, α + E
Rα
µνE
R
ρσ, α
)
,
R−− = εµνρσ
(
EL
α
µνE
L
ρσ, α − ERαµνERρσ, α
)
, (3.2.1)
where the operators labelling reflects the quantum numbers under the CP and
PLR Z2 symmetries defined and discussed in Appendix 3.A. As explained in
the Appendix, all the operators are even under charge conjugation and their
CP quantum number is only dictated by parity. The ones constructed with
the ε tensor are odd while the others are even. The PLR parity assignment
is also evident since PLR interchanges L with R. We will show below that
the operators labeled as “R” are redundant.
The second class of operators to be discussed are those with four d-symbols
and no covariant derivatives. The four fourplet indices can be contracted with
two δij ’s or with the completely antisymmetric SO(4)-invariant tensor εijkl.
In the first case, ηµν ’s have to be employed for the Lorentz contractions while
the Levi–Civita εµνρσ is needed in the second one. We have a total of three
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new operators
O++, 2 = (d
i
µd
µ
i )
2 ,
O++, 3 = d
i
µd
µ
j d
j
νd
ν
i ,
O−−, 1 = εijklεµνρσdiµd
j
νd
k
ρd
l
σ , (3.2.2)
which are again classified according to their CP and PLR properties. No-
tice that the ε tensor in SO(4) produces a PLR-odd object because PLR, as
discussed in Appendix 3.A, is just parity in O(4) and it is represented by a
matrix with determinant −1.
The operators in the last class, made of two d’s and two D’s, can be
further divided into two subclasses. The first ones are the commutator of
two D’s, i.e. the EL,Rµν field-strengths, multiplied by two d’s. There are three
of them which are relevant
R++, 1 = E
Lα
µνd
µ
i (i t
α
L)
ij
dνj + E
Rα
µνd
µ
i (i t
α
R)
ij
dνj , (3.2.3)
O+−, 2 = EL
α
µνd
µ
i (i t
α
L)
ij
dνj − ER
α
µνd
µ
i (i t
α
R)
ij
dνj ,
O−−, 2 = εµνρσ
(
EL
α
µνdρ, i (i t
α
L)
ij
dσ, j − ERαµνdρ, i (i tαR)ij dσ, j
)
.
A fourth one, like O−−, 2 but with “+” instead of “−” in the parenthesis,
has been voluntarily ignored and will be discussed below. The second set
of operators are those constructed with two d-symbols and two covariant
derivatives acting on them. In the classification of the operators in this
subclass the covariant derivatives must be taken to commute as if they were
ordinary derivatives because covariant derivative commutators produce Eµν
field-strengths and lead to operators we already counted in the first subclass.
Actually, since we missed one operator in the previous subclass, one exception
to this rule is needed and three operators must be considered
O++, 4 = (D · d)i[µ,ν] (D · d)[µ,ν]i ,
O−+ = εµνρσ (D · d)i[µ,ν] (D · d)[ρ,σ], i ,
R++, 2 = (Dµd
µ)i (Dνd
ν)
i
, (3.2.4)
where D ·d denotes the covariant derivative of the d-symbol. We have chosen
to express the operators in terms of D ·d anti-symmetrized on the Lorentz in-
dices because this has a rather simple explicit form, provided by Eq. (2.B.23).
In writing O−+ we made the above-mentioned exception, indeed O−+ would
vanish if the covariant derivatives had to commute. By integrating by parts
O−+ can be rewritten in terms of the covariant derivatives commutator, i.e. of
the field-strength tensors, reproducing the operator which we were missing
in Eq. (3.2.3).
We end up with a total of 10 operators (distributed as 4–2–2–1 in the ++,
−−, +− and −+ categories) and we claim that this is all what is needed
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to describe the composite Higgs dynamics at O(p4) in the bosonic sector.
However we still have to deal with the four operators R−+, R−−, R++, 1
and R++, 2 and to show that they are redundant as anticipated. We start
from R−+ and R−−, which are redundant simply because they are total
derivatives. In order to show this one has to remember (see for instance
Ref. [87]) that out of a generic gauge field Aµ one can construct an object,
called the “Chern–Pontryagin” density, which is a total derivative. Namely
Tr
[AµνA˜µν] = εµνρσTr [AµνAρσ] = ∂µΩµ[A] , (3.2.5)
where Aµν is the field-strength and the Ω[A] is the (Hodge dual) Chern–
Simons form constructed with A. But EL and ER are precisely field-strength
tensors, constructed with eL and eR as if they were SU(2) gauge fields, and
the operators R−+ and R−− are linear combinations of the left and right
Chern–Pontryagin densities. Therefore they are total derivatives.
We now turn to discuss R++, 1. The basic and generic observation is that
there exist linear combinations of CCWZ invariants that are “too symmet-
ric”, in the sense that they reconstruct an invariant of a linearly realized G
group (SO(5), in our case) and not just of the unbroken H . These objects
are typically trivial. In Sect. 2.4.2 we already encountered some examples of
this situation when we proved (see for instance Eq. (2.4.30)) the existence of
a relation among the two O(p0) fermionic operators obtained from the classi-
fication. This happened because the linear combination of CCWZ tensors on
the left-hand-side of Eq. (2.4.30) reconstructs a singlet under a fictitious lin-
early realized SO(5) that rotates the dressed sources in the 4 and 1 as if they
formed a single fiveplet.7 The Goldstone matrix used to define the dressed
sources drops because it corresponds to a transformation under this fictitious
group and therefore the result is independent of the Goldstone fields. In par-
ticular in Eq. (2.4.30) it reduced to the product of two orthogonal sources and
thus it vanished. Coming back to the present case, it is not hard to identify
trivial O(p4) operators starting from the F tensors defined in Eqs. (2.3.38),
(2.3.39) and worked out explicitly in Appendix 2.B. Let us consider
Tr[FµνFρσ] = Tr[FµνFρσ] = FLαµνFLαρσ + FRαµνFRαρσ + F4iµνF4iρσ , (3.2.6)
where in the first equality we exploited the fact that the Goldstone matrix we
used to dress F drops when we form, by taking the trace, a linearly realized
SO(5) singlet. Clearly the Lorentz scalars obtained by the above tensors are
not new operators because the F ’s can be expressed in terms of E and D · d
by Eq. (2.B.23). By contracting the Lorentz indices with ε or with two η’s
and making use of Eq. (2.A.12) we obtain
εµνρσTr[FµνFρσ] = R−+ , (3.2.7)
Tr[FµνF
µν ] = 2R++, 1 +O++, 1 +
1
2
O++, 2 − 1
2
O++, 3 +O++, 4 .
7As explained at length in the previous chapter this is not the way in which the genuine
non-linearly realized SO(5) acts. Each CCWZ operator is automatically invariant under
the latter symmetry.
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From the first line of the above equation we see once again that R−+ is
a total derivative, given that Eq. (3.2.5) can be also applied to the Chern–
Pontryagin density constructed with the gauge source fields. The second
equation allows us to relate R++, 1 to Tr[F
2], which has the form of a kinetic
term for the source fields. When the sources will be set to their physical
value by Eq. (2.B.12), this term will just provide one additional contribution
to the elementary fields kinetic term we introduced in Eq. (2.2.26) and there-
fore its only effect will be an unobservable redefinition of the gauge coupling
parameters g and g′.8 The operator R++, 1 can thus be eliminated in favor
of the other ones in the ++ category up to an unobservable parameter redef-
inition. Identical considerations allow us to get rid of the operators we might
have constructed with the U(1)X source Xµ introduced in Sect. 2.4.2. We
voluntarily ignored Xµ until now, but clearly it can be used to construct the
CCWZ invariants, where it will appear as an SO(4) singlet endowed with his
own unbroken local U(1)X symmetry. The only two O(p4) operators with Xµ
are FF˜ and the FF kinetic term, which are respectively a total derivative
and equivalent to one further redefinition of g′.
Let us finally turn to R++, 2, it is redundant like the other two, but
for a different reason which has to do with the equations of motion of the
Goldstone bosons at O(p2). A generic property of perturbative theories,
whose Lagrangian terms are classified by some expansion parameter ε, is
that all the operators of order εn that vanish on the O(εn−1) equations of
motion can be safely ignored because they are actually equivalent to O(εn+1)
terms. This follows from the possibility of performing redefinitions of the field
variables, by which the operators proportional to the lower order equations of
motion can be systematically traded for higher order terms. The expansion
parameter is ε = p2 in our case and we are classifying up to O(p4). We
can thus remove from the classification all the operator which vanish on the
O(p2) equations of motion, namely on the equations of motion obtained by
the O(p2) Lagrangian in Eq. (2.B.19). Deriving these equations directly from
the Lagrangian is not completely straightforward, however we can guess the
result on symmetry basis. The equations of motions associated to the four
Goldstone boson fields must be a CCWZ tensor in the 4 of SO(4), and of
course a Lorentz scalar. But from the classification of two derivative tensors
performed in Sect. 2.3.3 and Appendix 2.B one easily shows that only one
such term exists and therefore the O(p2) equations of motion are necessarily
Dµdiµ = 0 . (3.2.8)
We can thus eliminate the operator R++, 2 from our basis.
This concludes the operator classification, which would be the right start-
ing point for a detailed phenomenological analysis of the indirect effects asso-
8If we denote as c/(4g2∗) the operator coefficient, the coupling redefinition that elim-
inates it is 1/g2 → 1/g2 + c/g2∗ and 1/g′ 2 → 1/g′ 2 + c/g2∗. This is best seen by first
performing the field redefinition W →W/g and B → B/g′ by which the coupling strength
is moved to the kinetic term normalization.
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ciated with the composite nature of the Higgs. However this topic is currently
under development (see [88–91] for recent discussions) and it goes beyond the
scope of the present Notes. Here we will limit ourselves to illustrate two spe-
cific effects associated with O(p4) operators, namely a correction to the S
parameter of EWPT and the possible modification of the Higgs boson cou-
pling to two photons. The first effect is important because it provides a
powerful phenomenological constraint on the composite Higgs scenario. The
second one is important because it is actually absent, or more precisely it is
reduced with respect to the naive expectation thanks to the pNGB nature of
the Higgs. Even if we will not discus it here, identical considerations could
be made for the Higgs coupling to gluons.
Let us start from the S parameter. It measures possible deviations from
the SM of the neutral gauge bosons propagator matrix and it is defined, with
the conventions of Ref. [49], as
Ŝ = g2
d
dq2
ΠW3B |q2=0 , (3.2.9)
in terms of the transverse components of the two-point vacuum polarization
amplitudes at the tree-level order, denoted as ΠV V ′(q
2), with two gauge
bosons V, V ′ = {Wα, B} on the external legs. The external fields V and V ′
are taken to be the ones that couple to the light SM quarks and leptons with
unit strength, which means that the EW couplings g and g′ are reabsorbed by
a field redefinition and are carried by the kinetic terms in this field basis. In
the definition of Ŝ it is implicitly assumed that the couplings to vector bosons
of the light matter fermions are identical the SM ones. This qualifies Ŝ as an
“oblique” correction to the SM dynamics, namely a correction which occurs
in the 2→ 2 reactions among light particles (precisely measured at LEP) only
through a modification of the vector boson propagators and not of the vector
bosons/matter interaction vertexes. This is typically a good approximation in
composite Higgs because we saw in Sect. 2.4.1 that the light matter fermions
are characterized by a tiny compositeness fraction. Therefore their coupling
to vector bosons is dominantly the one from the covariant derivative in the
canonical kinetic term coming from the elementary sector in Eq. (2.4.2), with
small corrections from the composite sector. We will elaborate more on this
aspect in the following section and in Chaps. 4 and 7, but for the moment
we just ignore non-oblique corrections and we identify the unit-coupling EW
boson fields in the definition of the vacuum polarization with the rescaled
gauge sources gWα and g′B.
No direct correction to Ŝ came from the non-linear σ-model terms we
considered in the previous chapter because their only effect is to modify the
Higgs boson couplings while leaving the EW boson propagators identical to
the SM ones.9 Such corrections do instead arise at O(p4), in particular from
9We will discuss in Chap. 7 the oblique corrections which are radiatively induced by
the modified Higgs couplings.
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the operator O++, 1. By setting the Higgs to its VEV and using Eq. (2.B.27)
it gives quadratic terms
− c++, 1
4 g2∗
[
sin2
V
f
ALµν
α
AR, µνα +
1
4
(
3 + cos
2V
f
)(
ALµν
2
+ARµν
2
)]
,
(3.2.10)
with AL,R, µν as in Eq. (2.B.21), having estimated the operator coefficient as
− c++, 1
4 g2∗
, (3.2.11)
in accordance with the 1S1C power-counting in Eq. (3.1.18). The presence of
the minus sign is purely conventional: c++, 1 is an unknown O(1) coefficient
and it could have any sign from the viewpoint of our low-energy effective
field theory. This convention is adopted because c++, 1 is typically positive
when computed in explicit models, eventually leading to a positive Ŝ. Similar
considerations hold for the 1/4 normalization. From the mixed L–R term in
Eq. (3.2.10) we obtain a mixed W–B vacuum polarization, and thus
Ŝ =
c++, 1g
2
2 g2∗
ξ = 2 c++, 1
m2W
m2∗
. (3.2.12)
Both the expressions for Ŝ reported above, in terms of g∗ and f or of
m∗, are interesting and deserve a comment. Clearly, the second one is more
compact and it shows that the current experimental constraint on Ŝ, which
we can take to be approximately Ŝ . 10−3 (for references and more details,
see Chap. 7), implies a g∗-independent limit
m∗ &
√
2 c++, 1 · 2.5 TeV , (3.2.13)
on the composite sector scale m∗. While this is obviously not a sharp con-
straint because it is subject to O(1) uncertainties in the coefficient, it con-
stitutes a rather robust starting point for the construction of any realistic
composite Higgs model. It is also worth noticing that the limit could be
made weaker, or stronger, by other contributions to EWPT originating from
other sectors of the theory as we will exhaustively discuss in Chap. 7. The
first Ŝ formula in Eq. (3.2.12) is interesting because we can recognize that
it coincides with the well-known Technicolor result (see for instance [92] and
remember that 1/g2∗ ∼ N/16pi2 in our formalism) aside from the ξ factor.
This provides one further illustration of how the composite Higgs is superior
to Technicolor, leading to smaller new physics effects, only for small misalign-
ment angle ξ  1 while it reduces to the latter for ξ = 1. A small ξ gives not
just a naturally SM-like Higgs boson as discussed in the previous chapter,
but also to an improved agreement with the EWPT.
We now turn to the Higgs coupling to two photons. No such coupling is
induced by any of the operators listed above and this is not hard to verify
by proceeding as follows. Given that we are interested in operators involving
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photons and no other EW bosons we can set the W and Z fields to zero
obtaining, in the notation of Appendix 2.B, gauge sources of the form
ALµ = A
R
µ = eγµ
σ3
2
, (3.2.14)
where γ denotes the photon field and e is the electric charge, defined as
1/e2 = 1/g2 +1/g′2 like in the SM. If we now look, in Eqs. (2.B.26), (2.B.27),
at the unitary gauge version of the CCWZ objects d, D ·d and E out of which
our operators are constructed, we immediately see that the dependence on
the photon fields drops in all of them, aside from the field-strengths EL,R,
which however become trivial
E
(2)
L µν = E
(2)
R µν = e γµν
σ3
2
, (3.2.15)
and independent of the physical Higgs field h. The only non-redundant oper-
ator with two photons thus comes from O
(4)
++, 1, which however reduces to an
harmless correction to the photon kinetic term. The hγγ vertex is thus not
induced by the O(p4) operators. This fact is an important phenomenological
virtue of our construction. If it was not the case, we might have obtained a
large correction relative to the SM, where hγγ is radiatively generated and
thus suppressed. Such a correction would be already within the sensitivity
of current Higgs coupling measurements.
Being the absence of hγγ such an important phenomenological property,
let us further investigate its origin, which has to do with the pNGB nature
of the Higgs. In order to understand how this comes we have to go back to
Eq. (2.4.19), where we declared how the EW boson sources interact with the
composite sector. Since we are only interested in photon couplings we can
restrict the sources to the photon field by Eq. (3.2.14), obtaining
Lγint = eγµ
(
JL, 3µ + J
R, 3
µ + J
X
µ
)
= eγµJe.m.µ , (3.2.16)
where we also made use of Eq. (2.4.20). The full set of EW boson couplings to
the currents breaks the composite sector global group completely. However
the photon interactions displayed above preserve some symmetry transfor-
mations, namely all and only those associated with electrically neutral gen-
erators, which commute with the electric charge Q = T 3L + T
3
R +X and thus
leave Je.m.µ invariant. This defines an SU(2)×U(1) subgroup of SO(5), whose
detailed structure is however not very important for the present discussion.
What matters for us is that the generator T̂ 4, which is the one associated
with the physical Higgs boson, is obviously neutral and belongs to this un-
broken subgroup. Being T̂ 4 an exact symmetry, only spontaneously broken
by the composite sector, the physical Higgs component is an exact Goldstone
boson, endowed with an exact shift symmetry induced by T̂ 4 whose explicit
action on Π4 could be extracted from Eq. (2.2.13). It is this symmetry that
forbids the hγγ vertex.
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Indeed, hγγ at the two-derivative order might only come (up to a CP-odd
term discussed below) from the interaction
cγe
2v
m2∗
h γµνγ
µν . (3.2.17)
The two derivatives need to be carried by two photon field strength γµν ten-
sors, which is the only object we can use because of the residual QED gauge
invariance. Given that no derivative is acting on h, this term is incompati-
ble with the shift symmetry and thus it is forbidden.10 If instead the Higgs
was not a Goldstone, but another bound state of the composite sector, there
would be no reason why the operator (3.2.17) should not be present with
the coefficient predicted (taking into account the need of one insertion of the
EWSB scale) by the power-counting formula (3.1.18). This would give cγ ∼ 1
and thus too a strong effect in the hγγ partial width to be compatible with
observations, providing further phenomenological support to the idea that
the Higgs, if composite, must be a Goldstone boson.
Notice that above argument does not imply that the operator (3.2.17) is
exactly absent to all orders in perturbation theory because the Higgs shift
symmetry is broken by the coupling of the other EW bosons and that an
even stronger breaking comes from the couplings λtL,R with the third family
quarks. This breaking will show up in the radiative corrections induced by
loops of the elementary gauge and fermionic fields, eventually leading to a
loop-suppressed effective operator. We have not yet discussed this kind of
effects, however by dimensional analysis it is not hard to understand that
they are further suppressed with respect to Eq. (3.1.18) by an additional
loop factor ~/16pi2 times the square of the relevant coupling. We thus expect
a cγ in Eq. (3.2.17) which, in Natural Units, is of order
cγ ∼
λ2tL,R
16pi2
. (3.2.18)
The same loop suppression factor that is present in the SM also arises in
composite Higgs, on top of the 1/m2∗ reduction, making the relative correction
to hγγ well under control.
The other possible hγγ vertex, which is the CP-odd operator
εµνρσ
c′γe2v
m2∗
h γµνγρσ , (3.2.19)
deserves some additional comment. At a first sight one might conclude that
it is forbidden by the Higgs shift symmetry exactly like the CP-even one.
However thinking more carefully one finds an interesting subtlety. Under
a constant shift of h, which corresponds to a global SO(5) transformation,
10An even sharper argument would be to imagine putting the theory in an electromag-
netic field background. The operator above would induce a potential (a tadpole term) for
the Higgs, which is definitely incompatible with its Goldstone nature.
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the CP-odd operator is not invariant but its variation is proportional to
γγ˜, which is a total derivative. Therefore, at least at the global level and
for field configurations with appropriate boundary conditions, the operator
leads to an invariant action and is thus allowed in principle. Nevertheless, we
did not encounter it in our classification, but this might just be because we
are only writing down strictly invariant Lagrangian terms, constructed out
of the d and e CCWZ symbols, which respect also the local version of the
SO(5) group. There is only one term which might not have this structure
and generate the CP-odd hγγ vertex in Eq. (3.2.19): the gauged Wess–
Zumino–Witten term [57–59]. This is definitely irrelevant for the minimal
composite Higgs model because it turns out that the Wess–Zumino–Witten
term does not exist for the minimal coset SO(5)/SO(4), but it could lead to
interesting phenomenological consequences for non-minimal cosets. Notice
that the Wess–Zumino–Witten term is intrinsically linked to the presence of
anomalies in the global group. Therefore the theorem according to which
hγγ is suppressed by the Goldstone symmetry is not violated. The point is
that the anomaly actually corresponds to a sizable breaking of the symmetry.
3.2.2 Order p fermionic
Let us now come to the fermionic sector, with the purpose of extending to
O(p) the operator classification of Sect. 2.4.2. The result and its physical
implications strongly depend on the SO(5)×U(1)X quantum numbers of the
fermionic operators that realize partial compositeness; the two options of a
spinorial and of a fundamental representation will be discussed in turn.
In order to properly read the implications of the symmetries, the ele-
mentary SM fields must be embedded into fermionic source multiplets with
the same quantum number of the corresponding operators. In the case of
the spinorial 41/6 representation the four embeddings QtL , TR, QbL and BR
are defined in Eq. (2.4.45). However the bottom sector sources QbL and
BR will not be relevant for the present discussion because their couplings
λbL,R to the composite sector are typically small, much smaller than those of
the top sector λtL,R , as needed to reproduce the small bottom quark mass.
The effective operators constructed with the bottom sources are thus power-
counting suppressed (3.1.18) and negligible in comparison with the ones from
the top sources. They can still be relevant, but only if they trigger qualita-
tively new effects as we will see happening in the case of the fundamental
representation. For the spinorial, the relevant objects are thus QtL and TR,
out of which a total of 4 CCWZ multiplets can be obtained by dressing the
sources with the Goldstone matrix as explained in Sect. 2.4.2. These are four
SO(4)' SU(2)L×SU(2)R doublets 11
Q2LtL , Q
2R
tL , T
2L
R , T
2R
R , (3.2.20)
11The definition of these objects is not explicitly reported in Sect. 2.4.2, it is however
completely analogous to the one given in Eq. (2.4.25) for the case of the fundamental
representation.
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with a common U(1)X charge of 1/6. In the above equation we denoted, for
shortness, the (2,1) and (1,2) representations as 2L and 2R, respectively.
We will now classify the invariant operators constructed with two of those
sources and one derivative, which can be either carried by the dµ symbol or
by the covariant derivative Dµ.
There are four Hermitian operators with dµ
OQ+ = Q
2L
tL γ
µd(2)µ Q
2R
tL +Q
2R
tL γ
µd(2)µ
†
Q2LtL ,
OQ−, 1 = iQ
2L
tL γ
µd(2)µ Q
2R
tL − iQ
2R
tL γ
µd(2)µ
†
Q2LtL ,
OT+ = T
2L
R γ
µd(2)µ T
2R
R + T
2R
R γ
µd(2)µ
†
T 2LR ,
OT−, 1 = i T
2L
R γ
µd(2)µ T
2R
R − i T
2R
R γ
µd(2)µ
†
T 2LR , (3.2.21)
expressed in terms of the dµ symbol in the 2 × 2 matrix representation of
Appendix (2.B) (see Eq. (2.B.16)), which is typically the most convenient
one when dealing with the spinorial representation. The operator labeling
refers to their intrinsic PLR parity, which is easily worked out by noticing that
d
(2)
µ transforms into its conjugate while the two doublets get interchanged by
PLR as shown Appendix 3.A. The CP quantum number will instead not be
specified for the fermionic operators.
By acting with a covariant derivative, four more operators can be formed
RQ+ = iQ
2L
tL γ
µDµQ
2L
tL + iQ
2R
tL γ
µDµQ
2R
tL ,
OQ−, 2 = iQ
2L
tL γ
µDµQ
2L
tL − iQ
2R
tL γ
µDµQ
2R
tL ,
RT+ = i T
2L
R γ
µDµT
2L
R + i T
2R
R γ
µDµT
2R
R ,
OQ−, 2 = i T
2L
R γ
µDµT
2L
R − i T
2R
R γ
µDµT
2R
R . (3.2.22)
Notice that the covariant derivative Dµ acting on the fermionic fields is not
only given by the CCWZ one we introduced in Sect. 2.3 (see for instance
Eq. (2.3.46)). The latter takes care of the non-linearly realized SO(5) but
other terms are needed to account for the unbroken U(1)X and SU(3)c color
local groups, involving the corresponding sources, under which the fermionic
fields are charged. The complete covariant derivatives are
DµQ
2L
tL =
[
∂µ − i e(2)L µ − i
1
6
Xµ − i gS Gµ
]
Q2LtL ,
DµQ
2R
tL =
[
∂µ − i e(2)R µ − i
1
6
Xµ − i gS Gµ
]
Q2RtL , (3.2.23)
and analogously for TR. The 1/6 factor reflects the U(1)X charge of the fields
and Gµ = G
a
µλa/2 are the gluon fields in the matrix notation, acting on the
triplet color index of the source. The 2× 2 matrix representation for the eµ
symbol, decomposed in left and right components as in Appendix 2.B, has
been used to express the CCWZ part of the covariant derivative.
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The two operators RQ+ and R
T
+ are redundant, as the notation suggests,
and by following the same logic of the previous section it is easy to understand
why. The point is that there exist two operators, constructed by working
directly with the source fields rather than with the dressed ones, which have
a trivial effect on the theory. These two operators are 12
iQtLγ
µDµQtL = i qLγ
µDµqL ,
i TRγ
µDµTR = i tRγ
µDµtR , (3.2.24)
and they just reduce, when the fermionic and gauge sources are restricted
to their physical values, to corrections of the elementary quark fields kinetic
terms. Such corrections can be eliminated by a rescaling and reabsorbed
in an unobservable redefinition of the elementary/composite interaction cou-
plings λtL and λtR . The ones above are not new operators, but instead they
are linear combinations of RQ,T+ and O
Q,T
+ . This is immediately verified by
inverting the definition of the dressed sources obtaining
QtL = U4[Π] · {Q2LtL , Q2RtL }T ,
TR = U4[Π] · {T 2LR , T 2RR }T , (3.2.25)
where U4 is the Goldstone matrix in the spinorial we derived in Appendix 2.B.
By plugging into Eq. (3.2.24), remembering that the definition of d and e
(2.3.28) applies to any representation including the spinorial, we obtain
iQtLγ
µDµQtL = R
Q
+ +
1
2
√
2
OQ+ ,
i TRγ
µDµTR = R
T
+ +
1
2
√
2
OT+ , (3.2.26)
showing that RQ,T+ are redundant as anticipated.
The operators above trigger a number of interesting physical effects,
among which further modifications of the Higgs coupling to fermions on top
of those outlined in Sect. 2.4.2 and corrections to the W -t-b vertex Vtb. Here
we will limit ourselves to discuss their effect on the Z boson coupling to the
left-handed bottom, gbL , which was precisely measured at LEP. We focus on
OQ+ , which is the simpler to deal with. Other contributions of the same order
are expected from OQ−,2 but not from O
Q
−,1 which is CP-odd. The correspond-
ing TR source operators modify the top coupling to the Z, which however
is not yet measured well enough to be relevant. After going to the unitary
gauge and setting the sources to their physical values we find
OQ+ =
g√
2cw
ξ bLγ
µZµbL + . . . , (3.2.27)
12The covariant derivative here is acting on the sources, which transform linearly under
SO(5) and not like the CCWZ objects do. Therefore Dµ = ∂µ − i Aµ − iQXXµ − iGµ,
with no eµ symbol appearing.
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which sums up with the SM vertex which originates from the elementary
kinetic term in Eq. (2.4.2), leading to corrections.
In order to quantify these corrections we rely on the 1S1C power counting
(3.1.18) estimate of the operator coefficient, which in this case leads to two
powers of the λtL coupling from the two source insertions, a prefactor of 1/g
2
∗
and no m∗ since the operator has dimension four. Therefore we have
δgbL '
(
λtL
g∗
)2
ξ , (3.2.28)
having stripped out a g/cw factor in the definition of the coupling as cus-
tomary in the literature (for more details, see Sect. 7.2). This correction is
experimentally bounded at the per-mille level, implying a constraint
ξ .
(
g∗
λtL
)2
· 10−3 . (3.2.29)
This limit can be more or less stringent, depending on the size of λtL .
However λtL controls the generation of the top quark Yukawa as in Eq. (2.4.16)
(in accordance with the more quantitative results of Sect. 2.4.2), namely
yt ' λtLλtR
g∗
, (3.2.30)
therefore it is not a completely free parameter. The two options which is
worth considering are
(I) λtR ' λtL '
√
ytg∗ , (II) λtR ' g∗, λtL ' yt , (3.2.31)
for which the constraint, using g∗ < 4pi and yt ' 1, becomes
(I) ξ . g∗
yt
· 10−3 < 1.3 · 10−2 , (II) ξ . g
2
∗
y2t
· 10−3 < 0.16 . (3.2.32)
Further lowering λtL unfortunately is not an option, so that the coupling
pattern (II) is already the most favorable one, because of two reasons. First,
by applying Eq. (3.2.30) we would conclude that λtL < yt requires λtR > g∗,
i.e. that an elementary coupling becomes larger than the composite one.
This goes against our basic philosophy, outlined already in the Introduction,
according to which the elementary sector must be a mild deformation of the
composite one, characterized by a weaker interaction strength. Second, and
more concretely, we notice that Eq. (3.2.30) is an approximate formula that
looses its validity when λtL,R > g∗. In this case the more complete expression
for yt in Eqs. (2.4.16) and (2.4.15) should be considered, which displays how
keeping raising λtR above g∗ doesn’t help because the compositeness fraction
sin θtR saturates to one. From the complete formula one can derive the upper
limit λtL < yt, which is already saturated with the choice (II) showing that
no improvement is possible.
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The bound from δgbL is extremely strong in case (I) of Eq. (3.2.32), it
requires two digits of unnatural cancellation in ξ, but it seems tolerable in case
(II), not far from the one obtainable from Ŝ (3.2.12) for maximal g∗. However
the estimate (II) is too optimistic, for two reasons. First, the favored coupling
pattern is not (II) but (I), because of the structure of the Higgs potential,
which will be discussed in the following section, and the need of obtaining a
realistic VEV for EWSB. Second, the study of the Higgs potential will also
reveal that g∗ should not be maximal for the Higgs to be naturally light. The
limits in Eq. (3.2.32) rapidly deteriorate for g∗ < 4pi, carrying the model into
the unnatural regime.
The strong bound on δgbL , which we have seen emerging for fermionic
operators in the spinorial representation, leads us to discard this possibility
and to search for alternatives where δgbL corrections are smaller. Interest-
ingly enough, it is sufficient to go to the next-to-minimal representation,
the fundamental, to dramatically improve the situation.13 In this case, two
sources QtL and TR are introduced in the top sector, both in the 52/3, and
used to form four dressed source in the 42/3 and in the 12/3. The complete
set of O(p) operators reads
OQ+, 1 = (Q
4
tL)iγ
µdiµQ
1
tL +Q
1
tLγ
µdiµ(Q
4
tL)i ,
OQ+, 2 = i (Q
4
tL)iγ
µdiµQ
1
tL − iQ
1
tLγ
µdiµ(Q
4
tL)i ,
OQ+, 3 = iQ
1
tLγ
µDµQ
1
tL , (3.2.33)
plus the corresponding terms with TR. In the above equation we have already
dropped two redundant operators, associated with the source kinetic terms.
It is easy to verify explicitly that none of the operators in Eq. (3.2.33)
contributes to δgbL , neither directly by a Z-b-b vertex nor indirectly through
a correction of the bL kinetic term. Large effects like the ones in Eq. (3.2.28)
are thus absent in the case of the fundamental representation. Corrections
to gbL will emerge at higher orders in the derivative or loop expansion and,
as we will see below, from operators involving the bottom sector sources.
The cancellation of δgbL appears miraculous at this point, however it can
be nicely understood by symmetries. This has to do with the fact that all
the operators we found are accidentally PLR even, and to the fact that PLR
is not broken by the bL embedding into the sources. Namely, if we look at
Eq. (2.4.28) and compare it with Eq. (3.A.16) we see that PLR is preserved
if bL is regarded as an odd field. The tL embedding does instead break PLR
but this will not show up in the Z-b-b vertex at this order. PLR, as we will
see in Appendix 7.A, is not even broken by the Higgs VEV, it survives in
13The concept of minimality based on the dimension of the representations is rather
questionable. From the viewpoint of a strongly-coupled microscopic theory it is hard to
tell what is “minimal” or “easier” to be realized. In the case at hand, it is enough to have
composite sector constituents not living in the spinorial, but only in representations with
congruency class (see e.g. Ref. [55]) equal to zero, for not being capable to form composite
operators in the spinorial representation and being forced to consider alternatives.
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the low-energy bottom Lagrangian and it ensures δgbL cancellation in a way
that is similar to the cancellation of the T̂ oblique parameter due to custodial
SO(3)c. For this reason, PLR is called a custodial symmetry for Z-b-b [93].
The situation is different for the operators constructed with the bottom sector
sources QbL in which, as Eq. (2.4.39) shows, the bL embedding breaks PLR.
One operator that induces δgbL is, for instance
(Q
4
bL)iγ
µdiµQ
1
bL +Q
1
bLγ
µdiµ(Q
4
bL)i =
g√
2cw
ξ bLγ
µZµbL + . . . (3.2.34)
Notice that the correction emerges in spite of the fact that the operator is
PLR even, the reason being that the embedding breaks the symmetry as
previously explained.
Corrections coming from the operators constructed with the bottom sources
like the one in Eq. (3.2.34) are much less dangerous than those from the top
sector because, according to the power counting in Eq. (3.1.18), they are
suppressed by the bottom coupling. The correction is now estimated to be
δgbL '
(
λbL
g∗
)2
ξ , (3.2.35)
where the parameter λbL can easily be much smaller than λtL as it serves
to give the mass to the bottom quark and not to the top. Assuming for
simplicity λbL ∼ λbR , the estimate in Eq. (2.4.16) gives now λbL ∼
√
ybg∗ so
that
δgbL '
yb
g∗
ξ ' ξ
g∗
3 · 10−2 . (3.2.36)
Even for a rather small g∗ ∼ 2 and mild tuning ξ ∼ 0.1 the correction is close
to the experimental bound of 10−3. The effect is thus small enough to be
under control, but still potentially relevant for a quantitative compatibility
with EWPT. A careful discussion of this and other contributions to δgbL , in
the context of explicit models where the effects can be calculated and not
just estimated as we did here, is postponed to Sect. 7.2.
This concludes our description of the O(p) fermionic Lagrangian in the
case of the spinorial and of the fundamental representations. This is repre-
sentative of the generic situation and straightforwardly generalizable to other
representations. On top of illustrating the operator classification technique,
the discussion led us to a phenomenological criterion to identify the most suit-
able representations for the fermionic operators. They have to be such that
large corrections to gbL from the top sector sources operators are forbidden,
like for the fundamental representation and unlike the spinorial. Even if we
postponed the discussion of this point to Appendix 7.A, we have anticipated
that the cancellation relies on the PLR accidental symmetry of the O(p) op-
erators. Concerning the other representations we considered in Sect. 2.4.2, it
turns out that the case of a 142/3 ⊕ 12/3 behaves like the fundamental and
δgbL is suppressed in exactly the same way. The case of a 10 is slightly differ-
ent because PLR does not emerge automatically as an accidental symmetry,
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but it needs to be imposed as a symmetry of the composite sector. If this is
done the cancellation holds, at the price of an additional assumption which
instead is not needed in the other cases.
3.3 The composite Higgs potential
The origin and the structure of the Higgs potential, out of which the com-
posite Higgs field acquires a VEV producing EWSB and the Higgs particle
acquires a mass, is the last subject to be discussed in the present chapter.
The generation of the potential is definitely a phenomenon that goes “be-
yond the sigma-model”, though for a slightly different reason than the effects
previously discussed in this chapter. Rather than from higher-derivative op-
erators, it is due to lower (zero) derivative ones which were forbidden in the
σ-model by the Goldstone symmetry. Rather than studying the implica-
tions of the Goldstone symmetry group G on higher derivative operators we
must now study the implications of the explicit breaking of the symmetry
on the operators of lowest possible derivative order. Notice that the seeds of
such breaking have been already introduced in the theory, in the form of the
couplings of the elementary sector fields to the composite sector operators.
Given that the former fields do not come in multiplets of the G group, their
couplings (with few remarkable exceptions) break the symmetry and thus are
capable to trigger the generation of the Higgs potential.
The discussion is organized in two steps. First, in Sects. 3.3.1 and 3.3.2,
we will outline the technical and conceptual tools through which the opera-
tors contributing to the potential can be classified and estimated within our
assumptions, specified in Sect. 3.1, on the dynamics of the composite sector.
Provided the elementary sector couplings are weak, much weaker than the
composite sector interaction strength g∗, the G group is a valid and predic-
tive approximate symmetry, with powerful implications on the allowed form
the potential can assume. At the second step, in Sect. 3.3.3, we will discuss
how and at what price, in terms of fine-tuning, a phenomenologically viable
potential can be obtained, giving rise to realistic EWSB and to the correct
mass for the Higgs boson. All these aspects will be illustrated in the case
of the minimal coset where G = SO(5) and H = SO(4), however they are of
general validity and straightforwardly generalizable to non-minimal cosets.
3.3.1 Higgs potential characterized
Given that the Higgs potential can only come from the explicit breaking
of the Goldstone symmetry, the right starting point for the discussion is to
identify the interactions that realize this breaking in our construction. The
composite sector is perfectly invariant: as discussed at length, the sponta-
neous symmetry breakdown merely realizes the symmetry in a non-linear
fashion, it doesn’t really break it. Explicit breaking only comes from the
elementary sector and the way in which this breaking is communicated to
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the composite sector, where the Higgs field originates, is from the various
elementary/composite interactions we have in our theory. In particular, we
first focus on the gauge interactions specified in Eqs. (2.4.19), (2.3.27) and
(2.4.20). These read
Lgaugeint = gWµ, αJµ ,αL + g′BµJµ, 3R + g′BµJµX . (3.3.1)
Until now we found convenient to collect the physical W and B fields into
the sources AAµ and Xµ and to carry all their components, including the non-
physical ones, in the operator classification. We will now instead restrict to
the physical fields from the very beginning, finding another way, namely the
method of spurions, to study the implications of the Goldstone symmetry.
Let us first consider the terms in Eq. (3.3.1) that involve the hypercharge
field Bµ and the corresponding coupling g
′. The last term is clearly harmless
because the U(1)X current J
µ
X is an SO(5) singlet. Coupling it to Bµ does
not break the Goldstone symmetry and therefore that term is not capable to
generate the potential and it can be ignored in the present discussion. The
other term instead breaks the symmetry, but we can rewrite it in the formally
invariant fashion
L/Gg′ = g′BµJ3R, µ ≡ BµG′AJAµ , (3.3.2)
where A runs over the 10 components of the SO(5) global current multiplet
and G′A is what we call a “spurion”. The one above is a mere rewriting of
the interaction Lagrangian. Therefore the only non-vanishing entry of the G′
vector is the one associated with the generator T 3R, and it is equal to g
′. By
switching to a matrix notation, the physical value assumed by the spurion is
expressed as
G′ ≡ G′ATA = g′T 3R . (3.3.3)
The rewriting in Eq. (3.3.2) becomes useful if we imagine for a moment to
promote all the 10 spurion components to independent parameters, making
G′ a generic adjoint matrix of couplings. Any result we might obtain in this
extended theory will reproduce the ones we are interested in once the coupling
matrix is restricted to its physical value in Eq. (3.3.3). The advantage of this
approach is that drawing the implications of the SO(5) symmetry is much
simpler in the extended theory than in the original one, because the former
is SO(5) invariant if we assign to the spurion a transformation property 14
G′ → g · G′ · g† , g ∈ SO(5) . (3.3.4)
The spurion transformation, in the adjoint representation, compensates for
the current operators transformation making Eq. (3.3.2) invariant. Specif-
ically, this means that by acting with a symmetry transformation on any
correlator computed within the extended theory, with a certain value G′ of
14Here and in what follows we only deal with the global version of the group, differently
from the previous analyses where we considered its uplift to a local invariance by making
it act also on the gauge sources.
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the coupling matrix, we will end up with the result we would have obtained
within the same theory but with a coupling matrix rotated according to
Eq. (3.3.4).15 Therefore all the correlators, and in turn all the physical quan-
tities we might extract out of them, must depend on the spurion matrix in a
special way, such as to stay invariant under the simultaneous action of SO(5)
on the field variables and on the spurion. This is to say that we can still use
SO(5) as a symmetry to classify the operators. The symmetry of course is
broken, but only at the very end of the calculation when the spurion is set
to its physical value in Eq. (3.3.3), which is not SO(5)-invariant.
An alternative, pedagogically valid but potentially misleading interpreta-
tion of the method of spurions goes as follows. We can imagine G′ being a
collection of scalar fields in the adjoint representation, artificially introduced
in the theory and coupled to Bµ and Jµ as in Eq. (3.3.2). Through a suitably
designed scalar potential we might give it a VEV that equals the physical
value of the spurion in Eq. (3.3.3). On this vacuum, the original B–J in-
teraction is reproduced. In view of this interpretation, the physical value of
the spurion is sometimes called the “spurion VEV”. Notice that this inter-
pretation should be taken with care, keeping clear in mind that the validity
of the spurion method relies in no way on the physical existence of new extra
scalar degrees of freedom, neither of light ones which appear explicitly in the
low-energy effective theory nor of heavy ones above the cutoff.
Now that the foundations of the spurion method are clear, we come to
its application. The goal is to classify the operators constructed with the
spurions and the Goldstone bosons (plus possibly other physical fields of the
theory) that are invariant under the non-linearly realized SO(5) symmetry.
We can make this classification systematic by introducing the concept of
“dressed spurion”, in full analogy with the one of dressed sources we discussed
in Chap. 2. Just as in the latter case, the basic observation is that the
Goldstone matrix transforms with g ∈ SO(5) on the left and with h ∈ SO(4)
on the right, namely
U → g · U · h−1 . (3.3.5)
Therefore by acting with U−1 we can turn an object with SO(5) indices into a
dressed one, which transforms with the CCWZ SO(4) matrix h. The dressed
object can be split into several SO(4) irreducible representations, according
to the decomposition in SO(4) of the original SO(5) multiplet. The dressed
G′ spurion is
G′D ≡ U† · G′ · U , (3.3.6)
and it decomposes as
10 = (3,1)⊕ (1,3)⊕ (2,2) , (3.3.7)
15More precisely, if we act with g on the correlators the result we get is the one obtained
with the spurion matrix rotated by the inverse transformation g−1.
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into three separate SO(4) multiplets. Explicitly, these are
(G′3LD )αL ≡ Tr[G′ · TL,αL ] ,
(G′3RD )αR ≡ Tr[G′ · TR,αR ] ,
(G′4D)i ≡ Tr[G′ · T̂i] . (3.3.8)
In the absence of extra symmetries, each multiplet can be employed indepen-
dently in the construction of the invariant operators.
Let us now specialize our discussion to the Higgs potential. It is made
of operators involving the Goldstone matrix, no derivatives, plus of course
some insertion of the spurions that carry the explicit breaking of the Gold-
stone symmetry. The physical value of the spurion G′ is proportional to the
hypercharge coupling g′, which is a “weak” coupling. We thus intuitively
expect that we might be allowed to work in a g′ expansion, with the largest
contribution to the potential coming from the operators with the smallest
number of spurions. This intuition will be confirmed, later in the present
section, by the power-counting estimate of the operator coefficients. There
are no operators of O(g′), because of two independent reasons. The first one
is that no singlet is present in the decomposition (3.3.7) of the dressed spurion
under SO(4). If a singlet appeared, as it would in non-minimal cosets with
U(1) factors in the unbroken group, we might have taken it as a candidate
operator. In the current situation instead two or more spurion multiplets
have to be multiplied to form and invariant. The second reason has to do
with a Z2 symmetry of the elementary sector, the operation Bµ → −Bµ on
the hypercharge gauge field.16 This can be taken to act on the spurion as
G′ → −G′ , (3.3.9)
while leaving invariant the whole composite sector and thus in particular the
Jµ current. Being a symmetry of the interaction (3.3.2), this “elementary”
Z2 parity must be respected by the operators, very much like the composite
sector SO(5) group. No operator with and odd number of G′’s should thus
be considered, not even if SO(5) invariant. The general idea is that the
spurion is an object that ensures the communication among two sectors: the
elementary and the composite one. As such it can inherit symmetries from
both sides, leading to extra selection rules. Other examples of elementary
symmetries will emerge in the forthcoming discussion.
Three operators can be written at O(g′ 2), corresponding to the SO(4)
singlets one can form with the three irreducible components of the dressed
16The breaking of this symmetry due to the coupling with the elementary quarks plays
no role in this discussion. It would become relevant only if we had to discuss mixed
contributions to the potential from both the quark and the gauge field spurions.
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spurion in Eq. (3.3.8). These are conveniently expressed as
Og′ 2+ = (G′4D)i(G′4D)i ,
Og′ 2− = (G′3LD )αL(G′3LD )αL − (G′3RD )αR(G′3RD )αR ,
Rg′ 2+ = (G′3LD )αL(G′3LD )αL + (G′3RD )αR(G′3RD )αR , (3.3.10)
with Og′ 2− being odd and the others even under PLR. As usual, when deal-
ing with dressed objects attention must be paid to possible redundancies,
associated with combinations of operators which are “too symmetric” to be
relevant. In the present case Rg′ 2+ is redundant, because of the identity
10∑
A=1
{
Tr[G′ · TA]}2 = 10∑
A=1
{
Tr[G′D · TA]
}2
= Rg′ 2+ +Og′ 2+ . (3.3.11)
The first term of the equality is independent of the Higgs, thus it does not
contribute to the potential but only to the vacuum energy. It is equals to
the second one (which in turn is immediately rewritten as the sum of the
two even operators) because it is invariant under a fictitious linearly-realized
SO(5) and the dressing procedure precisely amounts to a rotation in this
group. Being proportional to Og′ 2+ up to a constant, Rg′ 2+ is redundant
and can be eliminated from the classification. Notice that the redundancy
is associated with the SO(5) singlet one can form by employing directly the
spurion, rather than its dressed version. Given that a unique singlet can be
formed by two powers of G′ ∈ 10, only one redundancy is expected at O(g′ 2),
the one outlined above.
The power and the simplicity of our result is better appreciated when we
set the spurion to its physical value in Eq. (3.3.3) and we go to the unitary
gauge in Eq. (2.B.4), obtaining
Og′ 2+ =
g′ 2
2
sin2
H
f
, Og′ 2− = g′ 2 cos
H
f
, (3.3.12)
with H = V +h denoting the real neutral Higgs field component (times
√
2).
We have found that the O(g′ 2) potential is a linear combination of these two
operators, therefore its functional form is fixed, up to numerical coefficients,
to be
Vg′ 2 ∝ c+ · g
′ 2
2
sin2
H
f
+ c− · g′ 2 cos H
f
. (3.3.13)
If the composite sector happens to be invariant under PLR, the result would
further simplifies since c− = 0.
The classification is straightforwardly extended to other sources of explicit
breaking, starting from the one associated with the gauging of the SM SU(2)L
subgroup, i.e. from the W–JL term in Eq. (3.3.1). We rewrite the latter as
L/Gg = gWµ, αJµ, αL ≡Wµ, αGαAJµ,A , (3.3.14)
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in terms of three spurions in the adjoint, with physical value
Gα ≡ GαATA = g TαL , (3.3.15)
where α = 1, 2, 3. Just like we did for G′, dressed spurions can be defined as in
Eq. (3.3.6), decomposed in SO(4) multiplets as in Eq. (3.3.8) and eventually
used to construct invariants. The only difference with the previous case is
that now we have three spurions rather than one, all of them are in the same
representation. One might thus construct singlets by pairing them in all
possible combinations, leading to a proliferation of the number of invariants.
However one must also take into account the existence of an SU(2) global
symmetry of the elementary sector, call it SU(2)E , under which the W
α’s
form a triplet while the composite sector is invariant. This is nothing but the
global version of the local SU(2)L restricted to act on the elementary fields
only, under which the elementary sector Lagrangian in isolation is exactly
invariant. Analogously to the elementary Z2 discussed above, SU(2)E can
be formally uplifted to a symmetry of the interactions by assigning suitable
transformation rules to the spurions, namely by taking the index α in the
triplet.17 This symmetry must be also respected, on top of the SO(5) group,
therefore the only allowed operators are
Og2+ =
3∑
α=1
(Gα4D)i(Gα4D)i ,
Og2− =
3∑
α=1
(Gα3LD )αL(Gα3LD )αL −
3∑
α=1
(Gα3RD )αR(Gα3RD )αR . (3.3.16)
A third one, which has not been reported, is fully analogous to Rg′ 2+ and it
is redundant for a very similar reason.
After setting the spurions to their VEV and going to the unitary gauge
we obtain
Og2+ =
3 g2
2
sin2
H
f
, Og2− = −3 g2 cos H
f
. (3.3.17)
The O(g2) contribution to the potential is thus found to be
Vg2 ∝ c+ · 3 g
2
2
sin2
H
f
− c− · 3 g2 cos H
f
, (3.3.18)
up to the unknown constants c+ and c−. Notice that the latter constants are
not new parameters, they are just the same ones that appear in the O(g′ 2)
potential in Eq. (3.3.13). This is because each of the three Gα components
is completely identical to G′, from the viewpoint of the composite sector.
17The spurion VEV breaks SU(2)E to its diagonal combination with the SU(2)L sub-
group of SO(5) and this latter unbroken symmetry is the SM SU(2)L. Imposing the spu-
rionic SU(2)E automatically ensures the invariance of the potential under the SM group
even after the spurions are set to their physical values.
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Namely they all couple to the same operator, i.e. the global current multiplet.
Of course they differ for their physical value but this difference is washed out
when the spurion is regarded as a matrix of independent couplings. Thus
the operators written in terms of Gα and G′ must have the same coefficient,
from which the equality of c± in Eqs. (3.3.13) and (3.3.18). Actually there is
a difference between G and G′: the fact that they are coupled to the Abelian
B and to the non-Abelian Wα fields, respectively. The Wα self-interactions
can differentiate the two contributions to the potential, but definitely not at
O(g2) as the self-interaction would carry further powers of g. Furthermore it
will become clear in the following that self-interactions can play a role only
at high order in the loop expansion.
While interesting and illustrative of the spurion method, the gauge con-
tributions to the potential derived above are of limited phenomenological
relevance as they are typicallly overwhelmed by other terms, in particular
by those emerging from the top quark sector. The elementary/composite
couplings λtL,R of the third generation qL and tR are indeed, usually, the
largest sources of Goldstone symmetry breaking in our theory and thus they
give the dominant contribution to the potential. The physical reason to have
them large is of course the need of reproducing the large top Yukawa (see
Eq. (3.2.30)), as discussed at length in Sect. 3.2.2. The top contribution to
the potential can be easily worked out by spurion analysis, however differ-
ently from the gauge one it is not universal: it depends on the quantum
numbers of the composite sector operators qL and tR mix with. The two
cases of mixing with two 5’s or with a 14 and a 1 will be discussed in turn.
In the case of the 5 ⊕ 5, see Eqs. (2.4.22) and (2.4.27), the G-breaking
interactions read
L/Gλt = qαL(ΛL)Iα(OLF )I + tR(ΛR)I(ORF )I + h.c. , (3.3.19)
where the spurions ΛL,R are in the 5−2/3 of SO(5)×U(1)X18 and their phys-
ical values are
(ΛL)
I
α =
λtL√
2
[
0 0 +i +1 0
+i −1 0 0 0
] I
α
,
(ΛR)
I = λtR [ 0 0 0 0 1 ]
I . (3.3.20)
As in the gauge sector, elementary spurionic symmetries must be also con-
sidered in the operator classification. These are a U(2)LE group under which
qαL form a doublet of, say, unit charge, and consequently (ΛL)α is a conjugate
doublet with charge −1, and a U(1)RE phase shift of tR and ΛR. Taking these
symmetries into account, only two invariants are found at O(λ2tL,R)
Oλ2L = (Λ
1
L,D
∗
)α(Λ1L,D)α , Oλ2R = Λ
1
R,D
∗
Λ1L,D , (3.3.21)
18The U(1)X charge must be opposite to the one of the operators for the interaction to
be invariant.
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where Λ1L,D and Λ
1
L,D are the singlet dressed spurions, emerging from the
decomposition
5 = 4⊕ 1 . (3.3.22)
Explicitly, the dressed spurion multiplets in the 4 and in the 1, for both
chiralities, are defined as [
Λ4D
Λ1D
]
≡ U† · Λ , (3.3.23)
Two invariants could have been written, for each chirality, by paring two 4 or
two 1 components. However one combination of the two, which corresponds
to the SO(5) singlet one can form out to two 5’s, only contributes to the
vacuum energy and can be dropped. This is why we are left with a total
of two operators in Eq. (3.3.21). On the spurion’s VEV, and in the unitary
gauge, we find 19
Oλ2L =
λtL
2
2
sin2
H
f
, Oλ2R = λtR
2 cos2
H
f
, (3.3.24)
and thus the potential is expressed as
V 5⊕5λ2 ∝
(cL
2
λ2tL − cRλ2tR
)
sin2
H
f
+ const. , (3.3.25)
in terms of two unknown constants cL and cR.
20
The above result is surprising in one aspect, which is relevant for phe-
nomenology as we will see in the following section. Namely, it shows that
the O(λ2) potential has a fixed functional dependence on the Higgs field. In
particular it is proportional to sin2H/f and the only freedom we have is to
choose, by varying λtL,R or by acting on the composite sector that controls
cL,R, the size and the sign of the overall coefficient. Therefore this contribu-
tion to the potential, which we claimed to be the dominant one, can only have
a minimum at H = 0 or H = pif/2 (modulus pif), and thus in no case it gives
a realistic theory for which we need ξ = sin2〈H〉/f  1. This implies that
the O(λ2) term, though formally dominant, must be made accidentally small
such as to compete with other contributions allowing for a tunable ξ param-
eter. In view of this fact, which will be discussed in details in Sect. 3.3.3, we
should extend our classification to the first subleading order, i.e. to O(λ4L),
O(λ4R) and O(λ2Lλ2R) operators.21 A total of 6 O(λ4L) invariants exist, and
the same amount of O(λ4R). However 2 of them are redundant and can be
removed, in each category, by exploiting the existence of two full SO(5) sin-
glets in the tensor product of two Λ times two Λ∗ spurions. Similarly at
19The phases of λtL,R can be reabsorbed by a redefinition of the elementary quark fields,
we thus take these parameters real.
20A priori, cL and cR are completely unrelated because the two chiral fermionic operators
OLF and ORF the spurions couple to are distinct operators, in spite of having the same
quantum numbers under the global group. If they were related by some other symmetry,
for instance by spatial parity, we would have cL = cR, but in general this is not the case.
21Symmetries forbid O(λ3) terms.
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O(λ2Lλ2R) we count 10 singlets and 3 redundancies, for a total of 7 operators.
Fortunately listing all these operators is not necessary because many of them
end up having the same trigonometrical structure up to constant vacuum
energy terms. A complete coverage of the possible structures is provided by
the following terms
Oλ4L, 1 =
[
(Λ1L,D
∗
)α(Λ1L,D)α
]2
=
λ4tL
4
sin4
H
f
, (3.3.26)
Oλ4L, 2 =
[
(Λ1L,D
∗
)α(Λ1L,D)α
] [
(Λ4L,D
∗
)αi (Λ
4
L,D)
i
α
]
=
λ4tL
4
[
4 sin2
H
f
− sin4 H
f
]
,
Oλ4R, 1 =
[
Λ1R,D
∗
Λ1R,D
]2
= λ4tR cos
4 H
f
= λ4tR
[
1− 2 sin2 H
f
+ sin4
H
f
]
,
Oλ4R, 2 =
[
Λ1R,D
∗
Λ1R,D
] [
(Λ4R,D
∗
)i(Λ
4
R,D)
i
]
= λ4tR
[
sin2
H
f
− sin4 H
f
]
,
Oλ2Lλ2R, 1 =
[
(Λ1L,D
∗
)α(Λ1L,D)α
] [
Λ1R,D
∗
Λ1R,D
]
=
λ2tLλ
2
tR
2
[
sin2
H
f
− sin4 H
f
]
,
Oλ2Lλ2R, 2 =
[
(Λ1L,D
∗
)α(Λ1L,D)α
] [
(Λ4R,D
∗
)i(Λ
4
R,D)
i
]
=
λ2tLλ
2
tR
2
sin4
H
f
.
Up to constants, all the invariants are linear combinations of sin2 and sin4
and thus the complete O(λ4) potential can be expressed as
V 5⊕5λ4 ∝ (cLLλ4tL + cRRλ4tR + cLRλ2tRλ2tL) sin2
H
f
+ (c′LLλ
4
tL + c
′
RRλ
4
tR + c
′
LRλ
2
tRλ
2
tL) sin
4 H
f
. (3.3.27)
By properly adjusting, or tuning, the two terms, taking of course also into
account the O(λ2) contributions in Eq. (3.3.25), realistically small values of
ξ can now be obtained.
The case of elementary quarks mixing to a 14⊕1 is considerably different.
The elementary/composite interaction takes the form
LInt = λtL qLOL14 + λtR tROR1 + h.c. , (3.3.28)
where the fermionic operator coupled to the qL doublet transforms in the
142/3 of SO(5)×U(1)X , while the one coupled to tR is in the 12/3. Being
the latter a singlet, the tR mixing does not break the Goldstone symmetry
and therefore the λtR coupling is not capable, in this case, to trigger the
generation of the Higgs potential. The only source of breaking is λtL , which
we embed into a spurion in the 14 by rewriting the interaction as
L/Gλt = qαL(ΛL)IJα (OLF )IJ , (3.3.29)
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where ΛL is a symmetric traceless 2-tensor. The spurion VEV is (see Eq. (2.4.50))
(ΛL)
α
IJ =
λtL√
2


0 0 0 0 0
0 0 0 0 0
0 0 0 0 +i
0 0 0 0 +1
0 0 +i +1 0

IJ
,

0 0 0 0 +i
0 0 0 0 −1
0 0 0 0 0
0 0 0 0 0
+i −1 0 0 0

IJ

α
. (3.3.30)
Notice that the tR coupling being invariant under the Goldstone symme-
try nicely fits with the alternative interpretation of the 14⊕1 setup, outlined
at the end of Sect. 2.4.2, in terms of a completely composite tR field in the
12/3 of SO(4)×U(1)X . This is possible only because tR mixes with a singlet.
Indeed if the tR has to be part of the composite sector, its interactions must
respect the composite sector symmetry group and thus they cannot generate
the Higgs potential. In this interpretation, the coupling strength is of order
λtR ∼ g∗, while in the elementary case λtR < g∗. In the following section
we will consider both cases by keeping the mixing as a free parameter. We
will see that the completely composite option is favored from the viewpoint
of the generation of a viable Higgs VEV and mass.
Notice that the completely composite tR interpretation only relies on ORF
being a singlet, it does not require OLF in the 14. The reason for making
the latter choice, rather than for instance OLF ∈ 52/3, resides in the structure
of the potential generated by the spurion in the 14. This representation
decomposes as
142/3 → (3,3)2/3 ⊕ (2,2)2/3 ⊕ (1,1)2/3 , (3.3.31)
in terms of three rather than two irreducible SO(4) multiplets. Three invari-
ant operators can thus be written, but only one of them is redundant given
that only one SO(5) singlet is present in the tensor product of two 14’s. We
now end up with two independent operators, which we can take to be
Oλ2L, 1 = (Λ
4
L,D
∗
)αi (Λ
4
L,D)
i
α = λ
2
tL
[
2− 7
2
sin2
H
f
+ 2 sin4
H
f
]
,
Oλ2L, 2 = (Λ
1
L,D
∗
)α(Λ1L,D)α = 2λ
2
tL
[
4 sin2
H
f
− sin4 H
f
]
, (3.3.32)
where the dressed spurion multiplets are obtained, in full analogy with the
previous cases, by acting with U−1 on the two Λ indices and splitting the
indices of the resulting matrix in SO(4) components. The O(λ2) potential is
thus a combination of sin2 and sin4 functions, of the form
V 14⊕1λ2 ∝ λ2tL
(
c1 sin
2 H
f
+ c2 sin
4 H
f
)
. (3.3.33)
Differently from the 5⊕ 5 one, this potential can be tuned to achieve realistic
EWSB without relying on additional higher order terms.
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Figure 3.1: The structure of the leading diagrams contributing to the potential.
3.3.2 Higgs potential estimated
A qualitative but sharp assumption was made in Sect. 3.1 on the nature of the
composite sector, which we characterized as a 1S1C (One Scale One Coupling)
model. By this assumption the power-counting formula in Eq. (3.1.18) was
derived to estimate the expected size of operators in the low-energy effective
field theory describing the pNGB Higgs plus the other SM particles. We
got the same result for large-N QCD-like strongly-coupled theories, showing
that they might effectively behave as 1S1C models. These results were valid
exclusively for effective operators generated by the composite sector dynamics
alone, i.e. by the sole exchange of composite sector virtual states with no
elementary fields propagating in the internal lines. Extending the analysis to
the Higgs potential operators, which do not belong to the latter category, is
the purpose of the present section. We do this with a twofold aim. First, we
want to estimate the overall magnitude of the potential that controls such
an important observable like the Higgs mass. Second, we want to check if
and to what extent the intuitive idea that we can expand in the elementary
couplings, and thus in the number of spurion insertions, is actually valid
or not. If it was not, the predictive power of the spurion method would
get completely washed out since we would be forced to consider an infinite
series of operators with arbitrary powers of sin2H/f , leading to a potential
of completely generic form.
Deriving the power-counting estimate for the potential starts from out-
lining its origin in terms of Feynman diagrams. The potential is, almost
by definition, the sum of 1PI (one particle irreducible) diagrams with zero-
momentum external Higgs lines. Since the Higgs is part of the composite
sector, it does not couple directly to the elementary sector fields. Therefore
no diagram should be considered with only elementary internal lines. Fur-
thermore the Higgs is a NGB and thus it gets no potential from the purely
composite sector diagrams because they respect the Goldstone symmetry.
Mixed diagrams need to be considered, where at least one elementary in-
ternal line is present. In order to make them 1PI the elementary line must
close into a loop, therefore the potential gets generated only at the radiative
level. The structure of the leading diagrams is reported in Fig. 3.1, where the
dashed lines ending on crosses denote Higgs field insertions, the black single
lines are elementary sector gauge or fermionic fields and gE collectively de-
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Figure 3.2: Subleading contributions to the potential.
notes the elementary/composite couplings. Depending on which elementary
sector state is exchanged, gE = {g, g′, λtL , λtR}. The double lines represent
portions of the graph made of purely composite sector propagators and ver-
tices. We denoted them as lines because in weakly-coupled models (such as
the ones we will deal with in Chap. 5) they are indeed single particle propa-
gators, making the ones in Fig. 3.1 one-loop diagrams. However in a generic
strongly-interacting composite sector we should think to them as two-point
correlators
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of the composite sector operators to which the corresponding elementary line
is coupled. Namely, O is the global current J or one of the fermionic operators
OL,R.
The contributions to the potential from the diagrams in Fig. 3.1, for each
number of gE insertions, is immediately worked out in the 1S1C hypothesis.
The potential is one term in the Lagrangian density, thus it has the dimension
(see Eq. (3.1.3)) of C−2 ·L−4, where C is the coupling dimension we defined
as C = [~]−1/2. The correct coupling dimension is already saturated by
the one-loop factor ~/16pi2 and thus the dimension carried by elementary gE
coupling insertions must be canceled by other dimensionful objects. In the
1S1C hypothesis the only such object that is present in the composite sector
is g∗ and similarly m∗ is the only one that carries L dimension. Thus the
potential, setting ~ = 1, is
V =
Ncm
4
∗
16pi2
[(
gE
g∗
)2
V(2)[H/f ] +
(
gE
g∗
)4
V(4)[H/f ] + . . .
]
, (3.3.34)
where we took into account that the Higgs, being a Goldstone, must appear
as H/f as also apparent from the spurion analysis in the previous section.
An overall factor of Nc that counts QCD color multiplicity and equals 1 for
the gauge and 3 for the fermionic diagrams has been included in the estimate.
This was derived for perturbative 1S1C models, but the same result holds
for strongly-coupled large-N theories. Indeed we saw in Sect. 3.1 that the
〈OO〉 two-point correlators, under the assumption of mesonic O, scale with
N like
〈OO〉 ∝ N
16pi2
≡ 1
g2∗
. (3.3.35)
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By taking this estimate for the double lines in Fig. 3.1, we end up once again
with the power-counting in Eq. (3.3.34).
Other diagram topologies, such as the ones in Fig. 3.2, also contribute to
the potential. They contain extra insertions of the elementary sector fields
self-couplings (namely, the gauge couplings) or composite sector correlators
with more operator insertions. In both cases this makes an additional loop
suppression with respect to the ones in Fig. 3.1
V2-loop ∼ g
2
E
16pi2
V1-loop . (3.3.36)
Provided the elementary sector couplings are perturbative, these contribu-
tions are negligible and we are left with the estimate in Eq. (3.3.34).
The power-counting formula provides the desired justification of the spu-
rion expansion we performed in the previous section. Each spurion carries
one gE and each gE is weighted by 1/g∗. This allows to set up a perturbative
expansion if
gE < g∗ . (3.3.37)
The elementary sector couplings being weaker than the composite sector one
is the obvious criterion by which the elementary sector behaves as a weak
perturbation of the composite one and thus in particular the composite sector
group is a good approximate symmetry. This fact is explicitly verified here,
showing that the spurion classification is predictive if and only if gE < g∗.
The IR potential
There are contributions to the potential that do not need to be estimated but
can just be computed, up to a mild logarithmic sensitivity to the details of
the composite sector dynamics. The calculation is interesting under several
respects, however it lies somewhat outside the main line of development of
these Notes since the result will not introduce qualitatively new effects and
thus it will be ignored in the phenomenological analysis that follows.
The basic observation is that there exists a regime where we do have
complete control of the theory so that a real calculation is possible. This is
the energy range below the resonance scale m∗ where the effective field theory,
describing the pNGB Higgs and the other SM particles, is perturbative and
accurately describes the dynamics. Below (or much below) m∗ the dominant
operators are the leading ones in the derivative expansion, namely the “non-
linear σ-model” terms we worked out in Chap. 2. Within the non-linear
σ-model we can take one loop of the elementary gauge and fermionic fields
and compute the potential, ending up with the standard Coleman–Weinberg
formula
Vgauge[H] =
3
32pi2
Λ2
∑
i
M2i +
3
64pi2
∑
i
[M4i (logM
2
i /Λ
2 − 1/2)] ,
Vtop[H] = − Nc
8pi2
Λ2M2t −
Nc
16pi2
M4t (logM
2
t /Λ
2 − 1/2) , (3.3.38)
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where Λ is the hard momentum cutoff of the loop integral.22 In the equation,
Mi denotes the field-dependent gauge field masses, namely those of the W
and Z bosons in the presence of a constant background for the H field.
Analogously, Mt is the H-dependent top mass. Clearly the bottom and
the other quarks and leptons contribute to the potential as well, however
they can be safely ignored because of their small masses. No contribution
comes instead at one loop from diagrams with propagating Higgs boson lines.
Indeed the Higgs self-interactions respect the Goldstone symmetry and thus
they cannot generate the potential. Furthermore the Higgs does not mix with
the elementary fields so that mixed loops need not to be considered.
The masses in Eq. (3.3.38) can be written in a form that, albeit somewhat
involved, allows to make contact with the spurion notation. We start from
the top mass and we consider the case of fermion embedding in the 5⊕ 5 for
illustration. The 14 ⊕ 1 or other cases could be similarly worked out. The
mass comes from Eq. (2.4.31)
− ctλtLλtR
g∗
m∗Q
t
L
1
T 1R . (3.3.39)
expressed in terms of the dressed sources QtL
1
and T 1R in the singlet of SO(4).
By writing this explicitly as in the second line of Eq. (2.4.31) one could
immediately obtain
M2t =
1
8
ct
2
λ2tLλ
2
tRf
2 sin2
2H
f
=
y2t
4
f2
1− ξ sin
2 2H
f
. (3.3.40)
where we expressed the prefactor in terms of the top Yukawa coupling and
of ξ = v2/f2. However it is interesting to take an intermediate step, noticing
that the dressed sources are related to the dressed spurions as
λtLQ
t
L
1
=
(
Λ1L,D
∗)α
qL,α , λtRTR
1 = Λ1R,D
∗
tR . (3.3.41)
This is evident from the definitions in Eq. (2.4.28) and (2.4.29), and similarly
for TR. The mass term in the spurion notation is thus
− ctf qαL
(
Λ1L,D
)
α
Λ1R,D
∗
tR + h.c. , (3.3.42)
and the squared top mass reads 23
M2t = c
t2f2
[
(Λ1L,D
∗
)α
(
Λ1L,D
)
α
] [
Λ1R,D
∗
Λ1R,D
]
= ct
2
f2Oλ2Lλ2R, 1 . (3.3.43)
22The calculation could equally well be performed in dimensional regularization, leading
eventually to the same physical result. Working in a scheme where the quadratic divergence
appears explicitly is however more interesting for the present discussion.
23Since no bR is present, the fermionic mass matrix is 2× 1. The top mass is computed
as M2t = MF
† ·MF .
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After setting the spurions to their VEV, this correctly reproduces Eq. (3.3.40).
The rewriting of M2t in terms of spurions shows that it is proportional to one
of the O(λ4) operators listed in Eq. (3.3.26), as one could have also demon-
strated by inspection, comparing Eq. (3.3.40) with the list of operators ex-
pressed in the unitary gauge. This shows explicitly that Mt is invariant under
the spurionic symmetries. Similarly, by using Eq. (2.2.32), we can express the
W and Z boson masses in terms of the gauge sector invariants in Eq. (3.3.12)
and (3.3.17):
M2W =
1
6
f2Og2+ =
g2f2
4
sin2
H
f
,
M2Z =
1
6
f2Og2+ +
1
2
f2Og′ 2+ =
1
c2w
M2W . (3.3.44)
Now we have all the elements to discuss the structure of the potential
in Eq. (3.3.38). The first comment is that the potential is a function of
the field-dependent masses, which we saw above being invariant under the
spurionic symmetries. Therefore it is itself invariant, in accordance with
the general argument of Sect. 3.3.1. Second, some of the terms it contains
are not new contributions to the potential. In particular the quadratically
divergent ones, proportional to the squared masses, are linear combinations
of the O(g2E) operators we discussed in Sect. 3.3.1. Notice that not only their
functional dependence on the Higgs is the one we expected, but also their size.
Indeed when the momentum cutoff is identified with the physical cutoff of the
effective field theory, i.e. Λ ' m∗, their coefficient obeys the power-counting
in Eq. (3.3.34). Similar considerations hold for the finite terms. They are
O(g4E) operators and their coefficients are the expected ones. The only terms
in Eq. (3.3.38) that are new and interesting are the logarithmically divergent
ones. Furthermore these are the only terms we can actually compute since the
others are respectively unphysical divergences and scheme-dependent finite
contributions. The logarithms, instead, even after the divergence is canceled
by renormalization, result in scheme-independent terms
V IRgauge[H] =
3f4
64pi2
3g4 + 2g2g′2 + g′4
16
sin4
H
f
(
log
[
g2
g2∗
sin2
H
f
]
+ const.
)
,
V IRtop[H] = −
Nc
256pi2
y4t f
4
(1− ξ)2 sin
4 2H
f
(
log
[
y2t
g2∗
sin2
2H
f
]
+ const.
)
, (3.3.45)
where we used Λ = m∗ = g∗f as the divergence subtraction point and we
reabsorbed O(1) factor in the incalculable constant. We interpret this IR
contribution to the potential as the Renormalization Group running of the
potential operators from the resonance scale m∗ down to the energies that
are relevant for EWSB. The separation between these two scales makes it log
enhanced.
All in all, the complete structure of the potential is as follows. The
terms that are polynomial in the spurions, with coefficient dictated by the
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power counting in Eq. (3.3.34), are operators of UV origin. Namely they
emerge from the composite sector dynamics at the scale m∗ and they are
computed at that scale by integrating out the composite sector degrees of
freedom. They come from Feynman diagrams with finite external momenta
and thus they can be Taylor expanded in the gE couplings. Of course the true
potential is computed at zero external momentum and not at m∗. But how
the potential changes from m∗ to zero can be computed within the realm of
validity of the effective field theory, leading to the calculable IR contribution
we described above. This IR term is not polynomial in the couplings and not
even expandable in Taylor series around gE = 0. This is why it escaped the
spurion classification in spite of being perfectly invariant under the spurionic
symmetries.
3.3.3 Higgs VEV, mass and tuning
We are finally in the position to understand under what conditions and at
what price, in terms of fine-tuning, a realistic EWSB scale and Higgs mass
can be obtained in our framework. Apart from the IR term, which we ignore
for simplicity, the potential takes the generic form
V [H] = −αf2 sin2 H
f
+ βf2 sin4
H
f
, (3.3.46)
where the signs and the f2 normalization are chosen for future convenience.
The parameter α receives contributions from both the gauge and the fermionic
sectors at order g2 (3.3.13), g′2 (3.3.18) and λ2t (3.3.25), (3.3.33), while β is
of O(λ2t ) in the case of the 14 ⊕ 1 and of O(λ4t ) (3.3.27) for the 5 ⊕ 5
choice. The gauge contribution is typically subleading and it will be ignored
in what follows. The functional form of Eq. (3.3.46) is also obtained for
fermions in the 10 ⊕ 10 while for the spinorial 4 ⊕ 4 sines of half the fre-
quency (H/f → H/2f) should be considered. We will not treat the latter
case here because it is phenomenologically disfavored as we saw in Sect. 3.2.2.
It turns out that it behaves exactly like the 5⊕5 as far as the issues of VEV
and mass generation are concerned.
Irregardless of their origin, the parameters α and β must be such to
give realistic EWSB, i.e. sin2〈H〉/f = ξ  1 and mH = 126 GeV. These
requirements correspond to the conditions
α = 2β ξ , (3.3.47)
m2H = 8 ξ(1− ξ)β . (3.3.48)
Based on the above equations, two kinds of considerations can be made. On
one hand we can pragmatically observe that by inverting for α and β the
potential is completely specified up to the unknown parameter ξ = v2/f2
V [H] =
m2Hf
2
8 ξ (1− ξ)
[
sin2
H
f
− ξ
]2
+ const . (3.3.49)
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This allows us to compute the Higgs boson self-interactions, starting from
the trilinear coupling. The latter is modified with respect to the SM by the
relative amount
k3h =
1− 2 ξ√
1− ξ . (3.3.50)
Unfortunately a precise enough measurement of this coupling is far to come,
therefore the prediction above is of limited phenomenological relevance for
the time being. On the other hand, more thoughtfully, we can ask ourselves
how easy or difficult it is in our framework to get α and β such as to obey
Eqs. (3.3.47), (3.3.48) leading to realistic EWSB and Higgs mass. The rest
of the present section is devoted to this issue.
The VEV condition (3.3.47) obliges us to take α/β = 2 ξ  1, a situation
which is definitely unnatural in the 14 ⊕ 1 case (and even more so for the
5⊕ 5, as we will see) where α and β emerge at the same order and thus are
expected to be of comparable size. The power counting in Eq. (3.3.34) tells
us
α14⊕1 = a
Nc
16pi2
λ2tLm
2
∗ , β14⊕1 = b
Nc
16pi2
λ2tLm
2
∗ , (3.3.51)
with a and b O(1) coefficients. Furthermore the sin2 and sin4 contributions to
the potential normally arise together from the composite sector microscopic
dynamics. Namely, by integrating out the composite sector resonances we
expect to obtain operators like the ones in Eq. (3.3.32) that contain both
functions. The parameters α and β are thus linear combinations of unrelated
operator coefficients so that suppressing one with respect to the other requires
cancellation. This cancellation, or fine-tuning, can be quantified as
∆14⊕1ξ =
(α/β)expected
(α/β)needed
=
1
2 ξ
, (3.3.52)
in terms of the naturally expected size of the parameter over the value we
actually need. Such an amount of tuning, needed to achieve a small enough
ξ, is the one we advocated since the very beginning of these Notes to be
required for a potentially realistic setup. Concrete constructions can have
more tuning than ∼ 1/ξ, as we will see below, but none happens to have less
even though no robust argument actually forbids this possibility. A priori
one might imagine a model where α emerges at a subleading order in the
spurions with respect to β, making α  β and thus ξ naturally small. No
example of this “self-tuned” configuration exists, while we do have examples
of the opposite situation, α β, and the 5⊕5 model is one of those. Indeed
α5⊕5 = a
Nc
16pi2
λ2tm
2
∗ , β5⊕5 = b
Nc
16pi2
λ4tf
2 , (3.3.53)
having denoted as λt, for shortness, any of the λtL,R . Actually for the sake
of the present discussion λt should be regarded as the largest of the two
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couplings. Achieving small ξ is thus more difficult in the 5⊕ 5, i.e.
∆5⊕5ξ =
(α/β)expected
(α/β)needed
=
(
g∗
λt
)2
· 1
2 ξ
=
(
g∗
λt
)2
·∆14⊕1ξ . (3.3.54)
This comes out, in a sense, from a “double tuning”: a first tuning needed to
make α comparable with β overcoming the different orders at which they are
generated, times a second cancellation needed for α/β ∼ ξ  1. The first
step of the cancellation if not needed for the 14 ⊕ 1, which thus provides a
“minimally tuned” scenario.
From the viewpoint of achieving a small enough ξ, i.e. of satisfying
Eq. (3.3.47), 14 ⊕ 1 is favored over 5 ⊕ 5, let us now see what happens
with the second condition (3.3.48) needed to obtain a realistic Higgs mass.
With the 14⊕ 1 estimate of β we obtain
(m2H)14⊕1 = (1− ξ) b
Nc
2pi2
(λtLg∗)
2
v2 ' b (100 GeV)2 (λtLg∗)2 . (3.3.55)
The result is of the right order of magnitude if λtL and g∗ are of order one, but
it rapidly becomes too large for larger values. However we saw in the previous
sections that large g∗ is phenomenologically welcome in order to push m∗ high
for moderate ξ = v2/f2. For instance in Sect. 3.2.1 we concluded that m∗ at
least above 2.5 TeV is required by EWPT, which means g∗ & 3 already for
quite a small ξ = 0.1. The g2∗ enhancement in Eq. (3.3.55) costs fine-tuning, to
be performed by an unnatural reduction of b. Obviously the tuning gets less
and less severe the smaller the λ2tL prefactor is. The most favorable situation
is thus case (II) in Eq. (3.2.31) where, compatibly with the generation of the
top Yukawa, λtL = yt and λtR = g∗. This corresponds to the completely
composite tR limit, which, as anticipated, is the most favorable one from the
viewpoint of the Higgs mass generation. But even in this favorable situation
some extra tuning is needed
∆14⊕1mh =
(b)expected
(b)needed
=
(
100 GeV
126 GeV
)2
y2t g
2
∗ ' 6
(g∗
3
)2
. (3.3.56)
This second cancellation is completely unrelated to the one needed for the
VEV in Eq. (3.3.52). We leave to the reader the choice of how to combine
the two tunings to quantify the total degree of unnaturalness of the scenario.
One might consider multiplying them, which basically means measuring the
area of the allowed region in the a–b plane, or summing them in quadrature
by a logarithmic derivative definition of the tuning in the spirit of Ref. [94].
The second option is more close to the interpretation of the tuning as degree
of cancellation we emphasized in the Introduction.
The situation is different in the 5⊕5 case. A priori, it seems better since
β comes at higher order and thus
(m2H)5⊕5 = (1− ξ) b
Nc
2pi2
λ4t v
2 ' b (100 GeV)2λ4t , (3.3.57)
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which is insensitive to g∗. However now the elementary coupling that controls
mH is not just λtL as it was for the 14 ⊕ 1. Both chiralities contribute to
the potential and λt in the above equation represents the maximum between
λtL and λtR . Decreasing λtL while increasing λtR does not help now and the
most favorable situation is case (I) in Eq. (3.2.31), i.e. λtL ' λtR '
√
ytg∗.24
In this configuration the tuning on b is just identical to the one in the 14⊕1
with completely composite tR
∆5⊕5mh =
(b)expected
(b)needed
=
(
100 GeV
126 GeV
)2
y2t g
2
∗ ' 6
(g∗
3
)2
. (3.3.58)
Given that a larger tuning for the VEV has to be paid in the 5⊕ 5 case, the
14⊕ 1 option emerges from this analysis as the more natural configuration.
Further details on this point will be given in Sect. 5.2.1, where explicit models
will be analyzed. It will turn out that the mechanism by which a correct mH
is obtained in concrete models is not a cancellation of the “b” coefficient, but
rather a further reduction of λt due to anomalously light particles. However
the qualitative conclusions on the tuning will be unaffected.
We now take one step back from explicit models and we outline the general
message that emerges from this discussion. We saw a preference for small g∗
in order for a light enough Higgs boson being generated. This is in tension
with phenomenology which prefers a large g∗ in order to increase m∗ = g∗f .
This result is robust and can be also established by the following argument.
Rather than writing mH in terms of β as in Eq. (3.3.48), we can express it in
terms of α given that the condition α/β = 2ξ will anyhow have to be imposed
at some point. Namely
m2H = 4(1− ξ)α . (3.3.59)
In both models we considered, and actually in all known models based on
the minimal coset, α is of O(λ2) and it is universally estimated to be
α = a
Nc
16pi2
λ2tm
2
∗ , (3.3.60)
so that
m2H ' a
Nc
8pi2
λ2tm
2
∗ . (3.3.61)
Irregardless of how much tuning will be needed to adjust the VEV, an amount
of cancellation of at least
∆ ≥ Nc
8pi2
λ2t
(
m∗
mH
)2
, (3.3.62)
24One should also take into account that the VEV tuning in Eq. (3.3.54) gets worse for
smaller λt so that the truly optimal situation comes from the balance among the two sources
of tuning and depends on how these are combined in the total degree of unnaturalness. If
we multiply them, minimal λt (i.e. case (I) ) is favored, if we sum them in quadrature a
somewhat larger value could be better.
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will come from the Higgs mass condition. If furthermore we notice that λt
is in no case below yt, according to the general rule that weak couplings can
not produce a strong one and to the discussion in Sect. 3.2.2, we conclude
that ∆ is at least
∆ ≥ Nc
8pi2
y2t
(
m∗
mH
)2
=
( m∗
450 GeV
)2
. (3.3.63)
We recognize here the general tuning formula we discussed back in the Intro-
duction in Eq. (1.2.5), with ΛSM identified with the resonance scale m∗. The
existence of a tension among large m∗ and moderate tuning could thus have
been guessed from the very beginning of these Notes.
This tension is definitely an issue, however its importance should not be
overrated. First of all it is based on an oder of magnitude estimate and
on the intrinsically semiquantitative concept of tuning. Second, the tension
is not that sharp because the tuning argument places limits on resonances
of different nature than those that drive the phenomenological constraints.
Namely, the potential is dominantly generated by the fermionic sector of the
theory while the corrections to EWPT observable (to Ŝ in particular) emerge
from the bosonic sector. Clearly in the strict 1S1C hypothesis fermionic and
bosonic resonances are characterized by the same typical scale, however O(1)
departures are possible or even expected. We cannot exclude a situation
where the fermionic resonance scale m∗ that appears in the tuning formula
in Eq. (3.3.63) is below 1 or 1.5 TeV, ensuring a moderate tuning, while the
bosonic m∗ that controls Ŝ in Eq. (3.2.12) is above 2 or 2.5 TeV. A com-
pletely analogous situation is encountered in supersymmetric models, where
a tuning formula similar to Eq. (3.3.63) controls the mass of some specific
supersymmetric particles, namely stops and gluinos. This requires the latter
states to be light, not the full superparticle spectrum. In explicit compos-
ite Higgs models the particles controlling the tuning are the “top partners”,
whose nature and phenomenology will be carefully described in Chaps. 5 and
6. The top partners, exactly like the corresponding supersymmetric parti-
cles, happen to carry QCD color so that they can be copiously produced at
hadron colliders by QCD interactions. If they are light as dictated by the
tuning formula they should be discovered at the 14 TeV LHC. Otherwise ex-
cluding their existence will push stronger and stronger bonds on the degree
of unnaturalness of the model, and ultimately on its plausibility.
Also in view of possible exclusions, it is interesting to ask ourselves if and
at what price, in terms of model-building complication, the tension could
be structurally avoided. Namely we would like to find a model with low
tuning, below around 10%, with colored resonances in the multi-TeV region,
violating of Eq. (3.3.63). This can be achieved if α is structurally smaller than
its estimate in Eq. (3.3.60), which for instance might occur if it emerged at
O(λ4t ), with the O(λ2t ) contribution having been canceled by some selection
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rule. If it was so we would estimate
m2H ' a
Nc
8pi2
λ4tf
2 =
a
ξ
(
λt
yt
)4
(50 GeV)2 , (3.3.64)
and the sensitivity of mH to m∗ would be avoided. Concrete composite Higgs
scenarios of this sort have recently been proposed [95–97], based on the so-
called “twin Higgs” mechanism [98]. In these constructions a light Higgs can
be Naturally obtained even for maximal g∗ = 4pi, i.e. m∗ ∼ 10 TeV at ξ ' 0.1.
The only tuning, of order 1/ξ, is the one associated with the VEV. Total tR
compositeness is favored also in those models. Twin composite Higgs models
require non-minimal cosets and extra model-building ingredients such as a
doubling of the SM spectrum and an approximate twin parity symmetry.
Describing these constructions would carry us faraway from the pedagogical
purpose of these Notes. They constitute an active model-building direction
on which progress might come from future investigations.
Appendix
3.A Discrete symmetries
Discrete symmetries are often useful in the study of composite Higgs theory.
In the case of the minimal coset SO(5)/SO(4) the relevant ones are space–
time parity P, charge conjugation C (often combined with P to form CP) and
a Z2 external automorphism of the algebra called PLR.
Concerning parity, there is not much to say. It corresponds to ordinary
spatial coordinate reflection under which the Goldstone boson Higgs trans-
forms like a scalar and the gauge fields like vectors. Notice that the action
of parity does not flip L and R SO(4) generators given that the L–R label-
ing does not refer here to fermion chirality. The CCWZ d and e symbols
are vectors under parity and thus the O(p2) bosonic Lagrangian (2.B.19)
is accidentally P-invariant even if parity is not imposed as a symmetry of
the composite sector. Composite sector breaking of P can emerge at O(p4)
through the operators discussed in Sect. 3.2.1. Parity is obviously broken by
the elementary fermion couplings to the SM gauge fields, and the same holds
for charge conjugation. Nevertheless, one might still want to impose them as
symmetries of the composite sector. Even if we will not consider this possi-
bility here, we mention that in this case the chiral fermionic operators OL,RF
that realize partial compositeness (see Sect. 2.4.2) would be supplemented
by their opposite chirality P- and C-conjugate counterparts, with the same
scaling dimensions.
Charge conjugation is less trivial. It acts as H → H∗ on the complex
Higgs field, which in the real fourplet notation (2.2.24) means
#„
Π → C4 #„Π , where C4 = diag(−1,+1,−1,+1) . (3.A.1)
Notice that C4 is a unit-determinant orthogonal matrix and as such it is a
proper element of the unbroken group SO(4). Namely, it is
C = ei pi[T 2L+T 2R] , (3.A.2)
which, with the suitable generator matrices, can be expressed in any repre-
sentation of the complete group SO(5) or of the unbroken subgroup SO(4).
Given that the charge conjugation operation happens to act on the Goldstone
123
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fields like an element of the unbroken symmetry group, we can simply use
the results of Sect. 2.3 to derive its action on the Goldstone matrix, which is
Ur[Π] → Cr Ur[Π] C−1r , (3.A.3)
for a generic representation r.
On the SM gauge fields, C acts as Wα → (−)1−δα,2Wα and Bµ → −Bµ.
This can be uplifted to the transformation rule
Aµ=Aµ,AT
A → C ·Aµ · C−1 , (3.A.4)
which we assign to the whole set of dynamical and non-dynamical sources
that gauge SO(5). Therefore C coincides with C ∈ SO(4) even when acting
on the Aµ sources. This makes very easy to work out the transformation
rules of the d and the e symbols. They are just a fourplet and an adjoint of
SO(4) and thus
diµ → (C4)ijdjµ , eαL,Rµ → (−)1−δ
2
αeαL,Rµ . (3.A.5)
Furthermore, the C operation is automatically a symmetry of our Lagrangian
and thus charge conjugation invariance is guaranteed for all the composite
sector operators involving d and e only. This includes the O(p2) Lagrangian
and the O(p4) operators of Sect. 3.2.1. Notice that charge conjugation co-
incides with C only for the Goldstones and for the Aµ sources, not for the
U(1)X source Xµ. Given that we embed the hypercharge gauge boson Bµ in
it, it must transform with a minus sign
Xµ → −Xµ . (3.A.6)
This sign flip needs not to be a symmetry of the theory, therefore C can be
broken, but only through terms with odd powers of the U(1)X source. Given
that the latter can only enter through its field-strength tensor ∂[µXν] because
of local invariance, C breaking is postponed to high orders in the derivative
expansion and it does not emerge at O(p4) in the bosonic sector.
Let us now turn to the fermionic sector. Given that both P and C are
broken by the SM couplings it is not worth trying to define their actions on
the fermionic source fields. This makes sense instead for the product of the
two symmetries, CP, which is preserved by the SM matter quantum number
assignment. We take, as is normally done in the SM, the CP action to be
χ( #„x , t)→ χc( #„x , t)=−iγ2γ0χ∗(− #„x , t), where χ denotes any of the elementary
SM fields. Given the definition, the action on the fermionic sources in the
various representations introduced in Sect. 2.4.2 is immediately worked out.
In all cases where the elementary SM fermions are embedded in a real SO(5)
representation such as the 5, the 10 or the 14, it is easy to verify that CP acts
as the global C rotation in the appropriate representation times the χ → χc
operation. For instance, in the case of the 5 we have
(F )I → (C5) JI (F c)I , with C5 = diag(−1,+1,−1,+1,+1) , (3.A.7)
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where F denotes in general the top (QtL and TR) or bottom (QbL and BR)
sector fermionic sources. In order to construct the CCWZ invariants, as
explained in Sect. 2.4.2, it is useful to define dressed sources by acting with
the inverse of the Goldstone matrix. Given how the latter transforms, as in
Eq. (3.A.3), their CP transformation reads
Fr → CrF cr , (3.A.8)
where r is the SO(4) representation where the dressed source lives. We see
that CP acts as the SO(4) transformation C, under which all the operators
are automatically invariant, times the “intrinsic” CP operation χ → χc.
Since the same holds for the bosonic fields, with the only exception of Xµ,
this makes very easy to establish the CP quantum numbers of the operators.
For instance all the O(p0) operators in Sect. 2.4.2 are CP-even, once their
coefficients are set to a real value to obtain a real mass, while some of those
of O(p) in Sect. 3.2.2 break CP.
This was for real representations. When the elementary SM fermions are
in the complex spinorial 4, instead, no imaginary phase is introduced in the
embeddings, see Eq. (2.4.45) and therefore CP is just
(F )i → (F c)i , (3.A.9)
when acting on the sources. We actually need the transformation property
of the dressed sources, obtained by acting with the inverse Goldstone matrix
and splitting the fourplet into two doublets, namely[
F 2L
F 2R
]
= U−14 F . (3.A.10)
The Goldstone matrix transformation is immediately obtained from Eq. (3.A.2)
U4 → Cˆ4 · U4 · Cˆ−14 , where Cˆ4 =
[
iσ2 0
0 iσ2
]
. (3.A.11)
This can be rewritten, using the symplectic condition in Eq. (2.B.6), in a
seemingly more complicated way
U4 → Cˆ4 · Ω−1 · U∗4 · Ω · Cˆ−14 , with Ω · Cˆ−14 =
[
12 0
0 −12
]
, (3.A.12)
in terms of the complex conjugate of the Goldstone matrix. This becomes
useful if we take into account that the physical fields are always embedded
in the source F in either the first two components of the fourplet or in one of
the two last (we denote by F± the two cases) but never in both at the same
time. Therefore the matrix Ω · Cˆ4 reduces to either an overall plus or minus
sign when acting on them, leading eventually to the following result[
F 2L
F 2R
]
→
[ ±(F 2L± )c
∓(F 2R± )c
]
. (3.A.13)
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Notice that the “ c ” operation acts now on the dressed sources and thus
it entails taking the complex conjugate of U4, which is where Eq. (3.A.12)
comes into play.
We now discuss PLR. As the name suggests, it is a Z2 transformation that
interchanges L and R generators of the SO(4) group in SO(5). It corresponds
to parity in the SO(5) space and it is represented, in the fundamental, by the
matrix
P 5LR = diag(−1,−1,−1,+1,+1) . (3.A.14)
It acts on the generators as
P 5LRT
α
LP
5
LR = T
α
R , P
5
LRT
α
RP
5
LR = T
α
L ,
P 5LRT̂
iP 5LR =
(
P 4LR
)i
j
T̂ j , (3.A.15)
where P 4LR is
P 4LR = diag(−1,−1,−1,+1) . (3.A.16)
The PLR operation belongs to O(4) ⊂ O(5), therefore it is not an element
of the symmetry group and thus it is not automatically a symmetry of the
composite sector. It could be imposed or more interestingly, as in the case
encountered in Sect. 3.2.2, emerge as an accidental symmetry. Notice that the
fourth real Higgs component, Π4, is PLR-even. Therefore PLR, provided it
was a symmetry of some sector of the theory, will not be broken spontaneously
by the Higgs VEV. On the Goldstone fourplet and on the Goldstone matrix
in the fundamental, PLR acts, respectively, as
#„
Π → P 4LR
#„
Π , U [Π]→ P 5LR · U [Π] · P 5LR , (3.A.17)
out of which the d and e symbols transformation rules (including the terms
with the gauge sources, whose transformation rule is defined below) are found
to be
dµ, i →
(
P 4LR
) j
i
dµ, j , e
L
µ, α ↔ eRµ,α . (3.A.18)
By following this logic, PLR can be defined also on the elementary gauge
and fermionic source fields. Of course PLR, differently from CP discussed
above, is not a symmetry of the elementary sectors, therefore the SM field
embedding into the sources will normally break it completely. Nevertheless
we can assign transformation properties, for instance
Aµ → PLR ·Aµ · P−1LR , FI → (P 5LR) JI FJ , (3.A.19)
to gauge and to fermions in the fundamental, respectively. The dressed
fermion sources transformation rules, given how the Goldstone matrix trans-
forms, are at this point completely obvious.
The action of PLR on all the representations obtainable as tensor products
of SO(5) fiveplets are immediately inferred from Eq. (3.A.14): it will be
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sufficient to act with the P 5LR parity on each index. Some work is instead
needed to obtain the representation on the spinorial, which turns out to be
P̂ 4LR =
[
0 1
1 0
]
, (3.A.20)
not to be confused with P 4LR acting on the SO(4) fourplets. It is easy to
verify, given the generators of the spinorial reported in Eq. (2.B.5), that P̂ 4LR
correctly acts on them like for the ones in the fundamental representation
in Eq. (3.A.15). Not surprisingly, being a L–R interchange, PLR flips the
(2,1) and (1,2) components of the fourplet. On the Goldstone matrix we
obviously have
U4[Π]→ P 4LR · U4[Π] · P 4LR , (3.A.21)
and thus the dressed sources in Eq. (3.A.10) simply get interchanged
F 2L ↔ F 2R . (3.A.22)
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Chapter 4
Flavor
As we saw in Chap. 2, a fundamental ingredient of the composite Higgs
scenarios is the partial compositeness hypothesis, which provides a general
framework to describe the Standard Model (SM) fermions and to generate
their masses and couplings. In most of the previous discussions we focused
our attention on the third-generations quarks, and in particular on the top.
In fact, due to its large mass, the top is usually the elementary state with
the largest mixing with the composite sector and is the one that almost
completely determines the dynamics of Electro-Weak Symmetry Breaking
(EWSB).
Constructing a complete model, however, also requires a description of
the light fermions and the implementation of the three-families structure of
the SM. This is a non trivial task due to the highly non-generic features of
the SM flavor structure. The first peculiar aspect is the presence of a hier-
archy of masses among the different quark and lepton generations. A second
important feature is the suppression of flavor-violating effects due to a set
of accidental flavor symmetries. In particular, flavor-changing transitions
mediated by the Z-boson and by the Higgs are extremely suppressed. The
only sizable flavor-violating effects are due to the W -boson couplings and are
controlled by two mixing matrices, VCKM in the quark sector and VPMNS in
the lepton sector. It is also remarkable the fact that flavor violation in the
quark and lepton sectors seems to follow two very different patterns. In the
quark sector the VCKM matrix is close to the identity with a strong hierar-
chical structure that suppresses off-diagonal couplings. On the contrary, in
the lepton sector a completely anarchic VPMNS matrix seems preferred by the
experimental data. The expected order-one flavor-violation effects, however,
are present only in the neutrino sector, whereas they are strongly suppressed
for charged leptons due to the smallness of the neutrino masses.
Another important feature of the SM flavor structure is related to CP
violation. The flavor symmetries of the three-generation structure, broken
only by the Yukawa couplings, allow to remove from each mixing matrix all
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complex phases except one. Moreover, if only two (or one) quark genera-
tions are considered all the complex phases can be removed, thus completely
forbidding CP violation. An important consequence of this structure is the
strong suppression of Electric Dipole Moments (EDM’s), in accordance with
the strong experimental bounds.
As it can be easily understood, reproducing the SM flavor structure in
a Beyond the SM (BSM) scenario can be quite challenging. In fact the
presence of additional dynamics usually breaks the accidental flavor symme-
tries of the SM and leads to large flavor-violating effects. In the composite
Higgs scenarios, in particular, dangerous effects can come from the non-linear
Higgs dynamics and from the presence of extra particles. For instance, spin-1
composite-sector (vector) resonances can mediate Flavor Changing Neutral
Currents (FCNC’s), while fermionic resonances (or fermionic partners) can
introduce new large CP violating phases or modify the Z and W couplings.
In this chapter we will see how, by a judicious extension of the partial com-
positeness framework, these problems can be kept under control and the
composite Higgs scenario can be endowed with a realistic flavor structure.
Several alternative flavor constructions can be conceived. The “classical”
implementation is the so-called “anarchic” scenario [40, 99–103], which is
probably the one that most directly follows and most fully exploits the par-
tial compositeness hypothesis. As we will see in Sect. 4.1, this scenario gives
a dynamical origin to the hierarchies of the fermion masses. Remarkably,
the same mechanism automatically generates a hierarchical structure for the
VCKM matrix and a suppression of the flavor-violating effects involving the
light SM fermions. In spite of the successes of the anarchic scenario, some
residual tension with the experimental data remains. This led to the explo-
ration of alternative constructions. These constructions usually do not offer
an explanation for the mass hierarchies, but can more efficiently suppress
flavor-violating effects thanks to the introduction of suitable flavor symme-
tries. We will discuss this class of models in Sect. 4.3.
4.1 Anarchic partial compositeness
We start our discussion of the flavor structure by considering the anarchic
scenario. In this and in the following two sections we will focus exclusively
on the quark sector, which is the one that so far has been most thoroughly
scrutinized in the literature. A discussion of the flavor structure of the lepton
sector, for which instead only a limited literature is available, is postponed
to Sect. 4.4.
As we saw in Chap. 2, the partial compositeness framework is based on
the assumption that the matter fermions, realized as elementary fields, are
linearly mixed with some composite operators (see Eq. (2.4.10)). The ele-
mentary/composite mixing is external with respect to the composite sector
dynamics and is generated at a very high energy scale ΛUV. By a simple
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generalization of Eq. (2.4.10), we can write the structure of the mixing in the
presence of multiple generations of elementary fermions. In the case of the
up-type elementary singlets uiR, for instance, we can write
Lint[ΛUV] =
λijuR
Λ
djuR−5/2
UV
uiROuR jF + h.c. , (4.1.1)
where i, j = 1, 2, 3 are family indices. In writing Eq. (4.1.1), we considered
arbitrary scaling dimensions djuR for the composite fermionic operators OuR jF .
The λijuR matrix controls the strength of the couplings at the scale ΛUV and
has, in general, an anarchic structure, i.e. all its elements (including the off-
diagonal ones) are of the same order. This kind of structure is expected if all
the couplings are generated by a generic UV theory that does not possess any
flavor symmetry. The fermionic operators OuR 1,2,3F are defined in the UV,
where the global symmetry group of the composite sector is linearly realized.
Therefore, as explained in Sect. 2.4.2, each of them must be part of some
complete representation of the group. The same representation is assumed
for all the three operators.
The elementary quarks interactions at low energy are related to the ones
in Eq. (4.1.1) by the Renormalization Group evolution (see Eq. (2.4.11)):
λijuR [m∗] ' λijuR
(
m∗
ΛUV
)djuR−5/2 ≡ λ˜ cijuR ζj , (4.1.2)
where we split the coupling matrix λijuR into an overall normalization λ˜ and
an anarchic matrix with order one entries, cijuR . The components of the vector
ζj = (m∗/ΛUV)
djuR
−5/2 , (4.1.3)
are instead Naturally hierarchical, given that m∗  ΛUV, if the composite
operators have different scaling dimensions. We order them such that ζi 
ζj , i.e. diuR > d
j
uR , for i < j. The elementary/composite mixing Lagrangian
in the IR, namely at the scale m∗ ∼ TeV, can be rewritten as
Lint[m∗] = λ˜ cijuR ζj uiROuR jF + h.c. , (4.1.4)
where we absorbed into the composite operator normalization the powers
of m∗ needed to match the energy dimension. At low energy the compos-
ite operators OuR jF are not distinguished by any quantum number, we can
thus redefine them in order to put the elementary/composite mixing in a
convenient form. In particular, we can perform a rotation of the operators,
accompanied by a rotation of the elementary uiR in the flavor space, and put
the mixing in a diagonal form.1
1In the UV, where the composite sector is close to the fixed point, the operators are
characterized by their different scaling dimensions djuR , which can be regarded as their
eigenvalue under dilatation. The presence of this additional quantum number makes them
distinguishable and does not allow to rotate them.
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To understand the structure of the result of this diagonalization we first
need to state a little theorem on the singular value decomposition of a matrix.
We consider a matrix of the form
M ij = ζiLc
ijζjR , (4.1.5)
where cij is an anarchic matrix with O(1) entries and ζL,R are vectors with
generic entries, which we order so that
ζiL ≤ ζjL , ζiR ≤ ζjR , for i < j . (4.1.6)
The theorem will provide interesting information only when one or both
the ζL,R vectors have strongly hierarchical components, i.e. when a strong
ordering ζiL,R  ζjL,R for i < j is present. The theorem states that the
singular value decomposition of M
M ij = U ikL m
kl(U†R)
lj , (4.1.7)
involves a real diagonal matrix m with entries of order
mii ∼ ζiLζiR , (4.1.8)
and that the elements of the UL unitary transformation are
U ijL ∼

ζiL/ζ
j
L for i < j ,
1 for i = j ,
ζjL/ζ
i
L for i > j ,
(4.1.9)
and analogously for UR. Clearly, the result is non-trivial only for hierarchical
ζL or ζR. In this case the singular values of the M
ij matrix are hierarchical,
mii  mjj for i < j , (4.1.10)
and the unitary transformations corresponding to the hierarchical ζL,R vec-
tors are close to the identity.
We now apply the theorem to the diagonalization of Eq. (4.1.4), where ζiL
is of order one and ζR = ζ is strongly ordered. After an anarchic UR rotation
on the elementary fields and a hierarchical UL rotation on the composite
operators, the elementary/composite Lagrangian takes the diagonal form
Lint = λ˜i uiROuR iF + h.c. , (4.1.11)
with real hierarchical mixing coefficients of order
λ˜i ∼ λ˜ ζi . (4.1.12)
A similar analysis can be performed for the other SM quark multiplets
qiL = {uiL, diL} and diR. Provided each of them mixes in the UV with only one
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set of composite operators as we assumed to be the case for uiR in Eq. (4.1.1),
the elementary/composite Lagrangian can be put in a fully diagonal form
Lint = λiqL qiLOqL iF + λiuR uiROuR iF + λidR d
i
ROdR iF + h.c. (4.1.13)
When instead one elementary field mixes with more sets of composite opera-
tors with different quantum numbers, the situation changes. More terms will
be present in the interaction Lagrangian and they will not, in general, as-
sume a diagonal form. Indeed, the diagonalization procedure outlined above
requires one rotation being performed on the elementary fields, therefore only
the mixings with one set of composite operators can be diagonalized. The sce-
narios where only one set of composite operators mixes with each SM quark
representation, and Eq. (4.1.13) holds, are denoted as “single mixing” sce-
narios. In some cases, as we will see below, the presence of multiple mixings
is however unavoidable to obtain a realistic model.
Several options exist for the choice of the SO(5)×U(1)X global group rep-
resentation the composite operators belong to, some of which are described
in Sect. 2.4.2. Valid representations must fulfill two basic requirements. First
of all, they must contain the appropriate SM multiplets in their decompo-
sition. Second, the representation of the operators associated to the left
and the right chiralities must be “compatible” with each other, in the sense
that they must allow for the generation of the Yukawa couplings from the
composite dynamics. The up-type Yukawa’s come in the low-energy theory
from composite sector two point functions 〈OqL iF OuR jF 〉, and similarly for the
down-type ones. These correlators can be non-vanishing only if they respect
the unbroken group, i.e. if the left and right composite operators contain the
same representation of SO(4)×U(1)X .2
The simplest example is the 41/6 spinorial representation we discussed in
Sect. 2.4.2. It decomposes under SO(4)×U(1)X ' SU(2)L×SU(2)R×U(1)X
and eventually under the SM gauge group as
41/6 → (2,1)1/6 ⊕ (1,2)1/6 → 21/6 ⊕ 12/3 ⊕ 1−1/3 . (4.1.14)
Given that it contains the SM representations of one complete quark family,
the 41/6 could be taken as the representation of all the composite operators
OqLF , OuRF and OdRF . This does not mean that the three sets of operators
are identified as the components of one single multiplet. Three different
multiplets, all in the 41/6 representation of SO(5)×U(1)X but characterized
by different scaling dimensions dqL , duR and ddR , are introduced. Otherwise,
all the elementary/composite mixings would have the same hierarchies and
we would not be able to reproduce the quark masses and the VCKM matrix.
The 41/6, where three sets of operators are introduced as described above, is
the simplest example of a “single mixing” scenario. Identical considerations
2The SU(3)c color group is automatically respected, since all the operators are color
triplets in order to mix with the elementary quarks.
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hold for fermionic operators in the 102/3 representation, which also contains
one full SM quark family in its decomposition
102/3 → (2,2)2/3 ⊕ (3,1)2/3 ⊕ (1,3)2/3
→ 27/6 ⊕ 21/6 ⊕ 32/3 ⊕ 15/3 ⊕ 12/3 ⊕ 1−1/3 . (4.1.15)
The situation is different if we embed the operators in the fundamen-
tal SO(5) representation. In order to find a component with the quantum
numbers of the uR singlets we need to consider the 52/3 multiplet:
52/3 → (2,2)2/3 ⊕ (1,1)2/3 → 27/6 ⊕ 21/6 ⊕ 12/3 . (4.1.16)
This representation contains a doublet with the quantum numbers of the
qL elementary fields, thus it can also be used to embed the OqLF operators
on top of OuRF . Having one 52/3 multiplet mixing with the uR and another
one mixing with the qL is already sufficient to generate the up-type Yukawa
couplings that emerge, as previously explained, from the correlators of the
left and the right composite operators. The 52/3 representation, however,
does not contain any state with the quantum numbers of the down-type
singlets. The operator OdRF , mixing with the dR, must then be taken to be
in a different representation. One possibility is to consider the 5−1/3, which
decomposes as
5−1/3 → (2,2)−1/3 ⊕ (1,1)−1/3 → 21/6 ⊕ 2−5/6 ⊕ 1−1/3 . (4.1.17)
Introducing only this mixing is however not sufficient to generate the down-
type Yukawa because OdRF ∈ 5−1/3 is “incompatible” with the left chiral-
ity operator OqLF ∈ 52/3. Namely, they can not have a non-vanishing two-
point function because they have different charges under the unbroken U(1)X
group. A second mixing, with a second set of operators O′qLF , must then be
introduced for the qL elementary fields. Given that the 5−1/3 contains the
qL doublet in its decomposition, the simplest choice that allows for the gen-
eration of down-type Yukawa’s is to take O′qLF in the 5−1/3 like OdRF . This
scenario, where an additional set of operators needs to be introduced, does
not respect the “single mixing” hypothesis and the mixing Lagrangian con-
tains now an additional term
Lint = λiqL qiLOqL iF + λiuR uiROuR iF + λ′iqL qiLO′
qL i
F + λ
i
dR d
i
ROdR iF + h.c. .
(4.1.18)
In the above equation, a diagonal form has been given to the extra mixing
λ′. However, as explained above, this is not the most general situation given
that the extra mixing can not be always diagonalized. A diagonal form
for the extra mixing is however phenomenologically required to avoid large
flavor violating effects, therefore it will be assumed to be so in what follows.
Speculations on how some symmetry of the UV theory might force the two qL
mixings to be aligned and thus simultaneously diagonalizable are discussed
in Ref. [104].
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The last example we mention is the scenario with operators embedded in
the symmetric 14 representation. The 142/3 multiplet, whose decomposition
reads
142/3 → (2,2)2/3 ⊕ (3,3)2/3 ⊕ (1,1)2/3
→ 27/6 ⊕ 21/6 ⊕ 35/3 ⊕ 32/3 ⊕ 3−1/3 ⊕ 12/3 , (4.1.19)
can serve as the representation of OqLF and of OuRF . Analogously to the case
of the fiveplet, a different multiplet (as, for instance, the 14−1/3) is needed
for OdRF and O′qLF in order to generate the down-type Yukawa’s. The “single
mixing” hypothesis is violated also in this case.
Quark masses and mixings
We can now discuss the generation of the quark masses and of the VCKM
matrix. We saw in the previous chapters how to estimate the low-energy
effective operators involving elementary fields that are linearly coupled to
the composite sector. By applying those results we find that the Yukawa
couplings3 of the quarks have the structure 4
yiju =
λiqLλ
j
uR
g∗
cij , y
ij
d =
λ′iqLλ
j
dR
g∗
c′ij , (4.1.20)
where g∗ is the typical coupling strength of the composite sector. The above
formulae are valid in the scenarios in which the qL doublet is mixed with
two sets of composite operators (as for instance in the models based on the
fundamental SO(5) representation). In the “single mixing” scenarios we have
the identification λ′qL = λqL . The cij and c
′
ij parameters in Eq. (4.1.20) are
matrices in flavor space and their structure might depend on the details of
the composite sector. In the anarchic partial compositeness scenario the
composite sector is assumed to have no flavor structure and to generate all
possible flavor-violating couplings with similar strengths. This translates in
the assumption that the c and c′ matrices are anarchic with all the elements
of the same order
cij ∼ c′ij ∼ 1 . (4.1.21)
Obviously some hierarchy is needed to generate the observed quark masses
and mixings. In the anarchic scenario these come from the structure of the el-
ementary/composite couplings. As we anticipated in the previous discussion,
3For shortness we will not make an explicit distinction between the couplings to the
Higgs field responsible to generate the mass matrices and the linear couplings of the Higgs
fluctuations to the quarks. Obviously, due to the non-linear Higgs dynamics, the two things
are in general different and only coincide at leading order in the v/f expansion. In the
following we will denote both couplings by “Yukawa’s” and leave the exact interpretation
of the concept to the context.
4Below we report the structure of the Yukawa matrices at leading-order in the λ/g∗
expansion. Subleading effects from of order λ2 modifications of the kinetic terms induced
by the composite sector will be discussed in Sect. 4.1.1.
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we assume that the elementary/composite mixings are hierarchical
λ1qL  λ2qL  λ3qL , λ1uR  λ2uR  λ3uR , (4.1.22)
and analogously for the down sector couplings λ′qL and λdR .
The Yukawa matrices have the form of Eq. (4.1.5), with hierarchical ζL
and ζR. We can thus apply the theorem stated in Eqs. (4.1.8) and (4.1.9) to
their diagonalization formulae
yu = ULy
D
u U
†
R , yd = DLy
D
d D
†
R . (4.1.23)
We find that the diagonalized Yukawa’s, yDu,d, are hierarchical and are of order
yD iiu ∼ λiqLλiuR/g∗ , yD iid ∼ λ′
i
qLλ
i
dR/g∗ , (4.1.24)
and that the four chiral rotation matrices are close to the identity. Their
entries can be estimated as
(UL)ij ∼

λiqL/λ
j
qL for i < j
1 for i = j
λjqL/λ
i
qL for i > j
, (4.1.25)
and similarly for the UR and DL,R rotations. The VCKM matrix, which is the
product of the rotations of the left-handed fields
VCKM = U
†
LDL , (4.1.26)
is therefore also close to the identity. Its off-diagonal elements can be esti-
mated as
V ijCKM ∼ V jiCKM ∼ λiqL/λjqL ± λ′iqL/λ′jqL for i < j , (4.1.27)
where we inserted a ± sign to denote that the up and down contributions are
determined up to order one coefficients which can also have arbitrary sign.
The elementary/composite mixings, and the hierarchies among them, are
free parameters of the theory. We will now see how these hierarchies can
be chosen in such a way that the size of the quark masses and of the VCKM
elements are reproduced in a “natural” way, that is with order one cij and
c′ij parameters and no special relations among them. The quark masses give
the first set of conditions
mu
mc
∼ λ
1
qL
λ2qL
λ1uR
λ2uR
,
mc
mt
∼ λ
2
qL
λ3qL
λ2uR
λ3uR
,
md
ms
∼ λ
′1
qL
λ′2qL
λ1dR
λ2dR
,
ms
mb
∼ λ
′2
qL
λ′3qL
λ2dR
λ3dR
.
(4.1.28)
The second set of conditions comes from the non-diagonal elements of the
VCKM matrix we estimated in Eq. (4.1.27). By the latter formula we would
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like to reproduce the observed size of the VCKM elements, which is well de-
scribed by the structure
VCKM ∼
 1− λ
2
C/2 λC λ
3
C
λC 1− λ2C/2 λ2C
λ3C λ
2
C 1
 , (4.1.29)
where λC is of the order of the sine of the Cabibbo angle, λC ∼ sin θC '
0.22. It can be shown [105] that simultaneously reproducing mass and VCKM
hierarchies requires that the second term in Eq. (4.1.27) is either dominant
or comparable with the first one. Namely, λiqL/λ
j
qL . λ′iqL/λ′jqL . This means
that the hierarchical structure is more pronounced in the up sector than in
the down one and that the VCKM elements are thus mainly determined by
the down-sector rotations. Therefore reproducing the structure of the VCKM
fixes the hierarchy among the λ′qL parameters [102] to be
λ′1qL/λ
′2
qL ∼ λC , λ′2qL/λ′3qL ∼ λ2C . (4.1.30)
In the “single mixing” models, where λ′ = λ, this conditions obviously fix
all the mixings of the left-handed qiL doublets. Instead, if multiple mix-
ings are present, the hierarchies among the up mixings λiqL are to a large
extent arbitrary and only restricted by mild constraints. Once the left mix-
ings are chosen, the sizes of the right-handed mixings are then determined
by the requirement of reproducing the hierarchies of the quark masses (see
Eq. (4.1.28)) and the value of the top and bottom Yukawa’s (see Eq. (4.1.24)).
The eight conditions listed above allow to fix the size of almost all the λ
couplings. Only four quantities remain undetermined and can be conveniently
identified with
xt ≡
λ3qL
λ3uR
, and zi ≡
λiqL
λ′iqL
, i=1, 2, 3 . (4.1.31)
The xt parameter is related to the ratio between the amount of compositeness
in the left- and right-handed top components and it is restricted to vary in
a limited range around one. This can be seen by considering the estimate of
the top Yukawa, which can be rewritten as
yt ' g∗
λ3qL
g∗
λ3uR
g∗
. (4.1.32)
As we saw in the previous chapters, and in particular in Sect. 3.2.2, the ele-
mentary/composite mixings can not overcome g∗. This gives two conditions,
λ3qL ≤ g∗ and λ3uR ≤ g∗, which make xt live in the range
yt/g∗ . xt . g∗/yt . (4.1.33)
The zi parameters correspond to the ratio between mixings of the left-handed
up and down fields and parametrize the arbitrariness in the choice of the
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λiqL parameters in the models with multiple mixings. The values of the zi
parameters are subject to some mild restrictions. Due to the large mass
difference, it is natural to assume that the bottom compositeness is smaller
or at most equal to the top one. The condition z3 & 1 is thus usually
verified in the explicit models. As we discussed before, in order to obtain
the quark masses and the hierarchies in the VCKM matrix, the condition
λiqL/λ
j
qL . λ′
i
qL/λ
′j
qL is required. This condition translates into the relations
z1 . z2 . z3. A choice often encountered in the literature is to assume that
the hierarchy in the up and down mixings are equal so that
λ1qL/λ
2
qL = λ
′1
qL/λ
′2
qL ∼ λC , λ1qL/λ2qL = λ′1qL/λ′2qL ∼ λ2C . (4.1.34)
In this case the zi parameters are all equal, z1 = z2 = z3 ≡ z. This pattern
obviously describes also the models with “single mixing”, which are recovered
for z = 1. For simplicity, in our derivation of the flavor constraints in Sect. 4.2
we will assume that the condition z1 = z2 = z3 ≡ z is realized. Relaxing
this assumption does not significantly modify the results, hence our estimates
remain approximately valid for a generic pattern of up-type mixings.
4.1.1 Higgs couplings and higher-order effects
In the first part of this section we discussed the framework of anarchic par-
tial compositeness scenarios and how the quark masses and the structure of
the VCKM matrix are naturally generated through the hierarchies in the ele-
mentary/composite mixings. We now want to extend the previous discussion
and analyze the structure of the Higgs couplings and their role in mediating
flavor-violating effects. As we saw in Chap. 2, the Higgs interactions induced
by the leading O(p0) operators are fixed by the Goldstone symmetry and
are fully determined by the SO(5) quantum numbers of the composite op-
erators mixed to the elementary quarks. For definiteness, in the following
we will consider the scenario with composite operators transforming in the
fundamental representation of SO(5) and we will only briefly discuss possible
differences that arise in other set-ups.
The effective Lagrangian describing the Yukawa interactions of the up-
type quarks can be obtained by a simple generalization of Eq. (2.4.31). By
taking into account the result in Eq. (4.1.20) we get
LuYuk = −yiju
f
2
√
2|H| sin
2
√
2|H|
f
qiLH
cujR + h.c. . (4.1.35)
Analogously, from Eq. (2.4.41) we get the down-type Yukawa operators
LdYuk = −yijd
f
2
√
2|H| sin
2
√
2|H|
f
qiLHd
j
R + h.c. . (4.1.36)
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By going to the unitary gauge (see Eq. (2.2.30)),
LuYuk = −
f
2
√
2
sin
2(V + h)
f
yiju u
i
Lu
j
R + h.c. , (4.1.37)
LdYuk = −
f
2
√
2
sin
2(V + h)
f
yijd d
i
Ld
j
R + h.c. , (4.1.38)
we discover the remarkable feature that the dependence on the Higgs field
is completely factorized and is disconnected from the flavor structure. As
a consequence, in the mass eigenstate basis the leading Higgs interactions
are automatically diagonalized and FCNC’s mediated by the Higgs are not
present [106].
The absence of Higgs-mediated FCNC can also be understood as follows.
In the low-energy Lagrangian in Eqs. (4.1.35) and (4.1.36) there are only
two sources of flavor violation, namely the yiju and the y
ij
d matrices, which
have the same flavor quantum numbers as the SM Yukawa matrices. This
means that an accidental Minimal Flavor Violation (MFV) [19] is present,
which suppresses FCNC’s mediated by the Higgs. Notice that for this result
to be valid it is essential that only two invariant operators are present in the
effective theory at O(p0). Whether this structure is realized or not depends
on the SO(5) quantum numbers of the composite operators mixed with the
elementary fields or, equivalently, on the representations we use to embed the
elementary quarks (see Sect. 2.4.2). For instance, a similar structure with
only two invariants is realized in the models based on the spinorial SO(5)
representation. On the other hand, if more than two invariants are present,
the MFV structure is violated and the extra invariants would in general give
rise to flavor changing effects mediated by the Higgs. An example of scenarios
of this type are the models based on the representation 10, which gives rise
to two independent operators in the up sector and two in the down sector.5
So far, in the analysis of the quark mass generation and of the Higgs
couplings, we restricted our attention to the leading effects coming fromO(p0)
effective operators. As we discussed in Chap. 3, however, higher-order effects
that modify the features of the low-energy dynamics are usually present.
These can lead to quantitative modifications of the estimates (in particular
for effects related to fields with a large amount of compositeness), but can
also produce important qualitative changes, if a symmetry or selection rule
is there at leading order as in the present situation.
The first corrections to the leading-order fermion dynamics come from
operators of order p. Restricting our attention to the uR singlets two inde-
pendent PLR-invariant operators are found (see Sect. 3.2.2), which can be
5This is true in the absence of additional symmetries in the composite sector. For
instance by imposing a PLR symmetry the number of invariants can be reduced to two
and Higgs-mediated FCNC’s can be avoided.
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expressed in the following form
Ou = 1
g2∗
κuijλ
i
uRλ
j
uR U
4 i
R iγ
µdµU
1 j
R + h.c. ,
O′u =
1
g2∗
κ′uijλ
i
uRλ
j
uR U
4 i
R iγ
µDµU
4 j
R + h.c. , (4.1.39)
where κij are generic complex matrices in flavor-space with order-one ele-
ments. In the above formulae Dµ is the CCWZ covariant derivative and dµ
is the CCWZ d-symbol. Finally U4,1R denote the elementary fields “dressed”
with the Goldstone matrix (see Sect. 2.4.2) in, respectively, the 4 and the 1
SO(4) representations. The two operators in Eq. (4.1.39) have a non-trivial
dependence on the Higgs field and induce corrections to the Higgs couplings
and, after EWSB, to the gauge bosons couplings.
The O(p) operators induce additional flavor-breaking interactions that
break the MFV structure in the Higgs couplings. We can easily understand
this feature through a simple example. The operator Ou gives rise to deriva-
tive interactions of the Higgs:
Ou ⊃ 2
√
2 i
v
f2
κ˜uij (∂µh)u
i
Rγ
µujR + h.c. , (4.1.40)
where we absorbed the λu factors and the 1/g
2
∗ normalization into the κ˜
u
matrix and we only considered the first term in the ξ expansion (thus us-
ing the identification V ' v). Notice that the κ˜u matrix can be assumed
to be Hermitian, given that the anti-Hermitian part does not contribute to
Eq. (4.1.40). By integrating by parts and using the equations of motion for
the uR fields (or, equivalently, by performing a field redefinition), we can
rewrite the operator in Eq. (4.1.40) in the following form
Ou ⊃ 2 v
2
f2
h (y†uκ˜
u)ij uiLu
j
R + h.c. . (4.1.41)
This operator induces a correction to the Higgs couplings to the up-type
quarks. Notice that, in general, the κ˜u matrix is not aligned with the quark
mass matrix yu, thus the Higgs interactions due to the operator Ou can medi-
ate flavor-changing effects. To get an estimate of these effects it is convenient
to rewrite the coupling matrix in the mass-eigenstate basis:
y†uκ˜
u → (ULy†uU†R)(URκ˜uU†R) = yDu (URκ˜uU†R) . (4.1.42)
By using the estimates for the quark masses and for the elements of the UR
rotation matrix we finally get
Ou ∼ 2
g2∗
v2
f2
λiqLλ
i
uR
g∗
λiuRλ
j
uR hu
i
Lu
j
R + h.c. . (4.1.43)
This result shows that the flavor-changing couplings of the Higgs arise at
order ξ and are weighted by four powers of the elementary/composite mixings.
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The second operator in Eq. (4.1.39) induces similar effects although the
analysis is slightly more involved. As we saw, the d-symbol operators gives
rise only to interaction terms. On the contrary, the O′u operator also induces
a contribution to the kinetic terms of the elementary fields. This correction
can be removed by a field redefinition which does not significantly alter the
estimates we obtained for the VCKM matrix and for the quark masses.
6 After
the field redefinition an analysis similar to the one we described above can
be used to derive the induced Higgs flavor-violating couplings. Derivative
operators analogous to the ones in Eq. (4.1.39) can also be written for the
qiL and the d
i
R elementary fields. They can be analyzed along the lines of the
previous discussion and give rise to similar Higgs flavor-changing interactions.
It is interesting to notice that, in addition to the Higgs couplings, the O(p)
effective operators also induce modifications of the EW bosons interactions
which can generate additional flavor effects. Important corrections can arise
for the W boson couplings. For instance couplings involving the right-handed
quarks, which are absent in the SM, can be generated (see Sect. 4.2.1 for an
analysis of these effects). Moreover the couplings to the left-handed quarks
can be modified so that the unitarity of the CKM matrix is violated. This
effect can be relevant for the quarks with a sizable amount of compositeness,
as the top in the anarchic scenarios. We postpone a discussion of this effect
to Sect. 7.3.
4.2 Constraints on the anarchic scenario
We are now ready to analyze the main flavor-violating effects in the anarchic
scenario. Before entering into the specific details, it is possible to derive an
important qualitative feature that stems from the general structure of par-
tial compositeness. As we discussed at length in Chap. 2, any insertion of an
elementary field in a low-energy effective operator is necessarily weighted by
the corresponding amount of compositeness or, in other words, is accompa-
nied by the related elementary/composite mixing. We exploited this feature
in the anarchic construction to generate the quark masses and the VCKM
structure. In this way we were naturally driven to the assumption that the
mixings have a hierarchical structure such that the light quarks (essentially
the ones belonging to the first and second generations) have only tiny mix-
ings with the composite dynamics. The same structure also determines the
size of the flavor-violating effective operators. A typical example are the 4-
fermion contact interactions, which are generated by the composite dynamics
as shown in Fig. 4.1. It is easy to understand that operators involving the
light SM quarks are highly suppressed by the tiny mixings and only induce
small flavor-violating effects. This feature of the anarchic scenario was first
noticed in the holographic realizations of the composite Higgs idea and is
6The field redefinition can be numerically relevant for the top quark given its sizable
degree of compositeness. It is instead typically negligible for all the other quarks.
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Figure 4.1: Generation of 4-fermion interactions in partial compositeness.
usually referred to as the “RS-GIM mechanism” [101–103].
It is important to mention that, in scenarios that do not respect the “single
mixing” hypothesis multiple contributions to the effective flavor-violating op-
erators can arise, corresponding to the different λi mixings. Usually the most
important new physics contributions are mediated by the largest mixings.
However, depending on the quantum numbers of the composite operators
some selection rules can be present. For instance this happens if the elemen-
tary states are mixed with composite operators with different SO(4)×U(1)X
charges. In this case, analogously to what we discussed in Sect. 4.1 for the
generation of the Yukawa couplings, the representations of the composite op-
erators that mediate the flavor-violating effects must be “compatible” with
each other.
In the following we will discuss quantitatively the flavor-violating effects
and we will derive some estimates of the constraints on the anarchic scenario
coming from flavor measurements. For this purpose, as we did in the rest
of this chapter, we will adopt the One Scale One Coupling power counting
described in Chap. 3. The implications of relaxing this assumption will be
discussed in Sect. 4.2.4.
Some of the most “dangerous” flavor-violating effects are related to the
presence of FCNC’s. In the SM, FCNC’s are absolutely absent at tree-level
thanks to the fact that the Higgs and Z-boson couplings are flavor-diagonal.
This is in general not true in BSM models. We already saw in Sect. 4.1.1
that in the composite scenario the Higgs field can mediate flavor changing
effects, although, in a large class of models, these effects are only generated
at subleading order in the elementary/composite mixings. As we will discuss
in the following, the Z couplings can also mediate flavor-changing currents
at tree-level. Furthermore, the composite dynamics can give rise to contact
interactions that do not preserve the flavor quantum numbers, as for instance
4-fermion operators involving fields from different generations. As we already
mentioned, a typical mechanism generating these operators is the exchange of
vector resonances, as for instance “heavy gluons” or states with EW quantum
numbers. These effects, however, can also arise as purely contact interactions
at the cut-off scale where the composite dynamics becomes completely non-
perturbative.
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The relevant flavor-violating observables belong to two broad categories,
namely the processes that involve ∆F = 1 or ∆F = 2 transitions. The new
physics effects in each class are determined by a different set of effective opera-
tors. In particular the ∆F = 1 effects are mainly mediated by flavor-changing
distortions of the gauge field interactions, whereas the leading contribution
to ∆F = 2 processes is due to 4-fermion contact interactions.
In addition to the flavor-violating processes, it is also worth mention-
ing the constraints coming from the bounds on the neutron EDM. These
measurements can be used to derive strong bounds on CP-violating effects
induced by flavor-conserving operators with a structure similar to the ones
contributing to ∆F = 1 processes.
Before analyzing in details the bounds it is important to stress that sev-
eral new-physics effects can simultaneously contribute to each observable.
For simplicity, in deriving the bounds we consider each new-physics oper-
ator separately. This is somewhat equivalent to assume that the various
contributions are uncorrelated and accidental cancellations do not happen.
However it should be kept in mind that, when more operators are active at
the same time, the bounds can get somewhat weaker (see for instance Fig. 6
of Ref. [107]).
4.2.1 ∆F = 1 transitions
We begin the discussion by considering the ∆F = 1 observables. In the
composite Higgs scenarios the new physics contributions to these processes
are mainly due to three classes of operators. The first one includes the dipole
operators
L∆F=1 ∼ λiλj
g∗
v
m2∗
f iσµνgSMF
µν
SMfj , (4.2.1)
where FµνSM collectively denotes the field strength of the SM gauge fields and
gSM is the corresponding coupling. We used the fi,j symbols to denote any
SM quark (i, j must be interpreted as “condensed” indices collecting the
flavor quantum numbers as well as the chirality), while λi,j are the relevant
elementary/composite mixings. To be as general as possible, we estimated
the size of the coefficient in Eq. (4.2.1) by assuming that the dipole operators
are generated at tree level by the composite dynamics. In the literature,
however, the dipole operators are usually considered as one-loop effects, which
implies an additional suppression factor g2∗/(16pi
2). This choice comes from
the observation that, in the known explicit models, the dipole operators can
not be generated through the tree-level exchange of composite resonances
and only arise at the radiative level.
The second class of operators contributing to the ∆F = 1 processes con-
tains the penguin operators that lead to modifications of the Z boson cou-
plings. The leading operators in this set arise at dimension 6 and contain
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two powers of the Higgs field:
L∆F=1 ∼ λiλj
m2∗
f iγ
µfjiH
†↔DµH , (4.2.2)
where H†
↔
DµH ≡ H†DµH − (DµH)†H.
The last class of ∆F = 1 effects are related to operators that modify the
W boson couplings. Among this set, the most relevant operators are those
that induce interactions involving the right-handed quarks, whose structure
is given by
L∆F=1 ∼ λiλj
m2∗
uiRγ
µdjRiH
c†DµH , (4.2.3)
where Hc ≡ iσ2H∗ is the charge-conjugated Higgs doublet.
Additional subleading contributions to the gauge boson couplings can
come from dimension-6 operators containing multiple derivatives. For in-
stance, the Z boson couplings can receive extra corrections from operators of
the form
λiλj
m2∗
1
g2∗
f iγµfjgSMDνF
µν
SM . (4.2.4)
These operators lead to effects that are suppressed by a factor ∼ (gSM/g∗)2
compared those induced by the penguin operators in Eq. (4.2.2) and can
be usually neglected. Similarly, the W boson couplings can be modified by
operators containing derivatives of the elementary quarks:
λiλj
g∗m2∗
uiRiH
c† /D /DqjL ,
λiλj
g∗m2∗
d
i
RiH
† /D /DqjL . (4.2.5)
By using the equations of motion for the elementary fermions, these operators
can be put in the same form of the operators in Eq. (4.2.3). They are however
characterized by a completely different power counting. The operators in
Eq. (4.2.3) arise at quadratic order in the elementary/composite mixings. On
the contrary, the operators in Eq. (4.2.5) generate a similar contribution but
only at order λ4,7 and thus induce subleading corrections to the W couplings.
Although formally subleading, the derivative operators in Eq. (4.2.5) can
become relevant for the analysis of the flavor bounds because in several cases
the leading operators vanish as a consequence of some discrete symmetries of
the composite dynamics. We will discuss this aspect with more details later
on when we will analyze the experimental constraints.
Finally, ∆F = 1 flavor-changing effects can also be mediated by the Higgs
field. As we showed in the previous section, in many minimal models, these
effects are suppressed thanks to the Goldstone nature of the Higgs and only
arise at subleading order in the elementary/composite mixings. In the fol-
lowing we assume that this mechanism is at work and we neglect these kind
of effects.
7The additional factor λ2 comes from the quark mass factor that comes from the equa-
tions of motion.
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We will now discuss the experimental bounds on each class of ∆F = 1
operators. We will start by analyzing the EW and QCD dipole operators and
then we will consider the modifications of the Z and of the W couplings.
The EW dipole operators
One of the strongest bounds on flavor-violating EW dipole operators comes
from the b→ sγ transitions. Following the standard notation we encode the
new-physics effects in the effective Hamiltonian [108]
Hb→sγ = GF√
2
VtbV
∗
ts
emb
4pi2
[
C7γsLσ
µνbRFµν + C
′
7γsRσ
µνbLFµν
]
, (4.2.6)
where GF = 1/(2v
2) denotes the Fermi constant, Fµν is the photon field
strength and e is the electric charge. By matching the above operators with
Eq. (4.2.1) and using the estimates of the elementary/composite mixings
derived in Section 4.1, we find that the composite Higgs contributions to the
C
(′)
7γ coefficients are of the order
8
C7γ ∼
√
2
GF
4pi2
mb
1
VtbV ∗ts
λ′2qLλ
3
dR
g∗
v
m2∗
∼ 8pi
2
GF
1
m2∗
λ2C
VtbV ∗ts
, (4.2.7)
C ′7γ ∼
√
2
GF
4pi2
mb
1
VtbV ∗ts
λ′3qLλ
2
dR
g∗
v
m2∗
∼ 8pi
2
GF
1
m2∗
λ2C
VtbV ∗ts
(
ms
mb
1
λ4C
)
. (4.2.8)
We can now compare these results with the experimental constraints. The
bounds on the new-physics contributions to the C
(′)
7γ coefficients are approx-
imately given by [113]
|ReC7γ | . 0.2 , |ImC7γ | . 0.6 , |C ′7γ | . 0.5 . (4.2.9)
Due to the significant asymmetry, we decided to list separately the bounds
on the real and imaginary part of the C7γ coefficient. For the C
′
7γ coefficient,
on the contrary, the real and imaginary parts have comparable constraints
and we only give the bound on the absolute value. The results in Eq. (4.2.9)
can be translated into lower bounds on the composite dynamics scale m∗. In
particular the bounds on C7γ correspond to
m∗ & 5 TeV (from ReC7γ) , m∗ & 3 TeV (from ImC7γ) , (4.2.10)
while the bound on C ′7γ gives
m∗ & 11 TeV (from C ′7γ) , (4.2.11)
8In order to properly match the coefficients of the effective operators with the general
estimates of partial compositeness, all the quantities must be evaluated at the m∗ scale.
To keep our discussion as simple as possible we avoid to explicitly include the running
effects in our equations. We however include them in the numerical results (for this we
assume m∗ ∼ 1 TeV). We refer the interested reader to the original literature [109–112].
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Notice that the new-physics contributions to the C
(′)
7γ coefficients are in gen-
eral complex and their complex phase is expected to be of order one. For this
reason, to derive the bounds in Eq. (4.2.10) we assumed that the effective
operators are generated with maximal complex phases. We will adopt this
assumption also in the following sections to derive all the flavor bounds.
If the dipole operators do not arise at tree level and are only generated
at the radiative level, the new-physics effects are strongly reduced and the
bounds are significantly relaxed. For instance, if we assume that the dipole
operators arise at one loop, the experimental constraints can be expressed as
lower bounds on m∗/g∗ ' f and can be estimated as
f & 0.4 TeV (from ReC7γ) , f & 0.25 TeV (from ImC7γ) . (4.2.12)
f & 0.9 TeV (from C ′7γ) , (4.2.13)
Additional constraints on the flavor-violating EW dipole operators come
from the b → dγ transitions. The analysis of these effects is completely
analogous to the one we used above for the b → sγ processes, so we skip all
the details. The bounds on the composite dynamics coming from the b→ dγ
transitions are roughly comparable to the ones given in Eqs. (4.2.10) and
(4.2.11) [114].
The QCD dipole operators
Another observable that can give strong constraints on the dipole opera-
tors is the direct CP violation in the K0 → 2pi decay, usually encoded in
Re(ε′K/εK) [110–112]. This observable receives large contributions from the
chromomagnetic operators
QG = CG
v√
2
sRσ
µνgsGµνdL , Q
′
G = C
′
G
v√
2
sLσ
µνgsGµνdR , (4.2.14)
whose coefficients can be estimated as
CG ∼ 2msλC
v
1
m2∗
, C ′G ∼
2md
vλC
1
m2∗
. (4.2.15)
The present measurements lead to a bound on the imaginary part of the C
(′)
G
coefficients ∣∣∣∣∣ ImC(′)G√2ms/v
∣∣∣∣∣ . 1(34 TeV)2 , (4.2.16)
where C
(′)
G and ms should be interpreted as running quantities computed at
an energy scale E = 1 TeV. This result implies the following constraint on
the m∗ scale
m∗ & 15 TeV , (4.2.17)
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which is roughly valid for both effective operators. If the dipole operators
are generated at one loop, the above bound becomes
f & 1.2 TeV . (4.2.18)
Constraints roughly of the same order can be obtained for the QCD dipole
operators that mediate b→ s, b→ d and c→ u transitions [114, 115].
Z couplings modifications
Let us now consider the penguin operators whose general structure is given
in Eq. (4.2.2). After EWSB these operators generate new gauge interactions
involving the Z boson. In particular they can give rise to flavor-changing
interactions which are absent at tree-level in the SM. To compare the Z-
mediated flavor-violating effects with the experimental data it is customary
to encode the new physics contributions into 4-fermion effective operators.
By integrating out the Z, the powers of the Higgs VEV v and the gauge
couplings cancel against the Z boson mass and the following effective operator
is obtained at leading order in the elementary/composite mixings
λiλj
m2∗
f iγ
µfjJ
(Z)
µ . (4.2.19)
In the above equation J
(Z)
µ represents the usual SM current
J (Z)µ =
∑
f iγµ
[
(t3L − 2q sin2 θw)− t3Lγ5
]
fi , (4.2.20)
where t3L denotes the charge of the fi fermion with respect to the Abelian
subgroup of SU(2)L generated by t
3
L, while q is the electric charge.
Before considering the implications of the experimental measurements, it
is useful to discuss how the presence of discrete symmetries can protect the
Z-boson couplings by forbidding the generation of some of the operators in
Eq. (4.2.2). In the class of composite Higgs scenarios based on the minimal
coset SO(5)/SO(4), two discrete Z2 symmetries can be used to forbid the
generation of penguin operators [93]. The first one is the PLR symmetry
which acts by exchanging the SU(2)L and SU(2)R generators inside SO(4)
(see Sect. 3.A for more details). It will be shown in Appendix 7.A that this
symmetry protects the couplings of the Z boson to any current built from
elementary states whose mixing with the composite dynamics preserves the
PLR invariance. The second symmetry that can protect the Z couplings is a
discrete Z2 subgroup, called PC , of the custodial group SO(3)c.9 It is defined
in such way that its action on the SU(2)L×SU(2)R eigenstates exchanges the
sign of the t3L,R charges, namely |tL, tR; t3L, t3R〉 → |tL, tR;−t3L,−t3R〉. Anal-
ogously to the PLR case, a current which is even under PC has a protected
coupling to the Z boson. Typical cases are the currents built from fields with
t3L = t
3
R = 0 which are eigenstates of PC .
9See Sect. 2.2.2 for a first description of the custodial group and Appendix 7.A for a
complete discussion.
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(2,1)1/6 (2,2)2/3 (2,2)−1/3
uL × × PLR
dL × PLR ×
(1,1)2/3 (1,1)−1/3 (1,2)1/6 (1,3)2/3 (1,3)−1/3
uR PLR , PC × PC ×
dR PLR , PC × × PC
Table 4.1: List of the discrete Z2 symmetries preserved by the mixing of the ele-
mentary fermions with composite operators in different SU(2)L × SU(2)R ×U(1)X
representations. The × symbols indicates that both PLR and PC are broken.
The discrete Z2 symmetries preserved by the mixing of the elementary
quarks with the composite fermionic operators, depending on the SO(4) quan-
tum numbers of the latter operators, are given in Table 4.1. From this table
it is straightforward to derive which couplings are protected in the minimal
models. We will list a few common scenarios in the following. If the compos-
ite operators belong to the spinorial SO(5) representation (see Eq. (4.1.14))
all the mixings break the discrete symmetries and the Z couplings are not
protected. The situation is different for the models based on the fundamen-
tal, the adjoint and the 14 representations. In the case of the adjoint 102/3
(see Eq. (4.1.15)) the couplings of the left-handed down-type quarks are pro-
tected as well as the couplings of the right-handed up-type singlets. Finally
in the case of the 5 (Eqs. (4.1.16) and (4.1.17)) and of the 14 (Eq. (4.1.19))
a more complex pattern appears. The mixing of the right-handed quarks re-
spects both discrete symmetries. The left-handed qL doublet, instead, must
be necessarily mixed with (at least) two operators in order to generate all
quark masses. The mixings with the (2,2)2/3 operators, which induces the
up-type quark masses, respects the PLR symmetry for the d
i
L fields but not
for the uiL’s. On the other hand, the mixing that leads to the down-type
quark masses (with the (2,2)−1/3 states) preserves the PLR invariance only
for the uiL states. Following these patterns, in deriving the bounds we will
assume that the flavor-violating Z couplings involving the diL fields are only
generated through the λ′iqL mixings and not through the up-type ones.
We can now discuss the implications of the flavor measurements. The
flavor-violating penguin operators more strongly constrained from the exper-
imental data are the ones involving the down-type quarks and, in particular,
the ones that lead to b→ s and s→ d transitions.
The leading new-physics corrections to the b → s transitions can be en-
coded in the following effective Hamiltonian [107]
Hb→s = GF√
2
VtbV
∗
ts
e2
4pi2
[
C10(sLγ
µbL)(`γµγ
5`) + C ′10(sRγ
µbR)(`γµγ
5`)
]
.
(4.2.21)
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Additional operators involving the vector lepton current `γµ` are present,
but they are suppressed with respect to the above ones by the small factor
1 − 4 sin2 θw = 0.08 that appears in the SM Z-boson current. By using
the result in Eq. (4.2.19) the coefficients of the effective operators can be
estimated as
C10 ∼ 4pi
2
GF e2
λ2C
VtbV ∗ts
1
m2∗
mt
v
g∗xt
z2
, (4.2.22)
C ′10 ∼
4pi2
GF e2
λ2C
VtbV ∗ts
1
m2∗
mt
v
g∗z2
xt
(
msmb
λ4Cm
2
t
)
. (4.2.23)
As we explained before, these estimates apply only to the models in which
the elementary states are mixed with composite operators in the 4, 5 or 14
representations of SO(5). In the last two cases the flavor-violating effects
come only from the mixing with the (2,2)−1/3 operators needed to give mass
to the down-type quarks. In the models based on the 102/3 SO(5) represen-
tation, on the contrary, the contributions to C10 vanish at leading order in
the elementary/composite mixings.
The bounds on the effective operators can be derived from a global anal-
ysis of inclusive and exclusive b→ s`+`− decays [107, 113]:
|C10| . 2.6 , |C ′10| . 3.1 . (4.2.24)
The bound on the left-handed operator translates into a relatively strong
constraint on m∗:
m∗ & 3
√
g∗xt
z
TeV . (4.2.25)
On the contrary, the bound on C ′10 does not give any significant constraint
as a consequence of the suppression factor, msmb/(λ
4
Cm
2
t ) ' 2× 10−3, that
appears in Eq. (4.2.23).
Let us now consider the s→ d transitions. One of the strongest constraint
on these processes comes from the KL → µ+µ− decay. The new-physics con-
tributions come from the flavor-changing Z interactions and can be encoded
in the following effective operators
Ls→d = − g
cw
Zµ
(
δgdsL dLγ
µsL + δg
ds
R dRγ
µsR + h.c.
)
. (4.2.26)
The coefficients in the above formula can be estimated as
δgdsL ∼
mtv√
2
1
m2∗
g∗xt
z2
λ5C , δg
ds
R ∼
mtv√
2
1
m2∗
g∗z2
xt
λ5C
(
mdms
λ10C m
2
t
)
. (4.2.27)
Notice that the right-handed transitions are suppressed with respect to the
left-handed ones by a factor mdms/(λ
10
C m
2
t ) ' 0.02. The experimental mea-
surements correspond to a bound [116]∣∣δgdsL,R∣∣ . 6× 10−7 , (4.2.28)
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from which the following bounds can be derived
m∗ & 4.7
√
g∗xt
z
TeV (from δgdsL ) , (4.2.29)
m∗ & 0.7
√
g∗
xt
z TeV (from δgdsR ) . (4.2.30)
As a consequence of the Z2 symmetries, in the “single mixing” models based
on the 102/3 representation, the only relevant bound is the one coming from
the right-handed current in Eq. (4.2.30). The bound in Eq. (4.2.29), instead,
applies to the scenarios in which the elementary quarks are embedded in the
spinorial or fundamental representation.
Constraints on the effective operators in Eq. (4.2.26) can also be obtained
from the rare Kaon decay K+ → pi+νν and from the measurement of the
Re(ε′K/εK) parameter. We already showed how the latter observable can be
used to derive strong constraints on the QCD dipole operators. When con-
sidered in the context of penguin operators, the measurement of Re(ε′K/εK)
leads to a bound on the left-handed flavor-violating Z currents comparable
to the one in Eq. (4.2.29) [112, 117].
To conclude the discussion we briefly mention another class of constraints
on the penguin operators related to flavor-conserving observables. In the an-
archic scenarios the most relevant effect of this type is the modification of
the Z interactions with the third-generation quarks. Among these observ-
ables the coupling to the left-handed bottom quark is the one that has been
measured with the best precision (at the 0.1% level) and can be used to set
the most stringent constraints. Due to the high precision, the measurement
of the ZbLbL vertex is usually included among the EW precision tests to-
gether with the oblique EW parameters [118, 119]. We postpone a detailed
discussion of the ZbLbL observable to Chapter 7, where we will analyze it
in the more general context of the EW precision data. Here we only derive
some rough estimates along the lines of Sect 3.2.2 and compare the resulting
bounds with the ones coming from flavor-violating processes.
From Eq. (4.2.2) we find that the deviations in the bottom couplings to
the Z boson are of order 10
δgbL '
(λ′3qL)
2
2m2∗
v2 ' 1
m2∗
mtv√
2
g∗xt
z2
,
δgbR '
(λ3dR)
2
2m2∗
v2 ' 1
m2∗
mtv√
2
g∗z2
xt
(
mb
mt
)2
.
(4.2.31)
The deviation in the right-handed coupling is usually much smaller than the
experimental precision on gbR (see Fig. 7.1). For the left-handed coupling
the situation is very different. The present data show a mild tension with
the SM prediction at the 2.5σ level (see Fig. 7.1). The precise bound on δgbL
10See Eq. (7.2.1) for the exact definition of the bottom couplings.
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Figure 4.2: Examples of one-loop diagrams contributing to the C7γ (on the left)
and C′7γ (on the right) coefficients of the dipole operators in Eq. (4.2.6). The gray
circles represent the insertions of the effective WtRbR and WtRsR vertices.
thus crucially depends on the sign of the new-physics contributions. To get
a rough model-independent estimate of the constraints we assume that the
new-physics contributions should be smaller than the overall precision on gbL
and we impose the condition |δgbL | . 10−3. In this way a strong lower bound
on m∗ is obtained
m∗ & 5
√
g∗xt
z
TeV . (4.2.32)
This bound is comparable to the ones we derived from flavor-violating pro-
cesses (see Eqs. (4.2.25) and (4.2.29)).
W couplings modification
The last class of operators relevant for the ∆F = 1 processes includes the
ones that lead to distortions of the W -boson couplings. The general structure
of these operators is shown in Eq. (4.2.3). An effective way to constrain such
operators is to focus on their contributions to b → sγ transitions [105, 111].
In composite Higgs scenarios the largest new-physics effects are due to new
W interactions involving the right-handed top component, which generate
one-loop contributions to the C7γ and C
′
7γ coefficients (see Eq. (4.2.6)). The
structure of the relevant diagrams is shown in Fig. 4.2. Notice that similar
contributions are also present in the SM. In this case, however, the purely
left-handed structure of the W couplings implies a strong helicity suppression
of the b → sγ transitions. This suppression is instead lifted if right-handed
couplings exist.
In anarchic composite Higgs scenarios, the most relevant effects are due
to the WtRbR vertex, which generates a correction to C7γ , and to the WtRsR
coupling, which contributes to C ′7γ . The size of the WtRbR coupling coming
from the operators in Eq. (4.2.3) can be estimated as
g√
2
v2
2
λ3uRλ
3
dR
m2∗
(tR /WbR) + h.c. ' g
2
z
xt
g∗v
m2∗
mb(tR /WbR) + h.c. , (4.2.33)
which leads to the following contribution to C7γ [111]:
C7γ ∼ 1√
2
mtg∗v
z
xt
1
m2∗
A7(m
2
t/m
2
W ) , (4.2.34)
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where A7(m
2
t/m
2
W ) ' −0.8. Analogously we can derive an estimate of the
size of the WtRsR interaction
g√
2
v2
2
λ3uRλ
2
dR
m2∗
(tR /WsR) + h.c. ' g
2
z
xt
g∗v
m2∗
ms
λ2C
(tR /WsR) + h.c. , (4.2.35)
and the corresponding contribution to C ′7γ :
C ′7γ ∼
1√
2
mtg∗v
z
xt
1
m2∗
(
ms
mbλ4C
)
A7(m
2
t/m
2
W ) . (4.2.36)
It is interesting to notice that the above correction to C ′7γ is enhanced with
respect to the one to C7γ in Eq. (4.2.34) by a factor ms/(mbλ
4
C) ∼ 8. This
enhancement exactly matches the one that we found for the contributions to
C7γ and C
′
7γ coming from the dipole operators (see Eqs. (4.2.7) and (4.2.8)).
The bounds in Eq. (4.2.9) can be translated in the following constraints
on the composite mass scale m∗:
m∗ & 0.3
√
g∗z
xt
TeV (from C7γ) , m∗ & 0.5
√
g∗z
xt
TeV (from C ′7γ) .
(4.2.37)
These bounds are much weaker than the ones coming from the dipole oper-
ators, especially if we assume that the latter are generated at tree-level (see
Eqs. (4.2.10) and (4.2.11)).
It is interesting to notice that the operators in Eq. (4.2.3), which we used
to estimate the corrections to the W couplings, are forbidden in many models
as a consequence of the custodial invariance. This happens if the mixing of
the right-handed quarks fRi to the composite dynamics preserves the SO(4)
symmetry. In this case the composite operators coupled to the fRi fields
are singlets under the custodial symmetry and can not generate a current
with the appropriate quantum numbers to couple to the W bosons (which
transform as a triplet under the SO(3)c custodial group). An example of
such situation are the models in which the composite operators belong to the
fundamental or to the 14 representations of SO(5).
Notice that the custodial symmetry protects the W couplings only at
zero momentum. Indeed, W interactions with the right-handed quarks can
still be generated by operators involving derivatives of the quarks. These
operators are non-vanishing because they are “sensitive” to the breaking of
the custodial invariance induced by the mixing of the left-handed quarks.
Operators of this kind are shown in Eq. (4.2.5) and give rise to the relevant
interactions once we put the quarks on-shell. The operators that generate
the largest contribution to WtRbR are
λ3qLλ
3
uR
g∗m2∗
(tRiH
c† /D /Dq3L) ,
λ′3qLλ
3
dR
g∗m2∗
(bRiH
† /D /Dq3L) . (4.2.38)
By using the equations of motion for the elementary fermions, i /DfLi =
mifRi, we can see that both operators give rise to an effective interaction
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with a strength of order
2
g√
2
mtmb
m2∗
(tR /WbR) + h.c. . (4.2.39)
Similar considerations apply to the WtRsR interaction, which is mainly due
to the operator
λ′3qLλ
2
dR
g∗m2∗
(sRiH
† /D /Dq3L) , (4.2.40)
and can be estimated as
2
g√
2
mtms
m2∗
1
λ2C
(tR /WsR) + h.c. . (4.2.41)
As expected, in the custodially-invariant scenarios, the right-handed W cou-
plings arise only at fourth order in the elementary/composite mixings. More-
over they are necessarily weighted by the left-handed mixings λ
(′)
qL , which are
the only ones that break the custodial symmetry. As a consequence the es-
timates in Eqs. (4.2.39) and (4.2.41) differ with respect to the general ones
(see Eqs. (4.2.33) and (4.2.35)) by a factor
∼ λ
3
qLλ
′3
qL
g2∗
'
√
2mt
v
xt
g∗z
. (4.2.42)
This factor implies a mild suppression, which is significant only for large
values of g∗. By using the bounds in Eq. (4.2.9) the following constraints on
m∗ can be derived
m∗ & 0.3 TeV (from C7γ) , m∗ & 0.5 TeV (from C ′7γ) . (4.2.43)
4.2.2 ∆F = 2 transitions
Another set of constraints on the anarchic composite Higgs scenarios can
be derived from the ∆F = 2 flavor-violating transitions. The main short-
distance sources contributing to these processes are the contact operators of
the type
L∆F=2 ∼ λiλjλkλl
g2∗
1
m2∗
(f iγ
µfj)(fkγµfl) . (4.2.44)
Additional long-distance contributions can be mediated by the exchange of
the Z boson or the Higgs via a pair of ∆F = 1 flavor-violating vertices. By
using the estimate in Eq. (4.2.2), it is easy to show that the Z-mediated
effects are suppressed by a factor v2/f2 with respect to the short-distance
ones in Eq. (4.2.44). The Higgs-mediated effects, on the other hand, can
lead to sizable effects if they are generated at leading order in the elemen-
tary/composite mixings:
λiλj
m∗f
f iHfjH
†H . (4.2.45)
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By integrating out the Higgs, the ratio between the long-distance effects and
the short-distance ones in Eq. (4.2.44) is found to be of order
∼ g2∗
v2
f2
v2
m2h
' g2∗
(
500 GeV
f
)2
. (4.2.46)
This shows that, on general grounds, the Higgs-mediated effects could be
large and could even dominate over the short-distance ones. However, as
we discussed in the previous section, in a large class of minimal scenarios,
the Higgs interactions are protected by the Goldstone structure and flavor-
violating vertices are strongly suppressed. In this case the Higgs mediated
contributions to ∆F = 2 transitions are reduced by a factor ∼ y2t /(4pi)2 and
are under control. In the following we assume that the protection mechanism
is at work and we only focus on the flavor-violating effects coming from short-
distance operators.
By the use of Fierz identities the 4-fermion contact operators relevant for
∆F = 2 flavor-violating transitions can be reduced to 8 independent Lorentz
structures. Their explicit form is
Qij1 = (f
α
iLγ
µfαjL)(f
β
iLγµf
β
jL) , (4.2.47)
Qij2 = (f
α
iRf
α
jL)(f
β
iRf
β
jL) , (4.2.48)
Qij3 = (f
α
iRf
β
jL)(f
β
iRf
α
jL) , (4.2.49)
Qij4 = (f
α
iRf
α
jL)(f
β
iLf
β
jR) , (4.2.50)
Qij5 = (f
α
iRf
β
jL)(f
β
iLf
α
jR) , (4.2.51)
and the remaining 3 operators Q˜ij1,2,3 are obtained from the Qij1,2,3 operators
by flipping the quark chiralities. In the above operators i, j denote the fla-
vor indices, while α, β are color indices. Within the One Scale One Coupling
power counting, the coefficients of these operators only depend on the fermion
species and chiralities that are involved. However extra suppressions are pos-
sible in explicit models where the operators are generated by the exchange
of vector resonances. In this case, for instance, Q2,3 and Q˜2,3 can not be
generated at the tree-level and thus their coefficient displays a loop suppres-
sion. Moreover, different operators are associated to the exchange of different
kinds of resonances, so that their coefficient is controlled by the masses and
the couplings of different particles, which can be numerically different in the
specific model. For instance it is easy to see, using Fierz identities, that
Q4 can only arise from the exchange of vector resonances with non-trivial
QCD quantum numbers. On the other hand, vector states charged only un-
der SO(5) × U(1)X can only give rise to the Q1, Q˜1 and Q5 operators. In
what follows we will estimate the constraint by using the generic One Scale
One Coupling power counting estimate. However since some of the strongest
constraints come from Q2, Q˜2 and Q4 operators, the selection rule described
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above can have an important impact on the interpretation of the experimen-
tal bounds in explicit models. Also numerical suppression or enhancement
factors due to the multiplicities and the charge of the exchanged resonances
can have an impact. We refer the interested reader to the Refs. [105, 120] for
details.
The Kaon system
The first set of experimental measurements we consider is the one related to
the Kaon system. The main flavor-violating effects in this system are related
to the mixing of the K0 resonance with the corresponding anti-particle K
0
and are encoded in the observables ∆mK and εK . The short-distance new-
physics contributions to this processes are due to ∆S = 2 contact interactions
involving two s and two d quarks.
For illustrative purposes we will focus only on the effective operators
Qsd1 , Qsd2 and Qsd4 , whose bounds lead to the strongest constraints on the
new-physics dynamics.11 The experimental results are usually expressed as
constraints on the couplings C that appear in the effective Lagrangian
L∆F=2 =
∑ C(Qi)
Λ2
Qi . (4.2.52)
The mass scale Λ is conveniently chosen to be Λ = 1 TeV. As we will see, this
mass scale is of the same order of the typical flavor bounds on the new physics
scale in the composite Higgs scenarios, thus helping to keep running effects
under control. The current constraints can be expressed as follows [121, 122]
|ReC(Qsd1 )| . 9.0× 10−7 , |ImC(Qsd1 )| . 3.4× 10−9 , (4.2.53)
|ReC(Qsd2 )| . 1.9× 10−8 , |ImC(Qsd2 )| . 1.0× 10−10 , (4.2.54)
|ReC(Qsd4 )| . 6.9× 10−9 , |ImC(Qsd4 )| . 2.6× 10−11 , (4.2.55)
where, due to the significant asymmetry in the bounds, we reported sep-
arately the ones on the real and imaginary parts of the coefficients. The
bounds on C(Qsd2 ) also apply to the C(Q˜sd2 ) coefficient.
The size of the new-physics contributions to the effective operators can
11In the cases we consider the Q˜1 operator is generated with a smaller coefficient than
Q1, while the bounds on the two operators are comparable. The Q2 and Q3 operators are
expected to have similar size, but the bounds on the former are always tighter. The same
happens for Q4 and Q5 [121].
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be estimated as
C(Qsd1 ) ∼
(√
2mt
v
)2
x2tλ
10
C
1
m2∗
, (4.2.56)
C(Qsd2 ) ∼
(√
2ms
v
)2
z2λ2C
1
m2∗
, (4.2.57)
C(Q˜sd2 ) ∼
(√
2md
v
)2
z2
λ2C
1
m2∗
, (4.2.58)
C(Qsd4 ) ∼
√
2ms
v
√
2md
v
z2
1
m2∗
. (4.2.59)
Notice that, in deriving the above expressions, we took into account the fact
that, if the left-handed quarks are mixed with different composite operators,
multiple independent contributions to the contact interactions can be gen-
erated. Typical examples are the models in which the composite operators
belong to the fundamental SO(5) representation. As we discussed in Sect. 4.1,
in these set-ups the left-handed quarks are mixed with two composite oper-
ators belonging to the 52/3 and 5−1/3 representations of SO(5)× U(1)X . In
Eqs. (4.2.56)-(4.2.59) we reported the contributions coming from the mixing
that generates the up-type quark masses, which gives the leading new-physics
effect. To obtain the results in the scenarios with only one mixing, it is enough
to set z = 1.
The experimental constraints can be easily translated into lower bounds
on the scale of the composite dynamics m∗. The numerical values of the
bounds coming from the various operators are roughly comparable, although
each one has a different parametric dependence on the free parameters xt and
z. By assuming a maximal complex phase for the new-physics contributions,
the constraints on the Qsd1 operator give the following results
m∗ & 0.4xt TeV from ReC(Qsd1 ) ,
m∗ & 6xt TeV from ImC(Qsd1 ) .
(4.2.60)
The bounds on Qsd2 and Q˜sd2 correspond respectively to
m∗ & 0.4 z TeV from ReC(Qsd2 ) ,
m∗ & 5 z TeV from ImC(Qsd2 ) ,
(4.2.61)
and
m∗ & 0.4 z TeV from ReC(Q˜sd2 ) ,
m∗ & 6 z TeV from ImC(Q˜sd2 ) .
(4.2.62)
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Finally, for the Qsd4 operator we get
m∗ & 0.6 z TeV from ReC(Qsd4 ) ,
m∗ & 10 z TeV from ImC(Qsd4 ) .
(4.2.63)
As can be easily seen from the above results, the constraints on m∗ coming
from the bounds on the imaginary part of the coefficients of the effective
operators are quite stringent and favor a compositeness scale around 10 TeV.
The bound can become even more severe in the models with multiple mixings
if z > 1, that is if the mixing to the up-type operators is larger than the one
to the down operators. In order to minimize the constraints one needs to
ensure that z ' 1, which requires the up-type mixings λiqL to be of the same
size of the down-type ones λ′iqL (see discussion in Sect. 4.1). Notice also that
the bounds coming from the Qsd1 operator can be reduced if xt < 1.
The Bd and Bs systems
Other important constraints on the composite dynamics come from the flavor-
violating processes involving the Bd and Bs mesons. These observables can
be used to put some bounds on the class of effective 4-fermion interactions
leading to ∆B = 2 transitions, namely the Qbd and Qbs operators. The
analysis of these effects is completely analogous to the one we described
for the Kaon system, we thus skip all the details and we only list all the
constraints on the m∗ scale in Table 4.2.
An interesting difference with respect to the Kaon bounds, is the fact that
the constraints from the Bd,s systems are nearly independent of the complex
phase in the new-physics operators. In particular the strongest constraints
come from the Q1 operators and are given by
m∗ & 5xt TeV from ReC(Qbd1 ) ,
m∗ & 7xt TeV from ImC(Qbd1 ) ,
(4.2.64)
for the Bd system and
m∗ & 5xt TeV from ReC(Qbs1 ) ,
m∗ & 8xt TeV from ImC(Qbs1 ) ,
(4.2.65)
for the Bs system. Analogously to what we found for the Kaon observables,
the flavor bounds in Eqs. (4.2.64) and (4.2.65) can be relaxed if xt < 1.
The D system
Another set of constraints on the 4-fermion flavor-violating interactions comes
from the D system. Differently from the K and B mesons, which are de-
scribed by operators involving the down-type quarks, the D observables
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Operator ReC ImC Observables
Qsd1 0.4xt 6xt ∆mK ; εK
Qsd2 0.4 z 5 z ”
Q˜sd2 0.4 z 6 z ”
Qsd4 0.6 z 10 z ”
Qbd1 5xt 7xt ∆mBd ;SψKS
Qbd2 1.4 z 2 z ”
Qbd4 0.6 z 0.8 z ”
Qbs1 5xt 8xt ∆mBs
Qbs2 0.6 z 1 z ”
Qbs4 0.5 z 1 z ”
Qcu1 0.5xt 1.2xt ∆mD; |q/p|, φD
Qcu2 1.4 3 ”
Qcu4 0.5 1.1 ”
Table 4.2: Lower bounds on the composite dynamics scale m∗ (expressed in TeV)
obtained from the ∆F = 2 flavor-violating processes. The bounds coming from the
constraints on the real and imaginary parts of the coefficients of the effective op-
erators are listed separately and are derived by assuming maximal complex phases
in the new-physics contributions. The constraints on the effective operators are
taken from Refs. [121, 122]. The last column lists the observables used to derive
the bounds.
are influenced by operators involving the up-type quarks. In particular
the new-physics contact interactions that mediate ∆C = 2 transitions are
parametrized by the Qcu operators. The constraints coming from the present
measurements are listed in Table 4.2.
Notice that, as a consequence of the SU(2)L symmetry, the effective op-
erators parametrizing the flavor-violating observables in the D system are
correlated to the ones related to the K system. In particular the Qcu1 oper-
ator belongs to the same multiplet as the Qsd1 operator, thus the constraints
coming from the two operators are not independent. Due to the better de-
termination of the Kaon observables, the bounds coming from the Qsd1 in-
teraction are currently stronger than the ones from Qcu1 . This is particularly
noticeable on the bounds on the imaginary part of the Q1 coefficient, while
the bounds on the real part are of the same order.
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4.2.3 The neutron EDM
As a last set of constraints on the flavor-anarchic scenarios we consider the
ones coming from the measurement of the neutron EDM dn. To estimate the
bounds we will closely follow the analysis of Refs. [112, 114]. The largest new-
physics contributions to dn arise from the flavor-conserving EW and QCD
dipole operators
Offγ = Cffγ emf
16pi2
fσµνFµνγ
5f , Offg = Cffg gsmf
16pi2
fσµνGµνγ
5f ,
(4.2.66)
where f = u, d denotes the first generation quarks. The calculation of the
contributions of the quark dipole operators to the neutron EDM suffers from
large hadronic uncertainties. By using the QCD sum rules the following
estimate can be derived [123]
dn = (1± 0.5)
[
1.4
(
dd − 1
4
du
)
+ 1.1e
(
d˜d +
1
2
d˜u
)]
, (4.2.67)
where df and d˜f denote the electric and chromoelectric dipole moments of
the quarks defined as
df ≡ emf
8pi2
ImCffγ , d˜f ≡ mf
8pi2
ImCffg . (4.2.68)
The current experimental constraint on the neutron EDM is [7]
dn < 2.9× 10−26e cm at 90% C.L. . (4.2.69)
Banning accidental cancellations among the various contributions, the fol-
lowing constraints on the composite scale m∗ can be derived
m∗ & 60 TeV from Oddγ , (4.2.70)
m∗ & 20 TeV from Ouuγ , (4.2.71)
m∗ & 55 TeV from Oddg , (4.2.72)
m∗ & 25 TeV from Ouug . (4.2.73)
It is important to stress that the neutron EDM is only generated by the CP-
violating effects induced by the imaginary part of the coefficients of the dipole
operators. The real part of Cffγ and Cffg, instead, does not contribute to dn.
The presence of the above bounds is thus crucially related to the fact that,
in the anarchic scenario, order-one complex phases are generically expected
in all new-physics operators.
Indirectly, the neutron EDM is also sensitive to the QCD dipole operators
involving the second and third generation quarks. This effect is due to the
QCD running of the dipole operators at low energy. When a heavy quark
is integrated out a threshold correction is generated that contributes to the
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three-gluon Weinberg operator. This operator, in turn, directly contributes
to the neutron EDM and mixes under renormalization with the light quark
dipole operators [124]. Taking into account the experimental constraint in
Eq. (4.2.69) the following bounds on the charm, bottom and top chromoelec-
tric dipole operators can be derived [125–127]
|d˜c| < 1.0× 10−22 cm , |d˜b| < 1.1× 10−21 cm , |d˜t| < 2.1× 10−19 cm .
(4.2.74)
Although weaker than the bounds from the operators involving the first-
generation quarks, the bounds on the m∗ scale coming from the heavier
quarks are still quite stringent:
m∗ & 14 TeV from Occg , (4.2.75)
m∗ & 9 TeV from Obbg , (4.2.76)
m∗ & 5 TeV from Ottg . (4.2.77)
To conclude we remind that, as we did in the whole analysis, to de-
rive the above bounds we assumed that the dipole operators are generated
at tree level. If they can only be induced by loop effects the above con-
straints must be interpreted as bounds on the f scale rather than on m∗.
To derive the corresponding bound it is sufficient to use the replacement
m∗ → 4pif . Notice that, even assuming the extra suppression the bounds re-
main quite strong. For instance, from the constraints on the operators with
first-generation quarks we get
f & 4.5 TeV (d quark) , f & 2 TeV (u quark) . (4.2.78)
4.2.4 Beyond One Scale One Coupling
So far we analyzed the experimental constraints on the anarchic scenarios by
adopting the One Scale One Coupling assumption. However this can be a
very crude parametrization of the composite dynamics. We will now discuss
how to obtain some refinements. Doing this is particularly important be-
cause of the tension, which we established in Chap. 3 (in particular, see the
discussion at the end of Sect. 3.3.3), among the scale of the bosonic vector
resonances and the one of the composite fermionic states. The former con-
trols the corrections to EWPT observables and is thus preferentially heavy,
whereas the latter determines the generation of the Higgs potential and is
preferentially light in order to avoid fine-tuning in the Higgs mass. For this
reason it is worth introducing a new mass scale mψ (with its associated cou-
pling gψ = mψ/f) that characterizes the fermionic states [112, 128, 129].
This scale is taken to be smaller than the one of the vector resonances, which
we keep calling m∗. The mass mψ, and in turn the coupling gψ, controls
the breaking of the chiral symmetry that is present in the limit of zero res-
onances mass. Any operator that breaks this symmetry is thus weighted by
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Figure 4.3: Schematic structure of a diagram giving rise to a 4-fermion contact
interaction through the exchange of a heavy vector resonance. The double-line
propagators denote the composite states.
gψ. These operators include the coupling of the fermionic resonances to the
Higgs, which now is proportional to gψ and not g∗. As a consequence the
elementary/composite mixings are now connected to the quark Yukawa’s by
the relation yi ∼ λLiλRi/gψ.
One further generalization of the One Scale One Coupling assumption
that is worth considering is to allow for multiple mass scales and couplings
for the vector resonances, distinguishing those that carry QCD charge from
the ones that are color neutral. In what follows we will denote as mQCD∗ and
gQCD∗ the QCD-colored particles mass and coupling, reserving m∗ and g∗ to
characterize the color-neutral ones. Notice that the quantity mQCD∗ /g
QCD
∗
does not necessarily coincide with the Goldstone boson decay constant f .
On the other hand, for the fermionic resonances mψ/gψ = f , given that the
latter relation is taken as the definition of the effective fermionic coupling gψ.
Going beyond the One Scale One Coupling assumption also requires one
further assumption on the composite sector dynamics. In particular in what
follows we will rely on the Vector Meson Dominance (VMD) hypothesis that
we already introduced and discussed at the end of Sect. 2.4.1. This is the idea
that the communication between the elementary and the composite sectors
originates from mass-mixings of the elementary fields with composite reso-
nances of appropriate quantum numbers. In this hypothesis the generation
of the effective operators can be associate to Feynman diagrams and their
coefficients estimated in terms of the relevant masses and couplings.
We start by considering the 4-fermion effective interactions, associated
with the diagram in Fig. 4.3. Each insertion of an elementary fermion fi is
weighted by its amount of compositeness λi/gψ that comes from the mixing of
the elementary fermions with their fermionic partners, which has strength λf
(see Eq. (2.4.14)), times the 1/mψ from the fermionic partner propagator.
An additional weight g2∗/m
2
∗ comes from the vector resonance propagator
and from its couplings to the composite fermionic resonances. By putting
the factors together we find
L∆F=2 ∼ λiλjλkλl
g4ψ
g2∗
m2∗
(f iγ
µfj)(fkγµfl) . (4.2.79)
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The above derivation holds for color-neutral vector resonances, if the effective
operator is instead generated by the exchange of a colored vector resonance
the g2∗/m
2
∗ factor must, obviously, be replaced by (g
QCD
∗ /m
QCD
∗ )2.
The modified power counting has some important consequences on the
interpretation of the flavor bounds. Keeping the Yukawa’s of the quarks
fixed, the estimate of the 4-fermion effective operators is rescaled by a factor
(g∗/gψ)2 with respect to the One Scale One Coupling result in Eq. (4.2.44).
The presence of light fermionic partners thus worsens the flavor-violating ef-
fects. It is easy to check that, once the Yukawa’s are fixed, the coefficient of
the effective operators mediated by SO(5) vector resonances depends only on
the fermionic partners mass. This means that the constraints must be inter-
preted as lower bounds on mψ, and not on the mass of the vector states. The
operators mediated by QCD states, instead, can be used to derive constraints
on the quantity mQCD∗ (gψ/g
QCD
∗ ). These bounds favor heavy and relatively
weakly coupled QCD resonances.
Similar considerations apply to the penguin operators whose estimate is
modified as
L∆F=1 ∼ λiλj
g2ψ
g2∗
m2∗
f iγ
µfjiH
†↔DµH . (4.2.80)
With respect to the estimate in Eq. (4.2.2) the presence of light partners
induces an additional factor (g∗/gψ)2. One power of g∗/gψ is removed when
we fix the Yukawa couplings, thus leaving an enhancement g∗/gψ of the effects
of the penguin operators.
The situation is instead different for the dipole operators. In this case one
has to take into account the need of a chirality flip in the fermionic resonance
line, i.e. of a chiral symmetry protection that requires the presence of an
extra mψ factor in the coefficient of the operator. We thus find
L∆F=1 ∼ λiλj
gψ
v
m2∗
f iσµνgSMF
µν
SMfj . (4.2.81)
Once the Yukawa’s are fixed this estimate coincides with the One Scale One
coupling result in Eq. (4.2.1), thus the bounds are unchanged. Obviously in
Eq. (4.2.81) m∗ corresponds to the mass of the relevant vector resonances
contributing to the effective operator. For instance, in the case of the QCD
dipole operators the m∗ mass scale must be interpreted as m
QCD
∗ .
4.3 Flavor symmetric scenarios
The comparison of the anarchic flavor scenario with the experimental data
highlighted some interesting features. The straightforward extension of the
partial compositeness assumption to all the quark generations automatically
helps in reducing the flavor-violating effects in comparison with generic flavor-
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violating new physics at the TeV scale.12 Thus it significantly lowers the sup-
pression scale needed in flavor breaking operators and alleviates the tension
between this scale and the energy scale of the EWSB dynamics. Although
the suppression is quite efficient, the constraints on many flavor observables
are so strong that a residual tension is still present, pushing the natural scale
of the composite dynamics in the 10 TeV range. This bound is particularly
problematic since, for many observable, it applies directly to the mass of the
fermionic partners that control the amount of tuning in the Higgs potential.
Partners with a mass above 10 TeV imply a minimal amount of tuning of
order 0.2% (see Eq. (3.3.63)).
Of course, order one corrections to the estimates and accidental cancella-
tions may be present, so that the 10 TeV bound and the related amount of
fine-tuning can be (slightly) relaxed in specific models. Lowering the com-
positeness scale to the completely Natural 1 TeV level, however, seems not
realistic. It is thus natural to ask if alternative implementations of the flavor
structure can be conceived that could lead to less constrained scenarios. To
answer this question it is useful to take a step back and reconsider the broad
features of the anarchic scenario in comparison with the flavor structure of
the SM.
The fundamental feature characterizing the anarchic scenario is the RS-
GIM mechanism, which implies that new-physics flavor effects are weighted
by the amount of compositeness of the SM quarks. Due to the hierarchies in
the elementary/composite mixings (see Eqs. (4.1.27)-(4.1.30)), the amount of
suppression in the flavor-violating observables is roughly equal to the corre-
sponding off-diagonal elements of the CKM matrix. The suppression is thus
comparable to the one present in MFV scenarios and, in particular, in the
SM.
The anarchic scenario, however, differs from the SM in two fundamental
aspects, namely the generation of FCNC’s and the violation of CP. Let us
consider these issues more closely.
In the SM any FCNC can only be generated at loop level. In particular the
couplings of the Z boson and of the Higgs are completely flavor-diagonal. As
we saw in the previous sections, this is not the case in anarchic partial com-
positeness. In this scenario the Higgs couplings can mediate flavor-changing
transitions, although in many models these effects can be suppressed due to a
partial MFV in the Higgs sector. The situation is slightly more complicated
for the Z couplings. In general the tree-level Z interactions are not protected
and can mediate flavor-changing currents arising at leading order in the el-
ementary/composite mixings. Some protection can be present in specific
scenarios thanks to the existence of discrete Z2 symmetries (see Table 4.1).
In all the models we considered, however, a full protection is never achieved
and flavor-violation in the Z sector always leads to significant bounds. The
12For instance, the experimental bounds on the ∆F = 2 transitions in the Kaon system
require a suppression scale Λ & 105 TeV. The RS-GIM mechanism lowers this scale by
four orders of magnitude (see Table 4.2).
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Higgs and Z interactions, however, are not the most dangerous sources of
FCNC’s in the anarchic scenarios. In fact more problematic new-physics ef-
fects are due to 4-fermion contact interactions mediating ∆F = 2 transitions.
In models with VMD, these operators are due to the presence of heavy vector
resonances, which, in the absence of any flavor symmetry, generate arbitrary
4-point interactions among the fermionic partners. In the SM, instead, anal-
ogous effective interactions are only generated at loop level and are further
suppressed by the GIM mechanism. These features emerge from the fact
that the SM is a weakly-coupled perturbative theory and from the fact that
it automatically obeys the MFV hypothesis, namely that the only sources of
breaking of the flavor symmetry group U(3)qL×U(3)uR×U(3)dR are the two
Yukawa matrices. Both conditions are violated in the anarchic composite
Higgs scenario.
The second main difference with respect to the SM is related to CP vio-
lation. In the SM, again due to MFV, CP is broken only in the presence of
three quark families, otherwise the VCKM matrix could be made real by flavor
symmetry rotations. Therefore CP-violating effect are only possible in the
SM if all the three generations are “active”, i.e. if they circulate in the loops.
This implies a huge suppression in the quark dipole moments, in particular
for the first generation quarks that determine the nucleons EDM’s. In the an-
archic composite Higgs case, instead, many additional flavor-breaking sources
are present besides the Yukawa matrices and the flavor symmetries are not
enough to reduce all flavor-violating effects to the CKM matrix. Moreover
the flavor structures contain several new complex phases that can not be
removed and lead to new CP-violating effects. This structure has a direct
impact on the bounds on the composite dynamics. A first consequence is the
presence of order-one complex phases in the flavor-violating operators. This
implies that the more stringent constraints coming from CP-violating observ-
ables apply (see for instance the constraints from εK in ∆F = 2 transitions).
Moreover, in general the CP violating phases can not be removed even if
only one generation of elementary quarks is considered. This leads to large
contributions to the imaginary coefficients of the quark dipole operators and,
consequently, to the strong constraints from the neutron EDM discussed in
Sect. 4.2.3.
In the view of the shortcomings of the anarchic scenario it is natural
to look for alternative implementations of the flavor structure. The above
discussion suggests a set of “ideal” features that allow a flavor theory to
pass the stringent experimental constraints. First of all it should include
a suppression of the flavor-breaking effects roughly comparable to the one
provided by the RS-GIM mechanism or by MFV. Second, FCNC’s should
not be generated at tree-level or, at least, should be suppressed by some
symmetry mechanism or selection rule. Finally, extra sources of CP violation
should be kept under control.
An interesting way to reduce the flavor-violating effects is to assume that
a set of global flavor symmetries is present. As we will see in the following
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section, different symmetry patterns can be adopted for both the elementary
states and the composite dynamics. Although the minimal constructions are
still based on the partial compositeness hypothesis, the flavor symmetries
seem not compatible with any natural explanation of the hierarchies in the
quark masses and in the CKM matrix. This partially undermines the original
motivation for partial compositeness.
A more radical solution, which is not yet fully explored in the literature
(see Refs. [130, 131]) and for this reason will not be described here, is to
abandon the partial compositeness paradigm for the generation of the light
quark Yukawa’s. After all, we saw in Sect. 2.4.1 that the Yukawa couplings
could also be generated by bilinear elementary/composite interactions and
that the obstruction to this possibility has to do with the generation of the
heavy quark masses, not with the light ones. Therefore partial compositeness
is the only known viable option for the top (and possibly bottom) Yukawa
generation, but we are not obliged to extend it to the light quarks, whose
Yukawa’s might well be generated by bilinear couplings of the elementary
fermions to composite scalar operators. Making this viable most likely re-
quires flavor symmetries and a complete explanation of the mass and VCKM
hierarchies is most likely impossible to achieve in this framework, however we
encounter the same shortcomings in the flavor-symmetric partial composite-
ness scenario. Furthermore scalar operators with suitable quantum numbers
to couple to the elementary fermion are necessarily present in the composite
sector. By ignoring them, as we do in the partial compositeness scenario,
we are effectively assuming that they are not coupled, or that their scaling
dimension is so high that their effects are completely negligible in the IR.
These are not necessarily plausible hypotheses. For this reason a “mixed”
mechanism for Yukawa generation, with partial compositeness for the third
family and bilinear couplings for the others appears a plausible option which
is worth investigating. A similar approach will be taken for the study of
lepton flavor in Sect. 4.4.
4.3.1 The U(3)3 models
The first class of models we consider is based on the assumption that the com-
posite sector is invariant under a global U(3)cs flavor group [105, 132, 133].
13
The elementary/composite mixings are the only sources of breaking of the fla-
vor symmetry of the composite dynamics and of the U(3)qL×U(3)uR×U(3)dR
symmetry of the elementary sector, thus they encode the whole flavor struc-
ture. In order to suppress the new-physics flavor effects the MFV hypothe-
sis is realized by some ad hoc assumptions on the structure of the elemen-
tary/composite mixings.
One possibility is to assume that the mixings of the qiL doublets are trivial,
while the mixings of the right-handed singlets are proportional to the SM
13The first proposals of flavor symmetric composite Higgs scenarios were developed in
the extra-dimensional framework in Refs. [134–138].
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Yukawas:14
λqL ∝ 1 , λ′qL ∝ 1 ,
λuR ∝ yu , λdR ∝ yd .
(4.3.1)
This choice has a direct implication for the compositeness of the left-handed
quarks. Due to the flavor symmetries and the conditions in Eq. (4.3.1), all
the left-handed quark components qiL share the same amount of composite-
ness. In order to reproduce the top quark mass the λqL mixing must be
relatively large, λqL & yt, and the q3L compositeness must be sizable. As a
consequence the light quarks of the first and second generations must also
be quite composite. Because of this feature, the above scenario is usually
dubbed “left-handed compositeness”.
When the right-handed mixings are set to zero, namely for vanishing
Yukawa matrices yu,d = 0, the theory has a global U(3)
3 flavor symmetry.
This acts as U(3)uR×U(3)dR transformations on the elementary right-handed
fields, times one U(3)qL that rotates simultaneously the composite sector, by
the U(3)cs group, and the elementary left-handed doublets. The right-handed
mixings, i.e. the Yukawa matrices yu,d, break the U(3)
3 flavor symmetry down
to the baryon number U(1)B . The MFV hypothesis, in which the Yukawa’s
are the only sources of flavor breaking, is thus realized. This implies in par-
ticular that flavor breaking can be entirely ascribed, after a field redefinition,
to the VCKM matrix. In order to verify this we can consider the singular value
decomposition for the right-handed mixings, which reduces the flavor struc-
ture to 4 unitary rotations. The two “right” rotations can be removed by a
redefinition of the singlets uiR and d
i
R. On the other hand, only one “left”
rotation can be removed by a rotation of the left-handed elementary fields ac-
companied by a corresponding flavor transformation of the composite sector
that leaves the left mixings unchanged. In this way only one flavor-violating
structure remains, which must coincide with the CKM matrix.
A similar construction, the so called “right-handed compositeness” can
be realized by exchanging the mixing structure of the left and right quarks:
λqL ∝ yu , λ′qL ∝ yd ,
λuR ∝ 1 , λdR ∝ 1 .
(4.3.2)
Obviously this scenario can only be realized if the left-handed qL doublets
are mixed to two or more composite operators. In the scenarios with single
mixing the up and down quark masses as well as the CKM structure can not
be accommodated. An extension of the flavor symmetry of the composite
sector is needed in order to realize MFV in the right-handed compositeness
scenario. Two composite sector flavor symmetries U(3)ucs and U(3)
d
cs are
needed, rather than one. The first group, U(3)ucs acts on the operators OuRF
that mix with uR and on OqLF that mix with the qL. The second group acts on
OuRF and onO′qLF . Analogously to the models with left-handed compositeness,
14This scenario can be easily realized also in the models with a single left-handed mixing
with the choice λ′qL = λqL ∝ 1.
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the requirement of obtaining the correct top mass forces the λuR mixings to
be large, thus implying a sizable amount of compositeness for all the right-
handed up-type quarks. To a lesser degree this is also true for the down-type
quarks, although in this case the minimal amount of compositeness can be
significantly smaller being determined by the bottom mass.
The MFV structure is helpful to reduce some of the flavor constraints with
respect to the anarchic case, below we will briefly describe the situation, skip-
ping all details, which can be found in the original literature. The conclusion
will be that the extra flavor suppression of this kind of constructions is not
enough to completely remove the tension with the experiments.
Differently from the anarchic scenarios, the large flavor symmetry of the
U(3)3 models allows to keep under control the CP violating effects. In par-
ticular extra CP violation is not present if we assume that the composite
sector preserves CP. In this case the strong bounds from the neutron EDM
disappear.
The flavor symmetry also ensures some cancellation in the FCNC’s. In the
left compositeness scenarios the tree-level FCNC’s are completely absent [105,
133], thus removing the bounds from ∆F = 2 transitions. This is not the
case in the right-compositeness models, in which minimally-flavor-violating
FCNC’s are generated at tree level [139, 140]. Under the VMD hypothesis,
however, the 4-fermion interactions mediating ∆F = 2 transitions contain
only the left-handed quarks. The relevant bounds are thus the ones coming
from the Q1 operators, which still push the compositeness scale in the multi-
TeV range (m∗ & 4 TeV).
The large amount of compositeness of the light quarks leads to some
additional tension with the experiments [105]. An important effect is the
modification of the gauge boson couplings that affects the EW precision mea-
surements. Significant constraints on the left-compositeness scenarios come
form the measurement of the partial width of the Z boson into hadrons and
from the violation of the quark-lepton universality. These observables imply
a lower bound on the compositeness scale of order m∗ & 6
√
g∗ TeV. Strin-
gent bounds also come from the angular distribution of dijet events at the
LHC, which is sensitive to the compositeness of the first-generation quarks.
The corresponding bound is of the order m∗ & 4 TeV and applies to the
left-compositeness models as well as the right-compositeness ones [141].
Another consequence of the large compositeness of the light quarks is
an increased direct production cross section for the fermionic partners. The
current LHC bounds already push the mass scale of these resonances to the
few-TeV range [142, 143]. Additional bounds can be derived for the vector
resonances, which can be easily produced from the light quarks. Significant
bounds can be derived for the heavy gluons whose present exclusion, in spe-
cific scenarios, can reach the 3 TeV scale [105, 142].
Finally it is important to notice that in generic strongly coupled theories
we expect resonances associated to all the global symmetries. In particular
in the left and right compositeness models we expect extra vector resonances
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corresponding to the global flavor symmetry U(3) and U(3)2 respectively.
These resonances are expected to have a mass roughly comparable to the one
of the usual EW or QCD resonances and could be an additional target for
collider experiments.
4.3.2 The U(2)3 models
From the above discussion it emerges that the U(3) models can offer a par-
tial improvement with respect to the anarchic scenarios. The improvement
is however not enough to bring down the composite dynamics scale around
1 TeV. Some of the most problematic aspects of the flavor symmetric models
come from the fact that the U(3) invariance necessarily connects the amount
of compositeness of the light fermions with the one of the third-generation
quarks. This creates a big tension with the high-precision EW measure-
ments involving the light quarks and significantly enhances the direct collider
bounds on the production of resonances (either fermionic partners or heavy
gauge fields).
A possible way to modify the above scenarios is to reduce the flavor sym-
metry by excluding the heavy quarks. In other words, we can assume only
a U(2)qL × U(2)uR × U(2)dR symmetry, under which the first two genera-
tion quarks transform as doublets, while the third generation fields are sin-
glets [105, 139, 140]. Compared to the U(3)3 models, a larger number of
free parameters is present, however the flavor symmetry can be broken more
weakly since the top Yukawa is now invariant under U(2)3. In complete anal-
ogy to the previous scenarios, models with left or with right compositeness
can be constructed. In the left-compositeness case the composite dynamics
is invariant under a U(2) flavor symmetry, while right compositeness requires
an extended U(2)2 symmetry.15
The full MFV structure can not be reproduced in U(2)3 models, how-
ever a reduced version involving the first two generations is still at work,
suppressing flavor violation for processes involving the light quarks. FCNC’s
are generically present both for left and for right compositeness. The largest
contributions involve only the left-handed quarks, thus the strongest con-
straints come from the Q1 operators, while the bounds from Q4 are not
significant [105]. Although the constraints on m∗ are roughly similar to the
ones in the right-compositeness U(3)3 models, the additional freedom in the
choice of parameters allows a reduction of the bounds to the m∗ ∼ 1 TeV
scale.
Flavor changing interactions involving the Z boson are present at tree-
level in the models with left compositeness, while they are absent in the
right-compositeness case. The relevant effects only involve the left-handed
currents and the corresponding bounds can be lowered to the 1 TeV scale
15Mixed scenarios considering a reduced U(2) flavor symmetry only for one quark chi-
rality and full U(3) symmetry for the others can also be constructed [140].
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with the same choice of parameters that reduces the tension from ∆F = 2
transitions.
If the composite sector preserves CP, the corrections to the neutron EDM
are only generated at higher order in the parameters that break the U(2)3
symmetry and are well below the current experimental bounds.
Finally, the constraints from direct production of composite resonances
and the ones from the EW precision measurements on the light quarks become
irrelevant due to the small amount of compositeness of these states. The only
bounds of this type come from the dynamics related to the third generation
quarks, in particular from the direct searches for top partners, from the
oblique parameters and from the corrections to the gauge couplings involving
the b quark. These constraints are clearly common to all scenarios based on
partial compositeness and are comparable to the corresponding ones in the
anarchic models. Given their relevance for generic composite Higgs scenarios
we discuss them in dedicated chapters, namely Chaps. 6 and 7.
4.4 The lepton sector
So far we focused our discussion on the flavor structure of the quark sec-
tor. The construction of a complete model, however, also requires a full
description of the lepton fields. We will show in this section how a minimal
implementation of the lepton sector can be obtained as a straightforward
generalization of the anarchic scenario [112, 144–146]. As we will see, this
minimal scenario is far from being satisfactory since it suffers from extremely
strong experimental constraints. It is however a useful toy example to discuss
the general features of the lepton sector and present the most important ex-
perimental constraints. More refined models that improve the compatibility
with the experiments through the introduction of flavor symmetries can be
constructed in analogy to what we discussed in Sect. 4.3 for the quark sector
or by advocating the presence of discrete symmetries. For brevity, we will
not enter into the details of such constructions and we refer the interested
reader to the original literature [147–151].
The lepton sector presents two peculiar aspects that make it quite different
from the quark sector. The first peculiarity is related to the neutrino masses
which are much smaller than the masses of the charged leptons. This property
makes it plausible that the neutrino masses come from a different source, thus
allowing more freedom in the flavor structure. An interesting possibility is to
abandon the usual partial compositeness structure, and generate the neutrino
masses through a technicolor-like construction. We will discuss this scenario,
as well as the standard partial-compositeness one, in the following.
The second peculiar aspect of the lepton sector is the fact that the lepton
mixing matrix VPMNS, contrary to the VCKM matrix, seems to have a non-
hierarchical structure. To understand the consequences of this structure it
is useful to recall the expression of the mixing matrix in terms of the chiral
170 CHAPTER 4. FLAVOR
rotations that diagonalize the Yukawa’s:
VPMNS = E
†
LNL , (4.4.1)
where EL and NL refer to the rotation of the left-handed fields in the charged
lepton and neutrino sectors respectively. A non-hierarchical structure for
VPMNS generically occurs whenever NL is anarchic, irrespectively of the
charged lepton rotation matrix EL. To obtain the correct flavor structure
it is thus sufficient to generate hierarchical Yukawa’s for the charged leptons
yie ∼ λi`LλieR/g∗ , (4.4.2)
and to assume that the rotation matrix NL is non-hierarchical.
As a first scenario we consider the usual partial compositeness structure.
In complete analogy to the quark sector we introduce right-handed neutrinos
and consider Dirac neutrino masses. As for the quarks, in order to generate
the lepton masses, the left-handed doublets `iL should be mixed to one or
more composite operators depending on the SO(5) quantum numbers. For
instance if the composite operators belong to the fundamental representation
at least two mixings are necessary: one with a 5−1 operator giving mass to
the charged leptons and one with a 50 operator giving mass to the neutri-
nos. In this scenario we are left with a large freedom in the choice of the
mixings. Apart from the condition in Eq. (4.4.2), we need to assume that
the left neutrino mixing is non hierarchical, λ′i`L/λ
′j
`L
∼ 1. As we explained
in Section 4.1, this condition ensures that the NL matrix is anarchic.
If the `iL fields are mixed with only one composite operator the overall
picture changes. In this case, in order to obtain a non-hierarchical NL, we
need to assume λi`L/λ
j
`L
∼ 1. This condition fixes the ratios between the
λieR mixings, which must be chosen to reproduce the charged lepton masses,
λieR/λ
j
eR ∼ mie/mje for i < j.
As we mentioned before, an alternative scenario can be advocated for
the generation of the neutrino masses. Instead of coming from the usual
partial compositeness mixing, the neutrino masses could arise from couplings
involving a bilinear of the elementary fields. This can be naturally realized
if the neutrinos are Majorana. In this case the leading operator responsible
for generating neutrino mass terms is of the form
yνij(`
i
L)
c`jLO . (4.4.3)
In the above equation yνij is an anarchic matrix and O is a composite operator
transforming as an SU(2)L triplet and with unit hypercharge. If the scaling
dimension of the composite operator is larger than 2 the Renormalization-
Group running naturally generates a suppression of the neutrino masses.
A similar construction can also be realized if the neutrinos are Dirac by
assuming that the mixing of the right-handed fields λνR are negligibly small.
In this case the dominant contribution to the neutrino masses comes from
higher dimensional operators involving the `
i
Lν
j
R bilinear at the UV scale.
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4.4.1 Constraints
The minimal implementations of the lepton sector we described before are in
deep trouble when compared with the stringent experimental data. The most
problematic observables are the electron EDM and the lepton flavor violating
decay µ → eγ. As we will discuss in the following these observables lead to
bounds on the compositeness scale that are nearly one order of magnitude
stronger than the ones we found in the quark sector.
The electron EDM
We start by considering the electron EDM, which is induced by the dipole
operator
Oeeγ = Ceeγ eme
16pi2
eσµνFµνγ
5e . (4.4.4)
If Oeeγ is induced a tree level, its contribution to the electron EDM can be
estimated as
de =
eme
8pi2
ImCeeγ ∼ 2me e
m2∗
. (4.4.5)
The current experimental bound is given by [7]
|de| < 0.87× 10−28e cm at 90% C.L. . (4.4.6)
This translates into the stringent constraint
m∗ & 480 TeV . (4.4.7)
Even if we assume that the dipole operator is generated only at loop level,
the bound on the composite dynamics remains quite strong, f & 38 TeV.
The corrections to the muon EDM can be analyzed in a similar way. The
new-physics contributions, however, are way below the present bounds and
do not impose any significant constraint.
Lepton flavor violation
The second process that leads to a strong constraint on the minimal imple-
mentations of the lepton sector is the µ→ eγ decay. The effective Lagrangian
mediating this process can be written as [112]
Lµ→eγ = mµeFµν
(
µLσ
µνeR
Λ2L
+
µRσ
µνeL
Λ2L
)
. (4.4.8)
From this expression one can derive the branching ratio for the flavor-violating
decay
BR(µ→ eγ) = 96pi2e2
(∣∣∣∣ vΛL
∣∣∣∣4 + ∣∣∣∣ vΛR
∣∣∣∣4
)
. (4.4.9)
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By imposing the current experimental bound BR(µ→ eγ) < 5.7× 10−13 [7],
one finds ΛL,R & 900 TeV.
The coefficients of the effective operators can be estimated as
mµ
Λ2L
∼
√
2
√
memµ
m2∗
(
λ1`L
λ2`L
√
mµ
me
)−1
, (4.4.10)
mµ
Λ2R
∼
√
2
√
memµ
m2∗
(
λ1`L
λ2`L
√
mµ
me
)
. (4.4.11)
The above expressions have been written in such a way to emphasize that, in
order to minimize the constraints, the optimal choice for the λi`L parameters
is
λ1`L
λ2`L
∼
√
me
mµ
. (4.4.12)
With this choice we find that the bound on m∗ is given by
m∗ & 300 TeV . (4.4.13)
Also in this case the bound remains quite strong even if the dipole operators
are not generated at tree level (f & 25 TeV).
Other minor constraints can be derived from the muon conversion inside
nuclei and from the µ → 3e decay [112]. These processes are mediated by
the penguin operators that lead to flavor-violating Z interactions.
Chapter 5
Phenomenological models
In the previous chapters we focused on the broad qualitative features of the
composite Higgs scenarios that follow directly from the Nambu-Goldstone
boson nature of the Higgs and from partial fermion compositeness. As we
discussed at length, the Goldstone structure determines many important as-
pects of the elementary and composite dynamics and, when supplemented
by a power-counting rule, can be exploited to obtain a semi-quantitative un-
derstanding of the new-physics effects. The full generality of this approach
is at the same time the source of its advantages and of its main limitations.
Most of the results we derived are indeed valid only as order of magnitude
estimates and important numerical corrections could be present in explicit
models. Moreover, so far we mainly focused on the dynamics of the Stan-
dard Model (SM) fields, but we did not consider in details the properties of
the composite resonances that unavoidably arise from the composite sector
and constitute one of the most distinctive features of the composite Higgs
scenarios.
In this chapter we will change perspective and we will show how more
complete descriptions of the composite Higgs theories can be constructed.
The main aim of our constructions will not be to make progresses on the
microscopic origin of the composite Higgs scenario, but instead to obtain
some phenomenological model in which the relevant physical observables,
such as the Higgs potential and the Electro-Weak (EW) parameters, can
be reliably predicted. We will see that, as a byproduct of the calculability
requirement, a parametrization of the dynamics of the composite resonances
is also automatically introduced.
The construction of explicit models is important for several reasons. First
of all, explicit realizations of the composite scenarios allow to check in de-
tails the validity of the model-independent results derived in the previous
chapters. In particular they are useful to understand up to which extent the
general estimates can be modified and the various constraints coming from
the experimental data can be relaxed or tightened. Specific implementations
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of the composite Higgs idea, indeed, often predict several correlations among
the physical observables or display some accidental cancellations. All these
effects are very hard to be guessed in a fully model-independent approach.
For this reason explicit models can be used to get a more reliable determi-
nation of the impact of the experimental constraints on the composite Higgs
scenario (these topics will be the subjects of Chaps. 6 and 7).
It is also important to stress that the explicit models also have a historical
and practical relevance. In fact, the first holographic implementations of the
composite Higgs scenarios [42, 73] provided a fundamental proof that this
kind of framework can be used to achieve realistic models of EW Symmetry
Breaking (EWSB). Explicit constructions, moreover, have often been the
playground for the discovery of new features of the composite scenarios, which
then have been confirmed and more fully analyzed in a model-independent
way.
In order to build explicit realizations of the composite Higgs scenarios dif-
ferent alternative constructions can be used. One possibility is to rely on the
holographic models formulated as gauge theories in five space-time dimen-
sions. These models provide calculable implementations of the composite
Higgs idea and, at the same time, include a full description of the composite
sector resonances. This latter feature is however also at the origin of the
main drawback of the holographic approach, namely the fact that extract-
ing predictions for the physical observables is usually technically challenging.
This is particularly so if we are interested in the collider phenomenology of
the composite resonances. The extra-dimensional models, indeed, necessarily
include infinite towers of composite states with increasing mass and formally
describe the dynamics of each of them. Obviously in a collider experiment
only a few light resonances are accessible, thus retaining the heavier states
is an unnecessary complication. Furthermore only the light resonances are
well-described by the theory, the heavy states are only formally present since
their mass goes above the cutoff. On top of these reasons, a full description of
the holographic models requires the introduction of many technical tools and
would drive us too far from the path we followed in the previous chapters.1
In the following we will thus choose a different approach and we will
focus on a class of explicit implementations of the composite Higgs scenario
based on fully four-dimensional constructions, the so called “multi-site” mod-
els [158, 159]. This approach is inspired by the holographic models and by
the idea of dimensional deconstruction [160, 161], which consists in discretiz-
ing the extra space coordinate by replacing it with a one-dimensional lattice
with a finite number of points or “sites”. Each site is associated to a set
of degrees of freedom that roughly correspond to one level of Kaluza-Klein
(KK) states. In this way the multi-site models provide a simplified version
1Good reviews explaining the extra-dimensional implementations of the composite
Higgs idea can be found in Refs. [43, 152–154]. The holographic correspondence link-
ing these scenarios to the four-dimensional picture has been discussed in Refs. [60, 134,
153, 155–157].
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of the holographic theories in which only few KK levels, i.e. a limited set of
composite resonances, are included.2
From the technical point of view, the construction of these models does
not require any additional tool since it relies only on the non-linear σ-model
structure and on the CCWZ formalism introduced in Chap. 2. The detailed
structure of the models is dictated by the requirement of calculability, which
is implemented via a “collective breaking” mechanism. As we will see, this
mechanism has its roots in the holographic theories and naturally blends with
the multi-site structure.
5.1 Multi-site models: collective breaking
In order to introduce the phenomenological multi-site models we proceed in a
constructive manner, following Ref. [158]. The starting point is the simplest
and most general description of the composite Higgs dynamics, the non linear
σ-model. The additional ingredients needed to include the dynamics of the
composite resonances and to ensure the calculability of the Higgs potential
are then progressively introduced. This leads to a simpler exposition, which
allows to emphasize the key assumptions and gradually describe the required
technical tools.
5.1.1 The non-linear σ-model
For definiteness we focus on the non-linear σ-model corresponding to the
SO(5)/SO(4) coset, which constitutes the “minimal” implementation of a
composite Higgs. This model only contains the pseudo Nambu-Goldstone
Boson (pNGB) Higgs and the SM gauge fields, whereas the composite sector
resonances are absent. The general structure of the non-linear σ-model has
already been discussed in Chap. 2 and we rewrite here only the expressions
relevant for the present discussion.
The operators appearing in the Lagrangian can be written in terms of the
Goldstone matrix U defined as
U [Π] = exp
(
i
√
2
f
ΠiT̂
i
)
, (5.1.1)
where Πi are the four NGB fields corresponding to the components of the
usual Higgs doublet and transform as a 4 of SO(4). We denote collectively
by TA = {T a, T̂ i} the SO(5) generators in the fundamental representation,
corresponding to the generators of the unbroken SO(4) subgroup (T a with
2It is important to stress that the deconstructed models are deeply different from a naive
truncation of the KK tower (for an effective model based on this approach see Ref. [72]).
A naive truncation, indeed, implies a breaking of the symmetries that protect the Higgs
dynamics in the holographic models, thus not allowing to implement calculability in the
effective model.
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a = 1, . . . , 6) and to the generators of the SO(5)/SO(4) coset (T̂ i with i =
1, . . . , 4). For all the generators we choose the normalization Tr[TATB ] =
δAB . The explicit form of the generators is reported in Eq. (2.2.21).
The leading operators in the Lagrangian appear at the two-derivatives
order and read
Lpi = f
2
4
diµd
µ
i , (5.1.2)
where the d-symbol is defined, as in Eq. (2.3.28), as the projection on the
broken generators of the Maurer–Cartan form, namely
diµ = iTr
[
(UTDµU) · T̂ i
]
. (5.1.3)
The covariant derivative of the Goldstone matrix is defined as
DµU = ∂µU − iAµU , with Aµ = gWαTαL + g′BµT 3R , (5.1.4)
and gives rise to the interaction of the NGB Higgs with the elementary gauge
fields Wαµ (α = 1, 2, 3) and Bµ corresponding to the SU(2)L × U(1)Y SM
gauge group embedded in SO(4).3 In the above formula g and g′ denote the
couplings of the SU(2)L and U(1)Y gauge subgroups. The T
α
L,R generators
correspond to the SO(4) generators written in a basis that shows explicitly
the equivalence SO(4) ' SU(2)L × SU(2)R. To complete the leading order
Lagrangian, canonical kinetic terms for the elementary gauge fields must be
introduced as well
Lg = −1
4
Tr [WµνW
µν ]− 1
4
BµνB
µν , (5.1.5)
where we defined Wµν = ∂µWν − ∂νWµ − ig[Wµ,Wν ] with Wµ = Wαµ TαL .
In the previous chapters we regarded the non-linear σ-model Lagrangian,
L0 = Lpi + Lg, as the leading-order low-energy description of the composite
Higgs dynamics, valid below a physical cutoff that is provided by the com-
posite resonances scale m∗ = g∗f . We also saw how to estimate, by the One-
Coupling-One-Scale power-counting introduced in Chap. 3, the infinite set of
higher-order operators that appear in the effective field theory. Here instead
we discuss the non-linear σ-model with a rather different purpose. Namely
we want to see which physical observables are formally predictable within
the leading-order version of the σ-model. More precisely, we ask ourselves
which observables can be computed by only employing the leading-order La-
grangian L0, obtaining predictions for them in terms of its three parameters
f , g and g′. The calculability of the Higgs potential will be our main concern
in the present section, however the considerations that follow will later find
other applications in Chap. 7.
3We momentarily neglect the presence of the extra U(1)X charge in the definition of
the hypercharge and we set Y = T 3R. The U(1)X subgroup does not play any role until
the matter fermion fields are introduced.
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All tree-level diagrams can be computed, obtaining formally valid predic-
tions. Obstructions to calculability instead come from loop diagrams, which
is where the non-renormalizable nature of the theory shows up. Order by
order in the loop expansion new divergences will appear, associated to op-
erators that were not present in L0. Canceling those divergences requires
additional counterterms, which introduce new parameters in the calculation.
If the contribution to the latter parameters is not suppressed and the final
result is strongly sensitive to them, calculability is spoiled. In order to es-
tablish whether this occurs or not we need to count the degree of divergence
of the Feynman diagrams with L loops and an arbitrary set of external legs
computed with the leading-order Lagrangian L0. This is provided by the
following formula 4
Λ2f2
(
Λ
4pif
)2L(
Π
f
)Epi (gV
Λ
)EV ( ∂
Λ
)d(
gf
Λ
)2η
, (5.1.6)
where Λ is the hard momentum cutoff of the loop integrals, g and V col-
lectively denote the g and g′ gauge couplings and the corresponding gauge
fields Wµ and Bµ. The degree of divergence associated to a given L-loops
diagram, with “Epi” Goldstone and “EV ” vector external legs is simply given
by the power of Λ predicted by the counting rule. A number “d” of exter-
nal momenta insertions, which correspond to derivatives in the equivalent
effective operators, is also taken into account. The (gf/Λ)2η factor, which
reduces the degree of divergence (η is necessarily positive) counts the number
of elementary gauge field vertices that are present in the diagram. For each
given observable, the leading divergence is the one of the diagram with the
smallest number of gauge vertices insertions, i.e. with the smallest η. How-
ever because of selection rules, as we will see for instance in the case of the
Higgs potential, there might be an obstruction to reach the absolute mini-
mum η = 0. One could be obliged to consider diagrams with η ≥ ηmin > 0,
leading to a reduction of the degree of divergence. This mechanism will be
the key ingredient for the construction of multi-site phenomenological models
with a calculable Higgs potential.
The reader should be careful not to confuse the superficial degree of diver-
gence counting in Eq. (5.1.6) with the power-counting estimate we derived in
Chap. 3 and in particular in Eq. (3.1.18). The two formulas provide answers
to two distinct questions, therefore they are, a priori, completely unrelated.
The divergence counting is an intrinsic property of the effective theory, or
better of the leading-order Lagrangian L0. Indeed only the leading-order
parameters appear in Eq. (5.1.6), the scale Λ being just the unphysical and
formally infinite loop momentum cutoff. Assumptions on the UV completion
of the effective theory are instead needed for the power-counting estimate,
and indeed the physical cutoff scale m∗, or equivalently the typical resonance
4The derivation is not particularly enlightening and thus it will not be reported here.
The reader is referred to Ref. [158].
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coupling g∗ = m∗/f , is present in Eq. (3.1.18). However, there exists a re-
lation among the two formulas, which emerges if we identify, for a moment,
the loop momentum cutoff Λ with the physical cutoff m∗. “Naturalness”
considerations, completely analogous to the ones we made in Sect. 1.2 for our
estimate of the low-energy contributions to the Higgs mass in the SM, suggest
that Eq. (5.1.6) should provide an approximate lower bound to the size of the
effective operator coefficients that are generated from the UV theory. The
idea is, precisely like for the Higgs mass-term in the SM, that the contribution
of virtual quanta below the cutoff, which is well described by the effective-
field-theory loops truncated at the cutoff scale, should be part of the complete
result for the operator coefficient computed in the UV theory. The operator
coefficient being “Natural”, i.e. not resulting from a finely-tuned cancella-
tion, thus requires it to be larger or at most equal to the one estimated from
the effective field theory loops. It is easy to verify that the power-counting
estimate in Eq. (3.1.18) indeed obeys this condition, provided the coupling
g∗ stays below the maximal value of 4pi allowed by perturbativity in the UV
theory.5 The lower bound on the operator coefficients is saturated, and the
two estimates coincide, only in the “NDA limit” g∗ = 4pi (and consequently
Λ = m∗ = 4pif), i.e. when we consider a completely strongly-coupled UV
completion for the effective field theory. More precisely, given that the effect
of elementary gauge field loops was not taken into account in Eq. (3.1.18) the
comparison with Eq. (5.1.6) is only possible for η = 0. The (gf/Λ)2η factor
reduces to (g2/16pi2)η for maximal cutoff Λ = 4pif and and it corresponds
to the loop suppression of the operators that are radiatively induced by the
elementary fields, like the ones we encountered in Sect. 3.3.2 in the estimate
of the Higgs effective potential.
We now return to the issue of calculability of the Higgs potential. A naive
usage of Eq. (5.1.6) would predict a very high degree of divergence, of the
quartic order Λ4, already at one loop, which is the minimal order at which
the Goldstone boson potential can be generated. However the divergence is
reduced because only the diagrams that are sensitive to the breaking of the
Goldstone symmetry can contribute to the potential. Given that the gauge
field couplings are the only source of such breaking in the Lagrangian, the
only relevant diagrams are the ones that involve internal elementary gauge
field lines and thus some insertion of the elementary gauge field couplings.
The minimal number of coupling insertions is equal to two, therefore the
lower bound η ≥ ηmin = 1 must be considered in Eq. (5.1.6). From quar-
tic, the divergence is thus reduced to quadratic because of a selection rule,
namely because of the presence of the Goldstone symmetry and of its explicit
breaking, which is entirely due to the gauge couplings. Even if reduced, the
divergence of the Higgs potential is still present in the non-linear σ-model.
Since it emerges at the first order in the loop expansion at which the potential
starts being generated, its presence clearly forbids us to compute the Higgs
5Thinking backwards, this could have been a way to establish the bound g∗ ≤ 4pi in
the operator estimate.
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potential (and in turn its mass and self-couplings and the EWSB scale) in
this theory. The Higgs potential is determined by a counterterm that can-
cels the divergence and leaves behind it a completely arbitrary finite part,
which is merely one new free parameter of the theory with no connection
with the ones that appear in the leading-order Lagrangian. Therefore it is
not a calculable quantity.
The reduction of the divergence from quartic to quadratic is not sufficient
to make the Higgs potential calculable, however it indicates the right direction
to design calculable extensions of the non-linear σ-model. For this reason it
is worth studying the cancellation of the leading quartic divergence in a more
rigorous and systematic way by the method of spurions, which will be very
useful in the rest of this chapter. The concept of spurions has already been
introduced in Chap. 3 and we refer the reader to that discussion for more
in-depth explanations. Here we only focus on the minimal ingredients needed
for the present analysis. The concept of spurions is based on the possibility of
keeping track of the consequences of a symmetry when it is broken by a small
explicit perturbation. This can be done by formally restoring the original
invariance by promoting the symmetry-breaking couplings to spurions with
definite transformation properties under the symmetry. The only allowed
operators in the effective theory are then the ones that respect the whole
original invariance and can be build from the usual fields and the spurions.
In the non-linear σ-model we restore the full SO(5) invariance by intro-
ducing two spurions G and G′ and rewriting the elementary gauge field in
Eq. (5.1.4) as
Aµ = GαWαµ + G′Bµ = GαATAWαµ + G′ATABµ , (5.1.7)
where the index A is in the adjoint representation of SO(5). In this way the
covariant derivative transforms homogeneously under SO(5). The elementary
gauge fields are now associated to a new “elementary” group SU(2)0L, which
is a symmetry of the gauge Lagrangian in Eq. (5.1.5), and do not transform
under SO(5). In particular the three Wαµ belong to the adjoint representation
of SU(2)0L, while the Bµ field and the Goldstone boson Higgs are invariant.
For consistency, the index α of the spurion forms a triplet under the elemen-
tary group. The SM SU(2)L gauge group, under which both the W fields
and the Higgs transform simultaneously, is given by the vector combination
of the elementary SU(2)0L and the SU(2)L subgroup of SO(5). One can also
notice an additional symmetry, a Z2 parity, that acts by changing the sign of
the spurion G′ and of the Bµ field.
Clearly Eq. (5.1.7) is just a rewriting of Aµ, the physical values of the
spurions are indeed
Gα = gTαL , G′ = g′T 3R , (5.1.8)
which give back the expression in Eq. (5.1.4). The physical value of the
spurion G breaks the total SU(2)0L × SO(5) symmetry down to SO(4) '
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SU(2)L × SU(2)R. The G′ spurion then produces the further breaking to the
SM group. The important point about the spurions is that before setting
them to their physical values they have well-defined transformation proper-
ties under the total symmetry and they must enter in the allowed operators in
symmetry-preserving combinations with the usual fields. By using the sym-
metry we can classify the local operators in terms of the number of spurions
they contain.
Let us now go back to the issue of the calculability of the Higgs potential.
We said that the potential can only be generated due to the breaking of
the SO(5) symmetry induced by the elementary gauging. In the language of
spurions, this means that the operators contributing to the potential must
contain powers of G or G′, which carry powers of g and g′ and thus lower the
degree of divergence from quartic to quadratic. At the leading order in the
gauge couplings it is easy to classify the operators. There are only two of
them contributing to the Higgs potential 6
cgf
4
(
UTGαGαU
)
55
=
3
4
cgf
4g2 sin2(H/f) (5.1.9)
and
cg′f
4
(
UTG′G′U)
55
=
1
4
cg′f
4g′2 sin2(H/f) , (5.1.10)
where we denoted by H the real neutral Higgs component (normalized in
such way that on the EW vacuum 〈H〉 ' v = 246 GeV). In the notation
used in Eq. (5.1.1) the physical Higgs corresponds to the fourth component
of the Πi multiplet, H = Π4. Notice that to construct an SO(5) invariant op-
erator we took the (5, 5) component of the matrices in the parentheses. This
can be understood by recalling the transformation properties of the Gold-
stone matrix UIJ . The right index I transforms linearly in the fundamental
representation of SO(5). On the contrary, the left index J corresponds to a
non-linear realization of SO(5) obtained through SO(4) transformations. As
we saw in Chap. 2 (compare Eq. (2.3.8)) this corresponds to
U [Π]→ U(Π′) = g · U [Π] · h−1[Π, g] , (5.1.11)
where g denotes a generic SO(5) transformation, while h[Π, g] is the element
of SO(4) corresponding to the non-linear realization of SO(5). Within our
conventions the SO(4) generators are embedded in the right-top 4× 4 block
of the fundamental SO(5) representation. The fifth component of a vector
in the fundamental representation is thus invariant under SO(4). It is easy
to see that the UTGαGαU operator in Eq. (5.1.9) transforms with h[Π, g] on
both sides and its (5, 5) component is SO(5) invariant. Similar considerations
apply to the operator in Eq. (5.1.10).
6The classification of invariant operators constructed with the gauge spurions was al-
ready carried on in Sect. 3.3.1 with a different and more general technique based on dressed
spurions. Two operators were found for each of the two G and G′ spurions, however only
the ones that are even under the PLR symmetry are generated by radiative corrections
and are reported in the equations that follow. This is because the 2-derivative non-linear
σ-model Lagrangian is accidentally PLR-invariant, thus it can not generate odd operators.
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5.1.2 The two-site model
We have seen that the Higgs potential is divergent in the non-linear σ-model
and therefore not predictable. The analysis of the degree of divergence, how-
ever, led to an interesting insight on the dynamics responsible of the breaking
of the Goldstone symmetry. In particular it highlighted the fact that the
SO(5) invariance provides a partial protection of the Higgs dynamics which
lowers the degree of divergence associated to the Higgs potential. This result
suggests a natural way to go beyond the non-linear σ-model description and
construct a predictive implementation of the composite Higgs scenario: we
must promote the SO(5) invariance to a larger set of independent symmetries
under which the Higgs behaves like a Goldstone boson. The Higgs potential
is then generated only if all the symmetries are broken and this reduces its
degree of divergence. This kind of mechanism is usually denoted as collective
breaking [81, 162] and has been extensively used in the context of little Higgs
theories (for a review see Refs. [46, 47]). As we will see in the following, an
interesting byproduct of the collective-breaking structure is the automatic
connection with the dynamics of the composite sector resonances. The ad-
ditional symmetries are indeed a basic ingredient to introduce the composite
states in the effective models.
Before moving to the complete model in which the Higgs potential is fully
calculable, we focus on a simpler implementation of the idea of collective
breaking, the two-site model. Although the two-site model has only a limited
predictive power, it includes most of the ingredients of the complete model
and allows an easier presentation of the new technical aspects.
The starting point of the two-site model is again a non-linear σ-model. In
this case, however, it is not based on the usual SO(5)/SO(4) coset. Instead
we add a second SO(5) subgroup and consider the chiral group SO(5)L ×
SO(5)R spontaneously broken to the vector subgroup SO(5)V . The new
coset, SO(5)L × SO(5)R/SO(5)V , is parametrized by the SO(5) Goldstone
matrix
U [Π] = exp
(
i
√
2
f
ΠAT
A
)
, (5.1.12)
which transforms linearly under SO(5)L × SO(5)R
U [Π]→ U [Π′] = γL U [Π] γTR . (5.1.13)
This structure gives rise to ten Goldstones ΠA, which transform in the ad-
joint representation of SO(5)V . Under SO(4) ⊂ SO(5)V , four of these, the Πi
corresponding to the SO(5)/SO(4) coset, form a fourplet and are identified
with the Higgs field. The remaining six, Πa in the adjoint of SO(4), will be
removed by gauging and will not appear in the spectrum as physical scalars.
Notice that this notation, in which the Goldstone matrix transforms linearly
under the group rather than with the non-linear h ∈ SO(4) as in Eq. (5.1.11),
is rather different from the one we used until now. This formulation of the
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Goldstone boson theory, alternative to the general CCWZ one, is only pos-
sible for chiral groups broken to the vector combination and it is related to
the latter by
U =
[ U [Π/2]
0 U†[Π/2]
]
. (5.1.14)
With the three-fold purpose of removing the Πa scalars, of breaking the
extra SO(5)R invariance and of adding to the model a description of the
vector resonances, we gauge the SO(4) subgroup of SO(5)R by introducing
six gauge fields ρ˜aµ. Given that SO(5)R is spontaneously broken, the new
gauge bosons become massive and acquire their longitudinal components by
eating the Πa Goldstones. The ρ˜ states are then interpreted as resonances
of the composite sector and we assign them a coupling g˜ρ of the order of
the typical composite sector coupling g∗. Their mass is given by m˜ρ ∼ g˜ρf
(see Eq. (5.1.21)) and is of the order of the typical composite sector mass
m∗. For phenomenological reasons m˜ρ is expected to be of TeV size and
the coupling g˜ρ is “large” though not maximal, 1 . g˜ρ < 4pi. The latter
assumption is essential to ensure that the dynamics of the vector resonances
can be described perturbatively.
The EW bosons are introduced by gauging the SU(2)L×U(1)Y subgroup
of SO(5)L with the gauge fields W
α
µ and Bµ. The W and B fields are in-
terpreted as elementary fields. Their couplings g0 and g
′
0 almost coincide
with the SM g and g′ couplings and are typically much smaller than g˜ρ (see
Eq. (5.1.22)). Notice that the SU(2)L × U(1)Y subgroup of SO(5)L that is
gauged by the elementary gauge fields does not coincide exactly with the SM
gauge group. Indeed the SM group must be unbroken before EWSB, whereas
SO(5)L is spontaneously broken to its vector combination with SO(5)R. The
correct identification of the SM group is thus with the vector combination
of the elementary group SU(2)L × U(1)Y inside SO(5)L and the analogous
subgroup inside SO(5)R. This combination belongs to the SO(5)V symme-
try group and is clearly unbroken before the Higgs takes a VEV. A direct
consequence of this construction is the fact that the SM gauge fields do not
correspond just to the elementary fields W and B, but they are a combi-
nation of the latter with the composite vector resonances ρ˜. This structure
clearly corresponds to the assumption of partial compositeness discussed in
Chap. 2.
The structure of the model can also be represented in a schematic way by
using moose-like diagrams as shown in Fig. 5.1. The pictorial representation
clarifies the two-site interpretation of the model. This structure corresponds
to a leading order Lagrangian
L0 = Lpi + Lgcs + Lgel , (5.1.15)
where we separated the σ-model kinetic term
Lpi = f
2
4
Tr[(DµU)TDµU ] , (5.1.16)
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W/B
G/G ′
U ρ˜
G˜
Figure 5.1: Pictorial representation of the two-site model. The Goldstone matrix U
is represented as a “link”, i.e. a segment with verical lines at the ends corresponding
to the global SO(5)L and SO(5)R groups. The elementary and composite states are
associated to different “sites”, represented by the gray square and circle. The left
site can be interpreted as the elementary group SU(2)0L×U(1)0Y under which W and
B transform, the right one is the analogous group for ρ˜, S˜O(4). The corresponding
spurions G, G′ and G˜ are also indicated. Their location reminds the symmetry
groups under which they transform.
from the “gauge” terms Lg = Lgcs +Lgel which only contain the kinetic terms
of the elementary and the composite gauge bosons. The covariant derivative
of the Goldstone fields, which gives rise to all the interactions between the
Goldstones and the gauge fields, is defined as
DµU = ∂µU − iAµU + iUR˜µ , (5.1.17)
with the elementary field Aµ given, in analogy to Eq. (5.1.4), by
Aµ = g0W
α
µ T
α
L + g
′
0BµT
3
R , (5.1.18)
and with
R˜µ = g˜ρρ˜
a
µT
a . (5.1.19)
The Lagrangian for the composite sector vector resonances is given by
Lgcs = −
1
4
Tr[ρ˜µν ρ˜
µν ] , (5.1.20)
where ρ˜µν = ∂µρ˜ν−∂ν ρ˜µ−ig˜ρ[ρ˜µ, ρ˜ν ]. Finally, the Lagrangian for the elemen-
tary gauge fields, Lgel, coincides with the one we introduced in the non-linear
σ-model in Eq. (5.1.5).
Let us now discuss briefly the mass spectrum of the gauge fields. The
Goldstone Lagrangian in Eq. (5.1.16) contains a mass term that mixes the
elementary gauge fields W and B with the composite fields ρ˜. As can be
inferred from the previous discussion about the embedding of the SM gauge
group, the massless gauge states correspond to the unbroken SU(2)L×U(1)Y
gauge invariance and are easily obtained by diagonalizing the mass matrix.
In this way one also finds the masses of the heavy vector resonances
m2L =
g20 + g˜
2
ρ
2
f2 ' g˜
2
ρ
2
f2 , m23R =
g′20 + g˜
2
ρ
2
f2 ' g˜
2
ρ
2
f2 , m2X =
g˜2ρ
2
f2 ,
(5.1.21)
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which correspond respectively to the resonances associated to the TαL , to the
T 3R and to the SO(5)/SO(4) coset generators. The SM gauge couplings are
given by the expressions
1
g2
=
1
g20
+
1
g˜2ρ
' 1
g20
,
1
g′2
=
1
g′20
+
1
g˜2ρ
' 1
g′20
, (5.1.22)
while the couplings among the heavy resonances are of order g˜ρ.
Similarly to the non-linear σ-model described in the Sect. 5.1.1, the two-
site model is a non-renormalizable theory with a cut-off Λ that can at most
reach the scale 4pif , where the σ-model interactions in Eq. (5.1.16) become
non-perturbative. The divergence counting rule for the two-site model is
similar to the one given in Eq. (5.1.6). The only new ingredients are the
heavy vector field and the g˜ρ coupling which enter in a way similar to the
elementary gauge bosons and couplings, namely
Λ2f2
(
Λ
4pif
)2L(
Π
f
)Epi (gV
Λ
)EV ( g˜ρρ
Λ
)Eρ ( ∂
Λ
)d(
gf
Λ
)2η (
g˜ρf
Λ
)2η˜
.
(5.1.23)
The important novelty of the two-site construction, with respect to the
minimal non-linear σ-model of Sect. 5.1.1, is the fact that the Higgs is now
a NGB with respect to two independent symmetry groups instead of just
one. This means that its dynamics and in particular its effective potential is
“doubly protected” through a collective breaking mechanism. Let us explain
with more details how this mechanism works. Imagine setting the Higgs to
its VEV, which corresponds to 〈Π4〉 constant and the other components of Π
vanishing. This produces a constant matrix U that can be eliminated from
the Lagrangian by either performing an SO(5)L or an SO(5)R transformation
in Eq. (5.1.13) with either γL = UT or γR = U . This means that the Higgs
VEV always cancels if any of the two groups is an exact symmetry of the
theory. The Higgs potential, and also all the effects triggered by EWSB can
only originate from the breaking of both symmetries.
In order to better exploit the implications of the symmetries we introduce
the spurions G, G′ and G˜ associated to the gauging of the SU(2)L and U(1)Y
subgroups of SO(5) and of the SO(4) subgroup of SO(5)R. The G and G′
spurions appear in the rewriting of the elementary gauge fields
Aµ = GαWαµ + G′Bµ = GαALTALWαµ + G′ALTALBµ , (5.1.24)
with the AL index in the adjoint of SO(5)L and α in the triplet of the ele-
mentary SU(2)0L group. The physical values of these spurions are
Gα = g0TαL , G′ = g′0T 3R . (5.1.25)
The new spurion G˜ is introduced by replacing R˜µ in Eq. (5.1.19) with
R˜µ = G˜aρ˜aµ = G˜AR aTAR ρ˜aµ , (5.1.26)
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Figure 5.2: Pictorial representation of the three-site model.
where the AR index is in the adjoint of SO(5)R. The other index, a, is in the
adjoint of the group S˜O(4), which we define as the group under which only
the ρ˜aµ fields transform. The physical value of G˜ is
G˜a = g˜ρT a , (5.1.27)
and it breaks the SO(5)R × S˜O(4) group to the diagonal SO(4) subgroup.
In order to generate an operator contributing to the Higgs potential we
now need to insert, in addition to the spurions related to the elementary
couplings, also the ones that correspond to the composite ρ˜ resonances. It
can be easily checked that the leading contributions to the potential come
from operators containing 4 spurions. Examples of such operators are
cg
16pi2
f4Tr
[
GαGαUG˜αG˜αUT
]
and
cg′
16pi2
f4Tr
[
G′G′UG˜αG˜αUT
]
. (5.1.28)
The presence of two additional powers of the gauge couplings with respect
to the case of the non-linear σ-model in Eqs. (5.1.9) and (5.1.10) reduces the
degree of divergence from quadratic to logarithmic. To further reduce the
divergence and make the potential finite at one loop we need to introduce
one additional symmetry under which the Higgs is a Goldstone. This is
achieved in the three-site model as we will discuss in the following section.
5.1.3 The three-site model
The key ingredient for the construction of the three-site model, schemati-
cally depicted in Fig. 5.2, is a pair of identical σ-models based on the coset
SO(5)L × SO(5)R/SO(5)V . The Goldstones are parametrized by two SO(5)
matrices U1 and U2 for a total of 20 states, ΠA1 and ΠA2 . The leading-order
Goldstone Lagrangian is given by
Lpi = f
2
1
4
Tr
[
(DµU1)TDµU1
]
+
f22
4
Tr
[
(DµU2)TDµU2
]
. (5.1.29)
Notice that in Eq. (5.1.29) we kept the decay constants of the two σ-models
as independent parameters. The number of free parameters could be reduced
by imposing a 1↔ 2 discrete symmetry, which enforces the relation f1 = f2.
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The symmetries of the two σ-models, SO(5)1L × SO(5)1R and SO(5)2L ×
SO(5)2R , are broken by gauging. As in the two-site case, the “first” subgroup
SO(5)1L is broken by the couplings with the elementary gauge bosons and
the “last” one, SO(5)2R, by the couplings with ρ˜. The remaining subgroups,
SO(5)1R and SO(5)
2
L, are broken by gauging their vector combination. The
ten associated gauge fields, ρAµ , whose coupling is denoted by gρ, become
massive by eating ten Goldstones and are interpreted as resonances of the
composite sector.
The gauge structure, summarized in Fig. 5.2, corresponds to the covariant
derivatives
DµU1 = ∂µU1 − iAµU1 + iU1Rµ ,
DµU2 = ∂µU2 − iLµU2 + iU2R˜µ , (5.1.30)
where Rµ and Lµ are actually identical, Rµ = Lµ = gρρ
A
µTA, while Aµ and
R˜µ are defined in Eqs. (5.1.18) and (5.1.19). After introducing the spurions,
Rµ and Lµ are rewritten as
Rµ = GRAρAµ = GRA
1
R A TA
1
RρAµ ,
Lµ = GLAρAµ = GRA
2
L A TA
2
LρAµ , (5.1.31)
and transform under different symmetries, respectively SO(5)1R and SO(5)
2
L.
The index A carried by the two spurions is associated to an SO(5)ρ group
under which the ρAµ field transform in the adjoint representation while all the
other fields are invariant. The physical values of the spurions are
GRA = GLA = gρ TA , (5.1.32)
and break the SO(5)1R × SO(5)2L × SO(5)ρ to the vector combination. As in
the two-site model, additional spurions are associated to the SM couplings,
G and G′, and to the ρ˜, G˜ (see Eqs. (5.1.24) and (5.1.26)).
In the three-site model the Higgs dynamics is triply protected by the
Goldstone symmetries. To understand this better let us set the Higgs to its
VEV. This corresponds to constant configurations 〈Π4̂1,2〉 of the Goldstone
fields Π4̂1,2. These constant configurations can be eliminated by a symmetry
transformation provided that at least one of the broken symmetries is restored
by setting the corresponding gauge coupling to zero. For instance if we set
gρ to zero the SO(5)
1
R and SO(5)
2
L symmetries are restored and they can be
used to get rid of 〈Π4̂1〉 and 〈Π4̂2〉. The situation is slightly more involved in
the case of g˜ρ. To understand the collective breaking mechanism in this case,
it is important to remember that even in the presence of a non-vanishing gρ
the vector combination of SO(5)1R and SO(5)
2
L is still unbroken and it can be
used to set 〈Π4̂1〉 to zero. The VEV is thus moved entirely onto Π4̂2 and, if
g˜ρ is zero, can be eliminated by an SO(5)
2
R transformation. The same holds
for the elementary couplings, g0 and g
′
0. Therefore, any physical effect of the
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Higgs VEV is necessarily mediated by the three couplings gρ, g˜ρ and g0 (or
g′0).
The presence of the unbroken vector combination of SO(5)1R and SO(5)
2
L
has also another implication: any Higgs configuration, including a VEV,
chosen for U1 can always be rotated away and moved to U2 and vice versa.
To represent the Higgs it is thus better to choose the invariant combination
U1U2. Notice also that in the three-site model the Goldstone Higgs decay
constant does not coincide with any of the σ-models decay constants, instead
it is linked to them by the relation
1/f2 = 1/f21 + 1/f
2
2 . (5.1.33)
This relation can be easily derived from the Higgs effective Lagrangian in
which the gauge resonance have been integrated out. We will explicitly per-
form this computation at the end of the section.
The triple collective breaking of the shift symmetry provides a further
reduction of the degree of divergence of the Higgs potential. In particular
the Higgs potential becomes finite because it must contain at least two ad-
ditional powers of gρ. Performing the spurion analysis one actually finds no
contributions of order g2ρ. The leading operators, like
cg′
(16pi2)3
Tr[G′ U1 GRA UT1 G′ U1 GRBUT1 ] Tr[GLAU2 G˜a UT2 GLBU2 G˜a UT2 ] ,
(5.1.34)
contain four powers of gρ. This further lowers the degree of divergence.
Indeed the rule in Eq. (5.1.23) shows that the gauge contribution to the
potential is not only finite at one loop, but it starts diverging at the three-
loop order.
The reduction of the degree of divergence in the Higgs potential due to
the collective breaking can also be easily understood in a diagrammatic way.
In order to be sensitive to the breaking of all the Goldstone symmetries any
diagram contributing to the Higgs potential must include simultaneously the
elementary gauge fields, the ρµ and the ρ˜µ fields. The schematic structure
of a one-loop contribution is shown in Fig. 5.3. It is easy to see that at least
four vertices coming from the gauge interactions in the Goldstone Lagrangian
in Eq. (5.1.29) are needed. As can be seen from the explicit form of the
Lagrangian, each vertex carries two powers of the gauge couplings. This
explains why in Eq. (5.1.34) we found four powers of gρ along with two
powers of the elementary coupling g0 and of g˜ρ.
Gauge fixing
Before concluding the discussion of the gauge sector of the three-site model
it is useful to briefly discuss the issue of gauge fixing. A common choice is
to adopt a “partial” unitary gauge, that is to remove the Goldstones eaten
by the ρµ and ρ˜µ fields, while keeping in the Lagrangian the complete Higgs
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Figure 5.3: Schematic representation of a one-loop contribution to the Higgs po-
tential induced by gauge fields. The double-line propagators represent the heavy
gauge fields, while the single-line one represents the elementary states. The black
dots denote the interaction vertices, which also include the Higgs field, coming from
the gauge interactions in Eq. (5.1.29).
fourplet. Due to a remnant of the symmetries at the middle and right-most
site, the “partial” unitary gauge choice does not completely fix the form of
the Lagrangian: we can still choose how the Higgs fourplet is embedded in
the U1 and U2 matrices.
A convenient choice is to remove the Higgs from U2 by setting it to the
identity while keeping the full dependence on U1
U1 = U = exp
(
i
√
2
f
HiT
i
)
, (5.1.35)
where Hi correspond to the four Higgs components. With this gauge choice
the only dependence on the Goldstones appears at the left-most site, resulting
in a particularly simple form for the Lagrangian of the composite sector.
Other simple gauge fixing choices are possible. For instance one can
move the full Higgs dependence on the U2 matrix while setting U1 equal to
the identity. In this way one recovers the usual picture in which the Higgs
interacts directly only with the composite states and not with the elementary
sector. A third possibility is to “split” the Higgs into the two Goldstone
matrices as
U1,2 = exp
(√
2i
f
f21,2
HiT
i
)
. (5.1.36)
The one in Eq. (5.1.36) defines the “unitary gauge” of the theory, indeed it
ensures that the Goldstones do not have a quadratic mixing with the gauge
fields [163].
As an example, we now compute the Goldstone Higgs decay constant as
a function of the original σ-models parameters f1,2. For this purpose we
use the gauge choice in Eq. (5.1.35). In this gauge the only dependence of
the Lagrangian on the Goldstone matrix comes from the covariant derivative
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DµU (see Eq. (5.1.30)). This quantity can be rewritten by using the identity
U
T
DµU = U
T
∂µU − i UTAµU + iRµ = −iA
(
U
T
)
+ iRµ , (5.1.37)
where A(U
T
) corresponds to a gauge transformation of the elementary fields
given by
A(U
T
)
µ = U
T
(Aµ + i ∂µ)U . (5.1.38)
With the above definitions the Lagrangian in Eq. (5.1.29) can be written as
Lpi = f
2
1
4
Tr
[(
A(U
T
)
µ − gρρµ
)2]
+
f22
4
Tr
[
(gρρµ − g˜ρρ˜µ)2
]
. (5.1.39)
From this expression we can derive an effective action for the Goldstone
Higgs by integrating out the massive vector resonances. The calculation is
straightforward if we are only interested in the two-derivative terms. The
equations of motion at zero momentum for the ρ˜ fields and for the SO(4)
components of ρ imply
g˜ρρ˜
a
µ = gρρ
a
µ =
(
A(U
T
)
µ
)a
, (5.1.40)
thus the SO(4) components in the Lagrangian (5.1.39) exactly cancel. The
equations of motion for the ρi fields in the coset SO(5)/SO(4), instead, give
gρρ
i
µ =
f21
f21 + f
2
2
(
A(U
T
)
µ
)i
. (5.1.41)
By substituting Eqs. (5.1.40) and (5.1.41) back into the Lagrangian we obtain
Lpieff =
f21 f
2
2
4(f21 + f
2
2 )
∑
i
∣∣∣∣(UT∂µU)i∣∣∣∣2 . (5.1.42)
From this expression we can immediately read the Goldstone decay constant
1/f2 = 1/f21 + 1/f
2
2 . (5.1.43)
In the case f1 = f2 = f the Higgs decay constant simply becomes f =
f1/
√
2 = f2/
√
2.
5.1.4 The matter sector
So far we included in our effective model only the gauge degrees of freedom.
To complete the construction we also need to introduce the SM fermions and
couple them to the Higgs. Following the hypothesis of partial compositeness,
we assume that the SM fermions originate from elementary degrees of free-
dom, external with respect to the composite sector. These states are then
coupled linearly to some composite sector operator.
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The construction is analogous to the one of the SM vector bosons that we
discussed in the previous sections. The elementary vectors arise from gauging
the SM subgroup embedded in the SO(4) symmetry of the composite sector.
This kind of construction gives rise to linear couplings of the form g0W
α
µ J
µ
α ,
where Jµα denotes a current operator coming from the composite dynamics.
The linear coupling results in a mixing of the elementary fields with the com-
posite resonances. For the vector bosons, indeed, we find in our Lagrangian
terms of the form Lmix ' (g0/gρ)m2ρWαµ ρµα.7 Analogously, for the elemen-
tary fermions, q, we assume a mixing of the form Lmix ' (yq/gρ)mρq ψ, where
yq is the coupling of the elementary field with the corresponding fermionic op-
erator and ψ generically denotes the fermionic composite resonances. Because
of the mixing, the light states, which eventually describe the SM particles,
are linear combinations of the elementary fields, q, and the composite ones,
ψ.
Before starting the explicit construction it is important to add a further
comment. In the case of the gauge and Goldstone Lagrangian constructed in
the previous sections the Goldstone symmetry almost completely determined
the whole structure of the model, leaving very narrow space for alternative
constructions (on this point see Sect. 5.1.5). The situation, instead, is con-
siderably different for the fermionic sector. First of all, the elementary fields
can mix with composite operators in many possible representations of the
SO(5) symmetry group, thus leading to different quantum numbers for the
corresponding fermionic composite states. On top of this, even the number of
composite resonances included in the model is to a large extent arbitrary and
can give rise to a large number of alternatives. In the following we will focus
on a “minimal” scenario in which only one multiplet of composite fermions
is associated to each site. Moreover we will assume that the elementary
states are mixed with operators in the fundamental, the 5, representation of
SO(5). For simplicity we will introduce in the model only the set of fermionic
resonances that are mixed with the top quark and are responsible for gen-
erating its mass, the so called “top partners”. This minimal construction,
however, contain all the main ingredients of generic multi-site models and
can be straightforwardly adapted to different cases.
The two-site model
In the case of two sites, focusing for simplicity on the top quark sector, we
introduce only one Dirac fiveplet of fermionic resonances ψ˜. It transforms
under the SO(5)R subgroup and is mixed with the elementary doublet qL =
(tL, bL) and with the singlet tR. The mixing term is
Lmix = yLfQL
IUIJ ψ˜J + yRfTRIUIJ ψ˜J + h.c. , (5.1.44)
7Notice that, due to gauge invariance, the elementary/composite mixing arises from
terms of the form f2(g0Wαµ − gρραµ)2, see for instance Eq. (5.1.16).
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where QL and TR are the embeddings of the qL and tR elementary fermions
into incomplete SO(5)L fiveplets. In Eq. (5.1.44), as customary, we expressed
the elementary/composite mixing in units of f . The 5 representation decom-
poses as 5 = (2,2)⊕ (1,1) under SO(4) ' SU(2)L×SU(2)R. The (2,2) part
consists of two SU(2)L doublets with opposite U(1)
3
R charge T
3
R = ±1/2. We
choose to embed qL in the negative-charge doublet and tR in the singlet. The
explicit form of the embedding was given in Eqs. (2.4.28) and (2.4.23) and
we report it here for completeness
QL =
1√
2

−ibL
−bL
−itL
tL
0
 , TR =

0
0
0
0
tR
 . (5.1.45)
If we identify the U(1)Y symmetry with the subgroup of SO(5)L generated
by T 3R, as we did in the previous sections, we do not obtain the correct
hypercharges for the fermions. We saw in the previous chapters that solving
this problem requires an extra U(1)X global symmetry, which acts on the
matter fields qL, tR and ψ˜ as a phase rotation with charge X = 2/3. The
hypercharge gauge field Bµ is now introduced by gauging the subgroup of
SO(5)L ×U(1)X corresponding to the combination
Y = T 3R +X . (5.1.46)
Given that the Goldstones are not charged under the extra U(1)X , this change
in the definition of Y does not affect their couplings to Bµ and the construc-
tion discussed in the previous sections can be left unchanged. The Wαµ and
the massive resonances ρ˜µ are included, as before, by gauging the SU(2)L
subgroup of SO(5)L and the SO(4) subgroup of SO(5)R, whereas the U(1)X
symmetry acts on all sites and there is no new composite resonance associated
to it.
To keep the discussion as simple as possible we also assume that the QCD
gauge group SU(3)c is “external” with respect to the site structure, similarly
to the U(1)X one. This means that it acts on all sites and, in particular, all
the fermionic states we described before belong to the fundamental SU(3)c
representation. Alternatively we could have extended the multi-site construc-
tion presented in the previous sections for the EW gauge fields to the case of
the U(1)X and SU(3)c groups. In this way one would get additional vector
resonances associated to these gauge groups analogous to the ρ˜µ states. An
important difference with respect to the EW case is the fact that the replicas
of the U(1)Y and SU(3)c groups at the various sites are fully gauged, thus no
extra physical Goldsone boson remains in the spectrum. Moreover each new
group factor is associated to its own coupling f , which a priori is independent
of the coupling f related to the SO(5) invariance.
In order to make clear the symmetry pattern in the fermionic sector, we
now discuss how to introduce the spurions that we will use to analyze the
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fermionic contribution to the Higgs potential. Due to the presence of the extra
U(1)X symmetry, the group under which the elementary fields transform is
enlarged to SU(2)0L × U(1)0R × U(1)0X . The charge of the elementary fields
under U(1)0R corresponds to the charge under the original subgroup of SO(5)L
generated by T 3R, hence qL has charge −1/2 while tR is neutral. The spurions
are two vectors ∆L and ∆R in the 5 representation of SO(5)L and also
transform under the elementary SU(2)0L × U(1)0R × U(1)0X group. The ∆L
spurion is in the 2 representation of SU(2)0L with U(1)
0
R charge 1/2 and
X0 = −2/3 (the conjugate of the qL representation), while ∆R is a singlet
with X0 = −2/3 and is neutral under U(1)0R. The physical values of the
∆L,R spurions are (compare Sect. 3.3.1)
(∆L)
I
α =
yLf√
2
[
0 0 +i +1 0
+i −1 0 0 0
]I
α
, (∆R)
I = yRf
[
0 0 0 0 1
]I
.
(5.1.47)
By using the previously defined objects we can rewrite the Lagrangian in
Eq. (5.1.44) as
Lmix = qLi∆iIL UIJ ψ˜J + tR∆IRUIJ ψ˜J + h.c. , (5.1.48)
where i denotes the SU(2)0L index, while I and J are the usual SO(5) indices.
The physical value of the spurions ∆L,R breaks the composite-sector group
SO(5)L×U(1)X and the elementary one SU(2)0L×U(1)0R×U(1)0X , preserving
the SU(2)L × U(1)Y subgroup that is gauged by the W and B elementary
fields. The unbroken SU(2)L is the vectorial combination of SU(2)
0
L and
the SU(2)L subgroup of SO(5)L, while the hypercharge is the combination
of the U(1)0Y subgroup of the elementary U(1)
0
R × U(1)0X , whose genera-
tor is specified in Eq. (5.1.46), and the analogous combination coming from
SO(5)L ×U(1)X .
As already discussed, in addition to the gauging at the left-most site, we
also gauge the SO(4) subgroup of SO(5)R by introducing the ρ˜ resonances.
This leads to the covariant derivatives
DµqL =
(
∂µ − ig0
2
Wαµ σα − i
g′0
6
Bµ
)
qL ,
DµtR =
(
∂µ − i2g
′
0
3
Bµ
)
tR ,
Dµψ˜ =
(
∂µ − i2g
′
0
3
Bµ − ig˜ρρ˜µ
)
ψ˜ . (5.1.49)
Notice that ψ˜ is neutral under SO(5)L, therefore its covariant derivative
does not contain the Wαµ gauge fields. It contains instead Bµ because ψ˜
is charged under U(1)X and the hypercharge is defined as in Eq. (5.1.46).
In terms of the covariant derivatives the elementary and composite sector
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Figure 5.4: Pictorial representation of the matter sector of the two-site model.
kinetic Lagrangians read
Lfel = iqLγµDµqL + itRγµDµtR ,
Lfcs = iψ˜γµDµψ˜ + m˜IJ ψ˜I ψ˜J , (5.1.50)
where a mass term m˜ = diag(m˜Q, m˜T ), different for the fourplet and sin-
glet components of ψ˜, has also been introduced. This mass matrix m˜IJ is
a spurion with two indices in the fundamental of SO(5)R and breaks this
symmetry to its SO(4) subgroup.
The fermionic sector of the two-site model is summarized in Fig. 5.4. With
respect to the gauge sector presented in Sect. 5.1.2, the only new parameters
that we introduced are ∆L,R and m˜, which are masses, not new couplings.
This makes particularly easy to generalize the divergence counting rule of
Eq. (5.1.23). The result is
Λ2f2
(
Λ
4pif
)2L(
Π
f
)Epi (gV
Λ
)EV ( ψ√
Λf
)Eψ ( ∂
Λ
)d(
gf
Λ
)2η (µ
Λ
)χ
,
(5.1.51)
where ψ generically denotes the fermions qL, tR or ψ˜, while µ is any of the
masses ∆L,R or m˜. In the above formula V and g collectively denote all
the vector fields and the gauge couplings. The positive integer χ counts
the number of mass-term insertions and it is forced by the chiral symmetry
(ψL → −ψL, ψR → ψR and µ → −µ) to be even or odd depending on the
chirality of the operator.
Now that we introduced all the necessary tools it is easy to generalize
the discussion on the calculability. The fermionic contribution to the Higgs
potential is logarithmically divergent. The local operators associated to the
divergence are
cR
16pi2
∆†R U m˜2 UT∆R =
cR
16pi2
y2Rf
2
[(
m˜2Q − m˜2T
)
sin2
(
H
f
)
+ m˜2T
]
(5.1.52)
and
cL
16pi2
∑
α
(∆αL)
† U m˜2 UT∆αL =
cL
32pi2
y2Lf
2
[(
m˜2T − m˜2Q
)
sin2
(
H
f
)
+ 4m˜2Q
]
,
(5.1.53)
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Figure 5.5: Pictorial representation of the matter sector of the three-site model.
and originate, respectively, from loops of the elementary tR and qL. Notice
that the functional dependence on the Higgs is completely determined by the
spurion analysis, in agreement with the results of Chap. 3.
The three-site model
To obtain a calulable Higgs potential we need to consider the three-site
model. As shown in Fig. 5.5, this is constructed by introducing two five-
plets of fermionic Dirac resonances ψ and ψ˜. The former transforms under
the SO(5)1R group,
8 while ψ˜ transforms in the fundamental of SO(5)2R. The
Lagrangian is similar to the one of the two-site case, with the difference that
the elementary fields mix now with ψ and not with ψ˜:
Lmix = yLf QL U1ψ + yRf TR U2ψ + ∆ψ U2ψ˜ + h.c. . (5.1.54)
The other terms present in the leading-order Lagrangian are
Lfel = iqLγµDµqL + itRγµDµtR ,
Lfcs = iψ˜γµDµψ˜ + m˜IJ ψ˜I ψ˜J + iψγµDµψ +mψψ , (5.1.55)
where the covariant derivatives for the elementary fields and for ψ˜ are defined
in Eq. (5.1.49) and
Dµψ =
(
∂µ − i2g
′
0
3
Bµ − igρTAρAµ
)
ψ . (5.1.56)
Notice that the ψ mass term m does not break any symmetry, differently
from m˜ which breaks SO(5)2R to its SO(4) subgroup.
To simplify the Lagrangian in Eqs. (5.1.54) and (5.1.55) we assumed that
the composite sector is invariant under parity (~x→ −~x) and the only terms
that break this symmetry are the mixings of the elementary fields with the
composite states. If we do not impose this invariance a different mixing
is allowed between the left- and right-handed components of ψ and ψ˜ in
Eq. (5.1.55).
8We could equivalently assume that the ψ field transforms under the vector combination
of SO(5)1R and SO(5)
2
L, in analogy with the ρµ gauge fields. The choice made in the main
text, however, helps in clarifying the pattern of symmetry breaking induced by the fermions
and makes simpler the introduction of spurions.
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We can now introduce spurions and analyze the fermion contributions to
the Higgs potential. The mixing Lagrangian in Eq. (5.1.54) can be rewritten
as
Lmix = qiL ∆iIL (U1)IJψJ+tR ∆IR(U2)IJψJ+ψ
I
∆I
J(U2)IJ ψ˜J+h.c. . (5.1.57)
The associated spurions, ∆L and ∆R, transform under both the elementary
SU(2)0L × U(1)0R × U(1)0X and the SO(5)1L × U(1)X group and break the
global symmetry to the SU(2)L × U(1)Y subgroup as explained in the two-
site case. The new spurion ∆ has indices in SO(5)1R and in SO(5)
2
L. Its
physical value ∆I
J = ∆δi
J is proportional to the identity and therefore
breaks SO(5)1R × SO(5)2L to the vector subgroup.
The leading local contribution to the Higgs potential comes from operators
like
cR
(16pi2)2
1
f2
∆†R U1∆U2 m˜2UT2 ∆T UT1 ∆R , (5.1.58)
and similarly with ∆L. These fermionic contributions are finite at one loop
and start diverging only at two loops, differently from the gauge contributions
of Eq. (5.1.34) for which the divergence was postponed to three-loop order.
Before concluding the discussion of the three-site model it is useful to
add a comment on the choice of the ψ˜ fermion representation. In our con-
struction we assumed that ψ˜ is a complete SO(5)2R representation although
we allowed, in analogy to the gauge sector, an explicit soft breaking due to
the mass matrix m˜ which only respect an SO(4) invariance. This choice was
necessary in order to obtain the protection due to the collective breaking
mechanism. For instance the assumption that the ψ˜ fermions fill incomplete
SO(5)2R representations (of course always respecting the SO(4) invariance)
would have induced a hard breaking of the symmetry and no further reduc-
tion in the degree of divergence. As a consequence the fermion contribution
to the Higgs potential would have been logarithmically divergent as in the
two-site model. Introducing incomplete representations of fermions at the
last site can be compatible with the calculability of the Higgs potential only
in models with more than three sites, where the additional symmetries ensure
enough protection to the Higgs dynamics.
5.1.5 Alternative constructions
As already discussed, the structure of the multi-site phenomenological mod-
els, although quite constrained by the Goldstone symmetry and the collective-
breaking principle, admits some variations, especially in the fermionic sector.
To give an idea of the possible alternative constructions we present here the
model proposed in Ref. [159].
The structure of the gauge and Goldstone sector of the model resembles
closely the one of the three-site model presented in Sect. 5.1.3. It is based on
two non-linear σ-models: one corresponding to the SO(5)1L×SO(5)1R/SO(5)V
structure and the second given by SO(5)2L/SO(4). Schematically it can be
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Figure 5.6: Pictorial representation of the gauge sector of the alternative two-
site model. The “half” link on the right represents the non-linear σ-model
SO(5)2L/SO(4).
represented as shown in Fig. 5.6. The symmetry structure gives rise to 14
Goldstones, ten of them coming from the SO(5)1L× SO(5)1R σ-model and the
remaining from the SO(5)2L/SO(4) one. We encode the two sets of Goldstones
in the matrices U and U respectively. Ten Goldstones are then eaten by
the introduction of the composite gauge resonances ρ that gauge the vector
combination of the SO(5)1L and SO(5)
2
L groups. The elementary gauge fields,
W and B, are instead associated to the gauging of the SU(2)L × U(1)L
subgroup of SO(5)1L. The leading-order Lagrangian of the Goldstone boson
sector is given by
Lpi = f1
4
Tr[(DµU)TDµU ] + f
2
2
4
diµd
µ
i , (5.1.59)
where the definition of the covariant derivative DµU is similar to the expres-
sion for U1 given in Eq. (5.1.30) and the diµ symbol is defined in analogy to
Eq. (5.1.3). As in the three-site model the Goldstone Higgs decay constant
f is given by 1/f2 = 1/f21 + 1/f
2
2 and the Higgs field is represented by the
U · U combination which is invariant under the unbroken vector subgroup
of SO(5)1L and SO(5)
2
L. In the present set-up the gauge contribution to the
Higgs potential is finite at one-loop order, although it diverges at two loops.
Notice that the above construction is in some way “intermediate” between
the two-site and three-site models of Sects. 5.1.2 and 5.1.3. For instance it
can be formally obtained from the three-site construction by decoupling (or
integrating out) the ρ˜ resonances. On the other hand the two-site models can
be recovered from the construction presented in this section in the f2 → ∞
limit.
We can now describe the fermionic sector. As in the two-site and three-
site models, the qL and tR elementary fermions are embedded in incom-
plete SO(5)1L representations. In the present construction they mix with two
composite multiplets ψq and ψt, both in the fundamental representation of
SO(5)1R. The kinetic terms for the fermions and the gauge interactions are
analogous to the ones described in the two-site model, with the only differ-
ence that now a complete SO(5) group is gauged by the ρµ resonances. The
Lagrangian containing the mass terms can be split into the part containing
the elementary fields and the part that only involves the composite states,
Lmix = Lelmix + Lcsmix. The mixing part for the elementary states is
Lelmix = yLf QL U ψq + yRf TR U ψt + h.c. . (5.1.60)
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The composite fermions mass terms contain, in addition to Dirac masses for
the ψq and ψt fields, also mixing mass terms that only couple the left-handed
component of ψq and the right-handed component of ψt, namely
Lcsmix = mqψqψq +mtψtψt (5.1.61)
+ m1
(
ψqLU
)
5
(
UTψtR
)
5
+m2 ψqLψtR +m3 ψqRψtL + h.c. .
Notice that the peculiar structure of the mixing between the ψq and ψt fields,
as well as the structure of the elementary/composite mixing terms, is neces-
sary to ensure the finiteness of the fermion contribution to the Higgs potential
at one loop. If other mass mixing terms allowed by the symmetry struc-
ture are included, such as m
(
ψqRU
)
5
(
UTψtL
)
5
+ h.c., m
(
ψqU
)
5
(
UTψq
)
5
or m
(
ψtU
)
5
(
UTψt
)
5
, the fermion contribution to the Higgs potential devel-
ops a logarithmic divergence. Notice that not including these mass terms is
an ad hoc assumption, because they are not protected by any symmetry.
The fermionic sector of the model is identical to the three-site construc-
tion. This can be easily seen by the following identification of the fields
ψqR → ψR , ψqL → ψ˜L , ψtL → ψL , ψtR → ψ˜R . (5.1.62)
By working in the gauge in which the Goldstones are described only by the U
matrix (and by the U1 in the three-site model), one can easily check that the
masses and mixing terms for the fermions can be identified with the ones given
in Eqs. (5.1.54) and (5.1.55) if we allow for different mixings ∆ for the left-
and right-handed fermion components by breaking parity. Analogously, if we
extend the construction of the present section to n sites, the fermionic sector
will be similar to the one of a model with 2n− 1 sites built along the lines of
Sect. 5.1.4. The only real difference between the three-site construction and
the alternative models presented in this section is due to the fact that the
composite fermions are associated to different global symmetries and, as a
consequence, have different interactions with the composite gauge resonances.
5.1.6 Locality in theory space
To conclude the discussion about the construction of the multi-site models
it is instructive to take a closer look at the Lagrangian of the explicit re-
alizations. The symmetry structure of the underlying non-linear σ-models
naturally led to a peculiar “nearest-neighbor” form for the Lagrangian. This
structure can be easily seen in the bosonic sector of the model. The leading
terms in the effective Lagrangian are the ones that respect the whole global
symmetry of the non-linear σ-models and include the kinetic operators for the
Goldstones (excluding the gauge interactions) and for the gauge fields. All
these operators are “local” in theory space, i.e. they involve fields belonging
to a single site or to a single link. The other operators we introduced in the
Lagrangian do not respect the whole global symmetry and are suppressed by
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powers of the couplings that induce the breaking. An example are the inter-
actions between the Goldstones and the gauge fields, which are weighted by
the gauge couplings. Notice that in the multi-site constructions the gauge
couplings (including the ones of the composite vector fields) are assumed to
be perturbative. Thus an insertion of a gauge coupling leads to an effective
suppression of the corresponding operator. Following this logic, the leading
operators that break the global symmetry are the ones that involve fields
connected to the same link, or, in other words, are of nearest-neighbor form.
Operators that involve fields in non-near sites necessarily break more sym-
metries, thus are suppressed by more insertions of the symmetry breaking
couplings.
It is easy to realize that the nearest-neighbor form is also tightly related
to the collective breaking mechanism. Indeed it guarantees that the various
subgroups under which the Higgs transforms as a Goldstone are broken inde-
pendently of each other. As a consequence, insertions of multiple symmetry-
breaking couplings are necessary to generate operators which depend on the
Higgs VEV, such as the Higgs potential. If the locality assumption is not re-
spected the collective breaking mechanism is typically spoiled and the Higgs
observables become divergent.
The Lagrangian of the multi-site models does not naively follow the min-
imal One Scale One Coupling (1S1S) power counting in Eq. (3.1.18), but
it can be described by a simple extension of it. The non-linear σ-models
associated to the global symmetry structure of the multi-site constructions
are interpreted as an effective description of the underlying strongly coupled
dynamics. They are thus described by an effective Lagrangian that follows
the 1S1S power counting. The exact values of m∗ and g∗ characterizing this
part of the Lagrangian do not have a big impact on our constructions as long
as g∗ is (much) larger than the gauge couplings of the vector resonances.9
The elementary fields are external with respect to the composite dynam-
ics and they enter in the power-counting as external sources associated to
a weak coupling which breaks the global invariance of the composite sector
(namely the global SO(5)1L symmetry at the left-most site). There is however
an important subtlety related to the vector and fermion states introduced at
the composite sites. Although these resonances are interpreted as composite
states, they are assumed not be fully strongly coupled so that their dynamics
can be described perturbatively. This meas that from the point of view of
the power-counting we effectively split the composite sector into two parts: a
fully strongly coupled sector encoded in the non-linear σ-model and a semi-
perturbative sector that includes the ρ and ψ states. This assumption is
incorporated in the power counting by treating the composite resonances as
weakly-coupled external sources with a coupling g˜ρ that is smaller than the
σ-model coupling g∗.
We will now briefly discuss how the multi-site models are modified by
9For simplicity here we associate all the σ models to a single f decay constant and a
single m∗.
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the introduction of non-nearest-neighbor operators. As an example of non-
minimal terms we can consider in the three-site model the non-nearest-
neighbor interaction
Lnon−local = f
′2
4
Tr[(Dµ(U1U2))T (Dµ(U1U2))] . (5.1.63)
This operator induces a breaking of the SO(5)1R and the SO(5)
2
L symmetries
to their diagonal subgroup and at the same time feels the breaking of the
SO(5)1L and SO(5)
2
R due to the gauging of the elementary fields W and B
and the composite vector resonances ρ˜. As a consequence its coefficient is
expected to be subleading with respect to the one of the usual kinetic terms
of the Goldstones. It is easy to understand that the inclusion of Lnon−local
into the three-site Lagrangian reintroduces a logarithmic divergence in the
gauge contribution to the Higgs potential. The operator in Eq. (5.1.63) in
fact is analogous to the kinetic term for the Goldstones in the two-site model
(Eq. (5.1.16)) as can be seen by the identification U1U2 → U . In exactly the
same way the inclusion of the operator
Lnon−local = f
′2
4
∑
i
∣∣∣(UTUTDµ(UU))i∣∣∣2 (5.1.64)
in the alternative construction of Sect. 5.1.5 destroys the collective breaking
mechanism and reintroduces a divergence in the Higgs potential as in the non-
linear σ-model case. “Non-local” operators such as (5.1.64) have sometimes
been considered in the literature in connection to the multi-site constructions
(see for example Ref. [159]) because they induce a tree-level correction to the
S parameter which can, in part, compensate the sizable contribution coming
from the heavy vector resonances (see Sect. 7.1.2). As we discussed before,
however, this can be done only at the price of violating the power counting
and the collective-breaking mechanism.
Non-nearest neighbor interactions can also be constructed in the femionic
sector. An explicit example is the operator
Lnon−local = iζ
(
ψ˜
)
i
γµ
[
(U1U2)T (Dµ(U1U2))
]
i5
(
ψ˜
)
5
+ h.c. , (5.1.65)
where (ψ˜)i and (ψ˜)5 denote the (2,2) and (1,1) SO(4) components inside the
SO(5) fiveplet ψ˜. The above operator does not modify the fermion masses
and contains only derivative interactions with the Higgs. For this reason it
does not contribute to the Higgs potential at one loop and the violation of the
collective breaking structure manifests itself only at higher order. Operators
like (5.1.65) correspond, after integrating out the heavy gauge resonances, to
terms of the form iζ(ψ˜)iγ
µdiµ(ψ˜)5 + h.c., where d
i
µ is the CCWZ d-symbol
constructed with the physical Goldstone Higgs and the elementary gauge
fields. As we will show in Chap. 7 this kind of operators, if present with
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accidentally large coefficients, can help in cancelling the contribution to S
coming from fermion loops.
To conclude the discussion, it is worth mentioning that the nearest-
neighbor structure is also deeply related to the holographic realizations of
the composite Higgs scenario. As we already mentioned, the multi-site con-
structions are analogous to a discretized or deconstructed version of the five-
dimensional models. This can be clearly seen from the schematic moose
representations of the multi-site constructions: each site can be interpreted
as a lattice point along the fifth dimension. The replicas of the SO(5) group
at each site then correspond to the remnant of the five-dimensional gauge
invariance on the four-dimensional slices corresponding to each lattice point.
From this perspective, the nearest-neighbor assumption becomes equiv-
alent to the usual concept of locality along the fifth dimension. Moreover
the collective-breaking mechanism corresponds to the protection of the Higgs
dynamics in holographic models that is due to the five-dimensional gauge
invariance. Notice that, in this picture, a complete five-dimensional model
coincides, at least formally, with an effective theory with an infinite number
of sites. This allows us to interpret the finiteness of the Higgs potential in the
holographic theories at any loop order as the result of a collective breaking
with an infinite number of independent symmetries.
5.2 The Higgs potential
The pNBG nature of the Higgs has a deep impact on the Higgs potential: it
can only be generated at the radiative level and is tightly related to the collec-
tive breaking mechanism. One unavoidable, sizable source of breaking of the
Goldstone symmetry is the top quark Yukawa coupling. It is thus reasonable
to expect a tight relation between the Higgs mass and the fermionic sector
involved in the generation of the top mass. The general analysis presented in
Chap. 3 confirms this expectation. In generic composite Higgs models a light
mass scale for the fermionic resonances associated with the top quark, the
top partners, is required to minimize the amount of fine tuning. Moreover
in a large class of minimal scenarios, as for instance the ones with fermionic
resonances in the fundamental representation of SO(5), a strict relation exists
between the Higgs mass and the mass of the lightest top partners.
The calculable phenomenological models described in the previous sec-
tions offer a privileged framework to explicitly test the validity of the general
results. The simplicity of the multi-site constructions, moreover, allows us to
derive explicit formulae for the Higgs potential which can be used to refine the
estimates presented in Chap. 3. In the following we will analyze in details the
structure of the Higgs potential in two scenarios, following Refs. [128, 129].
The first one is the minimal model we presented in the previous sections in
which the top partners belong to the fundamental representation of SO(5).
As a second scenario we consider a representative of the minimally tuned
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models (see Chap. 3) in which the right-handed top component is fully com-
posite.
5.2.1 The 5 + 5 model
The first scenario we consider is the three-site model presented in Sects. 5.1.3
and 5.1.4. As we saw, the structure of the fermionic sector of the model is
in large part determined by the choice of the embedding of the elementary
fermions qL and tR in incomplete representations of the SO(5) group. In the
model we consider both elementary states are embedded in the fundamental
representation, the 5, thus we will denote this scenarios as the “5+5 model”.
In the general analysis of Chap. 3 we saw that this type of model belongs
to the category of “doubly-tuned” scenarios in which the amount of tuning
needed to obtain a realistic configuration is significantly higher than the naive
expectation. The explicit computation of the Higgs potential presented in
this section will be also useful to explicitly verify the origin of the additional
tuning.
Explicit form of the potential
The most relevant contribution to the Higgs potential comes from the fer-
mionic resonances that are coupled to the top quark, namely the ones we
included in our explicit multi-site constructions in Sect. 5.1.4. The spectrum
of the top partners in the three-site model contains two levels of resonances
with the same quantum numbers. The ψ and ψ˜ resonances transform in the
fundamental representation of SO(5) and have U(1)X charge 2/3. Under the
unbroken SO(4) × U(1)X group they can be decomposed into a fouplet, in
the (2,2)2/3 representation, and a singlet, in the (1,1)2/3. Each fourplet
contains two SU(2)L doublets. The one with T
3
R = −1/2 gives rise to a the
{T,B} multiplet with the same SM quantum numbers of the elementary qL.
The remaining doublet, {X5/3, X2/3}, transforms in the 27/6 representation
under the SU(2)L×U(1)Y SM group and contains the exotic resonances X5/3
and X2/3 with electric charges 5/3 and 2/3 respectively. Finally, the singlets
give rise to resonances with the same quantum numbers of the elementary tR,
which we denote by T˜ . The spectrum of the resonances and their properties
will be discussed in details in Chap. 6.
The Higgs potential can be straightforwardly computed by using the stan-
dard Coleman–Weinberg formula
V (H) = −2Nc
8pi2
∫
dp p3 log
[∏
i
(
p2 +m2i (H)
)]
, (5.2.1)
where Nc = 3 denotes the number of QCD colors and the product inside the
logarithm argument extends to all masses of the fermionic states mi(H) writ-
ten as a function of the Higgs VEV. A simple trick to compute the expression
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inside the logarithm is to express it as a determinant of the complete mass
matrix of the fermions M∏
i
(
p2 +m2i (H)
)
= det
[
p21 +MTM
]
. (5.2.2)
In order to remove the divergent Higgs-independent part one can subtract
from the potential in Eq. (5.2.1) its value at H = 0.
The only relevant fermionic states that are coupled to the Higgs are the
top and the resonances of charge 2/3. The contribution of these states to the
potential has the form
V (H) = −2Nc
8pi2
∫
dp p3 log
[
1− F1(p
2) + F2(p
2)
D(p2)
sin2
(
H
f
)
+
F2(p
2)
D(p2)
sin4
(
H
f
)]
, (5.2.3)
where the F1,2(p
2) form factors are functions of the integration variable p
and of the fermion mass parameters but not of the Higgs. The whole depen-
dence on h is encoded in the trigonometric functions that appear inside the
logarithm. The factors D(p2) appearing in the denominator of the argument
of the logarithm is given by
D(p2) = 2p2
∏
I=T,T˜
(p2 +m2I−)(p
2 +m2I+) , (5.2.4)
where mI± denote the masses of the charge 2/3 resonances before EWSB.
The ± sign refers to the two levels of composite resonances that are present
in the three-site set-up. Notice that all these masses include the shift due to
the mixing with the elementary states. The initial factor p2 that appears in
Eq. (5.2.4) is due to the presence of the top which is massless before EWSB.
Finally the form factors F1,2(p
2) are given by F1(p
2) = (m˜Q − m˜T )∆2C1(p2)
[
(y2L − 2y2R)f2 − y2Ly2Rf4C2(p2)
]
F2(p
2) = −(m˜Q − m˜T )2∆4y2Ly2Rf4
.
(5.2.5)
The C1,2(p
2) functions will not be needed for our analysis, however we report
them here for completeness:C1(p
2) = p2
[
(m+ m˜T )(p
2 + ∆2 −mm˜Q) + (m˜Q ↔ m˜T )
]
C2(p
2) = (p2 + ∆2 + m˜2Q)/
[
(p2 +m2X2/3−)(p
2 +m2X2/3+)
] . (5.2.6)
The potential can be approximated by expanding at leading order the
logarithm in Eq. (5.2.3). This approximation is sufficiently accurate if we are
interested in phenomenologically viable scenarios, in which a gap is needed
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between the Higgs VEV and the Godstone decay constant: 〈H〉/f ' v/f 
1.10 As will be clear in the following, in order to minimize the potential and
compute the Higgs mass we need to consider the terms of order sin4(H/f)
as well as the sin2(H/f) ones. This means that, in principle we should also
keep into account the second order of the logarithm expansion in Eq. (5.2.3).
However, as we will see below, a sizable cancellation of the sin2(H/f) terms
is needed in order to ensure v/f  1, thus the second order of the expansion
is always negligible in realistic scenarios.
After the expansion and the integration, the potential takes the generic
form (compare Eq. (3.3.46))
V (H) ' α sin2(H/f) + β sin4(H/f) . (5.2.7)
By minimizing the potential we find the physical Higgs VEV
ξ = sin2
( 〈H〉
f
)
= − α
2β
, (5.2.8)
and the value of the Higgs mass
m2H =
2β
f2
sin2
(
2〈H〉
f
)
. (5.2.9)
The requirement v/f  1 implies that the α coefficient must be much smaller
than β. However, as can be seen from the explicit expressions of the form
factors in Eq. (5.2.5), the coefficient α is generated at leading order, O(y2),
in the elementary/composite mixings, whereas β is generated only at O(y4).
This structure leads to the presence of an additional fine tuning in the 5 + 5
models with respect to the naive estimate ξ = v2/f2 in agreement with the
results obtained in the general analysis of Sect. 3.3 . A more careful inspection
of Eq. (5.2.5) shows that the leading contribution to α is proportional to
y2L − 2y2R. The cancellation thus leads to the condition
yL '
√
2yR , (5.2.10)
i.e. the left and right mixings of the top must be roughly of the same size. This
relation is very well satisfied numerically for realistic configurations [158].
The value of the coefficient β can be easily computed analytically:
β =
Nc
16pi2
(m˜Q − m˜T )2∆4y2Ly2Rf4
∑
I = T−,T+,
T˜−,T˜+
log(m2I/f
2)∏
I 6=J(m
2
I −m2J)
. (5.2.11)
10The expansion is not valid in the limit p→ 0, in which the argument of the logarithm
diverges. However in this limit the factor p3 in front of the logarithm compensate for the
divergence and the approximate integrand vanishes for p → 0. The error introduced by
this approximation is thus small. As discussed in Sect. 3.3.2, the presence of the divergence
is related to the IR contribution to the Coleman–Weinberg potential coming from the top
quark. A fully consistent computation of the potential can be obtained by first isolating
the top contribution and then expanding the remaining terms which are regular for p→ 0.
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In the limit in which the second level of resonances is much heavier that the
first one, we can use an expansion in the ratio of the heavy and light states
masses and get a simple approximate formula for β:
β ' Nc
16pi2
(m˜Q − m˜T )2∆4y2Ly2Rf4
log
(
m2T−/m
2
T˜−
)
(
m2T− −m2T˜−
)
m2T+m
2
T˜+
. (5.2.12)
As can be seen from the above formula, when one of the states T− and T˜−
is much lighter than the other, the contribution to β coming from the first
level of resonances is enhanced by the logarithmic factor log
(
m2T−/m
2
T˜−
)
. In
this case the contribution from the light states completely dominates and the
corrections due to the second layer of resonances become negligible. On the
other hand, if the two light states have comparable masses, the second level of
resonances, in certain regions of the parameter space, can be relatively close
in mass to the first one, thus giving sizable corrections to the Higgs mass.
The sign of these corrections is fixed and they always determine a decrease
of the Higgs mass. The size of the corrections is typically below 50%.11
Light top partners for a light Higgs
For a quantitative estimate of mH we need to determine the size of the
yL,R mixings that appear in the expression for β. These mixings control the
generation of the top Yukawa, thus we can relate them with the top mass
mt. An approximate expression for mt can be derived by using an expansion
in sin2(H/f). The result can be conveniently rewritten in terms of the yL,R
mixings and of the masses of the T and T˜ resonances:
m2t '
(m˜Q − m˜T )2
8
y2Ly
2
Rf
4∆4
m2T+m
2
T−m
2
T˜+
m2
T˜+
sin2
(
2H
f
)
. (5.2.13)
By comparing this expression with the approximate formula for the Higgs
mass in Eqs. (5.2.9) and (5.2.12) we find a remarkable relation between mH
and the masses of the lightest T and T˜ resonances:
m2H
m2t
' Nc
pi2
m2T−m
2
T˜−
f2
log
(
m2T−/m
2
T˜−
)
m2T− −m2T˜−
. (5.2.14)
We can now compare the relation in Eq. (5.2.14) with the general results
obtained in Chap. 3. As can be seen from Eq. (3.3.57), in the 5 + 5 models
the Higgs mass can be estimated as
m2H '
Nc
2pi2
λ4t v
2 , (5.2.15)
11Additional subleading corrections to the Higgs mass can also come from loops of vec-
tor partners. In particular the two-loop contribution due to gluon partners can be non-
negligible in some regions of the parameter space [164].
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Figure 5.1: Scatter plot of the masses of the lightest T and T˜ resonances (left
panel) and of the X5/3 and T˜ resonances (right panel) in the three-site model. The
compositeness scale has been fixed to ξ = 0.1. The black dots denote the points
for which 115 GeV ≤ mH ≤ 130 GeV, while the gray ones have mH > 130 GeV.
In the left plot the area between the solid red lines represents the range obtained
by applying the result in Eq. (5.2.14) for 115 GeV ≤ mH ≤ 130 GeV. The dashed
blue line corresponds to a lower bound on mT− due to a saturation effect. The
plots are taken from Ref. [128].
where λt denotes any of the yL,R. The yL,R mixings can be related to the
top mass. In particular if yL ∼ yR one can extract the relation
ytop ' yLyRmψ/f , (5.2.16)
where mψ denotes the mass of the lightest state mixed with the top, mψ =
min(mT− ,mT˜−). Inserting the result in Eq. (5.2.16) into the estimate for the
Higgs mass we get
m2H
m2t
' Nc
pi2
m2ψ
f2
. (5.2.17)
This equation qualitatively reproduces the relation between the Higgs mass
and the masses of the lightest resonances T and T˜ found in Eq. (5.2.14).
In the case m2ψ = m
2
T− = m
2
T˜−
the two expressions exactly coincide, while,
when a large hierarchy between the two light states is present, they differ by
a factor of O(1). This shows that the general analysis of Chap. 3 correctly
captures the main connection between the Higgs and the top partners masses,
both at a qualitative and a quantitative level.
The scatter plot of the masses of the T and T˜ light resonances can be
used to check the validity of Eq. (5.2.14). The numerical results obtained in
Ref. [128] for ξ = 0.1 are shown in the left panel of Fig. 5.1. As expected
Eq. (5.2.14) describes accurately the relation between the Higgs and the
resonances masses in the regions in which one state is significantly lighter than
the others. On the other hand, when the T− and T˜− masses are comparable
sizable deviations from Eq. (5.2.14) can occur. These are due to the possible
presence of a relatively light second level of resonances, as already discussed.
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The numerical results clearly show that resonances with a mass of the
order or below 1.5 TeV are needed in order to get a realistic Higgs mass
in the case ξ = 0.1. The upper bound becomes 1 TeV for ξ = 0.2. The
prediction is even sharper in the case in which only one state, the T˜− is light.
In this region of the parameter space states with masses around 600 GeV are
needed for ξ = 0.1 and around 400 GeV for ξ = 0.2.
The result becomes even more stringent if we also take into account the
masses of the other composite resonances. As we discussed before, the first
level of resonances contains, in addition to T− and T˜−, three other states: a
top-like state, the X2/3−, a bottom-like state, the B−, and an exotic state
with charge 5/3, the X5/3−. the X5/3− can not mix with any other state,
even after EWSB, and therefore it remains always lighter than the other
particles in the fourplet.12 The scatter plot for the masses of the X5/3− and
T˜− states is shown in the right panel of Fig. 5.1. In the parameter space
regions with realistic Higgs mass, the X5/3− resonance can be much lighter
than the other states, especially in the configurations in which the T− and
T˜− have comparable masses. In these points the mass of the exotic state can
be as low as 300 GeV.
Calculability in the two-site model
We saw in Sect. 5.1 that the three-site model provides an effective description
of a composite Higgs in which the Higgs potential is calculable at one-loop
order. This property allowed us to decouple the UV physics and fully charac-
terize the model in terms of the parameters describing the elementary states
and a small set of composite resonances.
If we accept to give up a complete predictivity, however, the much simpler
two-site construction can be used to describe the low-energy dynamics of a
composite Higgs and of just one level of composite partners. As we saw, in
this set-up the Higgs potential becomes logarithmically divergent at one loop.
There is however an interesting property which partially preserves predictiv-
ity. For simplicity let us focus on the fermionic contribution from the top
partners, which dominates the Higgs potential. As shown in Sect. 5.1.4 only
the leading terms in the expansion in powers of the elementary/composite
mixings can develop a logarithmic divergence. These terms have a fixed de-
pendence on the Higgs VEV, namely they only depend on sin2(H/f) (see
Eqs. (5.1.52) and (5.1.53)). As a consequence, to regulate the divergence
only one counterterm is needed, which corresponds to the renormalization
of a single parameter. An interesting possibility is to fix the value of the
physical Higgs VEV, or more precisely the v/f ratio, as a renormalization
condition, obtaining the Higgs mass as a prediction of the model. In this
sense mH is predictable also in the two-site set-up.
12Some approximate expressions for the masses of the resonances can be found in
Ref. [158]. For a discussion of the details of the spectrum see also Chap. 6.
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We will now explain a possible procedure to deal with the logarithmic
divergence and compute the Higgs potential in the two-site model. The
simplest way to regulate the Coleman–Weinberg potential in Eq. (5.2.1) is
to introduce a hard cut-off Λ. With this prescription we obtain the standard
formula
V (H) = − Nc
8pi2
Λ2
∑
i
m2i (H)−
Nc
16pi2
∑
i
m4i (H)
[
log
(
m2i (H)
Λ2
)
− 1
2
]
.
(5.2.18)
In the two site model only a logarithmic divergence appears in the Higgs
potential and therefore the quadratically divergent term must be independent
of the Higgs VEV. This is ensured by the condition∑
i
m2i (H) =
∑
i
m2i (H = 0) = const. , (5.2.19)
which holds in the multi-site constructions as can be explicitly verified.13 As
discussed above, the logarithmic divergence is proportional to sin2(h/f), and
this implies the relation∑
i
m4i (H) ∝ sin2(H/f) + const. . (5.2.20)
We can therefore cancel the divergence by introducing a single counterterm
proportional to ∑
i
m4i (H)
[
log
(
Λ2
µ2
)
− 1
2
]
, (5.2.21)
which depends on one free renormalization parameter, namely the scale µ.
The renormalized potential thus takes the form
V (H) = − Nc
16pi2
∑
i
m4i (H) log
(
m2i (H)
µ2
)
. (5.2.22)
To compute the Higgs potential we then need to choose a renormalization
condition that fixes the parameter µ. A convenient choice is to fix the position
of the minimum of the potential to the required value of v/f . In this way the
potential is completely determined and can be used to extract a prediction
for the Higgs mass.
It is interesting to notice that, as shown in Ref. [128], the approximate
relation in Eq. (5.2.14) between the Higgs mass and the masses of the top
partners is valid also in the two-site model. Of course in this case one needs
to identify the T− and T˜− states with the only level of resonances included
in the model.
13If, as in the three-site case, the Higgs potential is completely finite at one loop, an
analogous condition holds for the logarithmic term, i.e.
∑
im
4
i (H) =
∑
im
4
i (H = 0) =
const..
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5.2.2 The 14 + 1 model
The second scenario we consider is a representative of the class of minimally
tuned models. This class of models is characterized by the fact that the
right-handed top component is fully composite and is identified with one
chiral resonance coming from the composite dynamics. In order to implement
this assumption we need to slightly modify the fermionic sector of three-site
construction as we will show in the following.
As an explicit example we will consider the case in which the elementary
qL doublet is embedded in the 14 representation of SO(5). The tR, instead,
is a total singlet. Under the U(1)X group the qL and tR fields as well as the
composite top partners have charge 2/3.14
The structure of the model
The global symmetry structure of the model is exactly equal to the one of the
three-site construction and the gauge sector coincides with the one described
in Sect. 5.1.3. The fermionic sector requires instead a few changes. First of
all we embed the elementary doublet qL in the 14 representation of SO(5).
A suitable basis for this representation is given by symmetric traceless 5× 5
matrices. Under the SO(4) ' SU(2)L × SU(2)R subgroup they decompose
as 14 = 9 ⊕ 4 ⊕ 1 = (3,3) ⊕ (2,2) ⊕ (1,1). The explicit form of the SO(4)
multiplets is
(3,3) :

Maaij = δ
a
i δ
a
j + δ
4
i δ
4
j −
1
2
δij , a = 1, 2, 3
Mabij =
1√
2
(
δai δ
b
j + δ
a
j δ
b
i
)
, a < b , a, b = 1, . . . , 4
(2,2) : Maij =
1√
2
(
δai δ
5
j + δ
a
j δ
5
i
)
, a = 1, . . . , 4
(1,1) : M0 =
1
2
√
5
diag (1, 1, 1, 1,−4) ,
(5.2.23)
The elementary qL is embedded in the (2,2) multiplet, in particular in the
doublet with T 3R = −1/2, analogously to what we did in the case of the repre-
sentation 5 (the explicit form of the embedding QL is given in Eq. (2.4.50)).
The qL multiplet is associated to the leftmost site and formally transforms
under the SO(5)1L symmetry.
The composite sector now contains the ψ and ψ˜ fields in the 14 represen-
tation and the tR as an SO(5) total singlet. The ψ field is associated to the
middle site and transforms under the SO(5)1R symmetry. The ψ˜ field belongs
to the rightmost site and transforms under the SO(5)2R subgroup. The tR
field, being now composite, is associated to the rightmost site as well. The
14The reader is referred to Ref. [165] for an implementation of the same setup in the
framework of 5-d holographic models.
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Figure 5.2: Pictorial representation of the matter sector of the three-site 14 + 1
model.
moose representation of the fermionic sector of the model is shown in Fig. 5.2.
The Lagrangian for the composite states reads
Lcs = Tr
[
iψγµDµψ −mψψ
]
+ Tr[iψ˜γµDµψ˜ − m˜ΦΦ˜Ψ− m˜QQ˜Q˜− m˜T T˜ T˜ ]
+ itRγ
µDµtR − Tr[mRTRT˜L + h.c.]
− ∆Tr[UT2 ψ U2 ψ˜] + h.c. , (5.2.24)
where we denoted by Φ˜, Q˜ and T˜ respectively the 9, 4 and 1 components
of the ψ˜ multiplet, while TR denotes the embedding of the tR field into
the singlet component of the 14 representation. The Lagrangian for the
elementary states, including the elementary/composite mixing, is given by
Lel+mix = iqLγµDµqL − yLfTr[UT1 QLU1ψ] + h.c. . (5.2.25)
Phenomenological properties
To understand the phenomenological properties of the 14 + 1 model it is
useful to start from a comparison with the 5 + 5 set-up. As we discussed
at length, in the latter model there is a tight connection between the Higgs
mass and the spectrum of the light top partners. In the previous sections we
derived this result by a careful analytic approach, there is however a simpler,
although less rigorous, way to understand this connection which can be easily
extended to other models.
Let us start from the simplest description of the 5 + 5 model, namely the
non-linear σ-model SO(5)/SO(4) plus the elementary bosonic and fermionic
sources. As shown in Sect. 3.3.1, in this set-up only one independent op-
erator contributes to the Higgs potential at leading order in the elemen-
tary/composite mixings. This operator is quadratically divergent at one loop,
however it has a fixed dependence on H/f , namely sin2(H/f), thus it intro-
duces a strong sensitivity to the UV dynamics only in the α coefficient in
Eq. (5.2.7). On the contrary, the operators contributing to the sin4(H/f)
terms, which control the Higgs quartic coupling and ultimately the Higgs
mass, start to be generated at quartic order in the mixings and are only
logarithmically divergent. As a consequence the β coefficient in the Higgs
potential has a very mild dependence on the UV dynamics, i.e. on the details
of the top partners spectrum. The correlation between the β coefficient and
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the mass of the ligtest top partners is not generated directly, instead it comes
indirectly from the size of the elementary/composite mixings which is fixed
by the top mass. At fixed ytop, indeed, the yL,R mixings are related to the
mass of the lightest top partners as shown in Eq. (5.2.16) and this determines
the tight connection between the Higgs mass and the top partners spectrum.
This peculiar structure explains the robustness of this connection and its
independence from the details of the explicit models.
The situation is totally different for the 14 + 1 model. The 14 represen-
tation decomposes into three SO(4) multiplets and gives rise to two indepen-
dent invariants at the leading order in the elementary/composite mixings.
The two operators have a different dependence on H/f , thus their quadratic
divergence at one loop implies a strong dependence of the Higgs potential on
the details of the top partners spectrum. In particular the Higgs mass will
not be any more determined only by the lightest top partners, but instead it
will depend on a larger set of resonances.
As shown in Chap. 3, the power counting estimates can be used to derive
a relation (Eq. (3.3.55)) between the Higgs mass and the overall fermion mass
scale mψ = gψf
mH '
√
Nc
2pi2
ytgψv ' 500 GeV
(gψ
5
)
, (5.2.26)
where yt is the top Yukawa. It is important to stress that in the above
formula mψ does not denote the mass of the lightest top parters, instead
it must be interpreted as an “average” mass of the first level of fermionic
resonances. Moreover, as clear from the above discussion, in the 14 + 1
model large departures from the power-counting estimates are possible. For
instance, this can happen if accidental cancellations are present in the Higgs
potential.
The relation between the Higgs mass and the fermionic mass scale is
reasonably well verified in the explicit three-site model, although a significant
amount of spread is present (see left panel of Fig. 5.3) [129].15 The origin
of the spread is mainly due to the relation between the top mass and the
elementary/composite mixing yL. In a model with fully composite tR one
generically expects yL ' yt, however order-one corrections can be present.
By using an approximate analytic expression for the top mass one can find a
lower bound on the value of yL needed to reproduce the correct mt
yL &
√
2
5
yt ' 0.6 . (5.2.27)
Although the above inequality can be saturated, in a large part of the param-
eter space some cancellation occurs and a value of yL significantly larger than
the minimal one is required. The spread on yL determines a corresponding
15The mass scale of the resonances mψ has been identified in the scan with the quadratic
average of the fermion mass parameters present in the composite sector Lagrangian.
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Figure 5.3: Left panel: scatter plot of the Higgs mass as a function of gψ for ξ = 0.1
in the 14 + 1 three-site model. Right panel: scatter plot of the mass of the lightest
fermionic resonance as a function of the Higgs mass. The red lines show the estimate
of the Higgs mass with yL = yt (solid), yL =
√
2/5yt (dot-dashed) and yL = 4yt
(dotted). The choice yL = 4yt corresponds to the largest value for yL used in the
scan. The black dots correspond to the points with yL ≤ yt, while the gray ones
have yL > yt. The plots are taken from Ref. [129].
spread in the relation between the Higgs mass and the fermion scale gψ. If
this effect is taken into account16 the agreement between the general estimate
and the numerical results becomes quite good.
From the general estimates and the numerical results it is easy to see that
there are only two possibilities to get a realistic Higgs mass: considering the
region of the parameter space in which all the fermionic resonances are light
(gψ . 2), or allow some extra tuning which cancels the overall size of the
effective potential. The amount of tuning required has been estimated in
Chap. 3.
As a final point we discuss the connection between the Higgs mass and
the presence of light top partners. As we discussed before, in the 14 + 1
model a strict relation between the Higgs mass and the masses of the lightest
fermionic resonances does not exist. Given that many resonances determine
the Higgs potential it is possible to obtain a cancellation in the Higgs mass,
by means of tuning, even if all the resonances are heavy. This can be seen
explicitly in the right panel of Fig. 5.3, where a scatter plot for the mass of
the lightest fermionic resonance is shown as a function of the Higgs mass. For
a realistic Higgs mass the resonances can be much heavier than the typical
masses required in the 5 + 5 model, mlightest . 1.5 TeV for ξ = 0.1 (see
Fig. 5.1). The plot shows nevetheless a preference for light states, obviously
due to the lower degree of tuning associated to a smaller value of gψ. The
numerical result shows that, at the price of tuning, resonances as heavy as
4 TeV can be obtained with a light Higgs.
16For this purpose it is sufficient to replace yt with yL in Eq. (5.2.26).
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5.3 The Weinberg sum rules
In the previous sections we addressed in a constructive manner the problem
of finding a calculable effective description of the composite Higgs scenar-
ios. Our approach was to add to the simple non-linear σ-model some extra
symmetries which could protect the Higgs potential thanks to a collective
breaking mechanism. In this section we want to consider the problem from a
different perspective, namely we want to understand what kind of informa-
tion we can get about an effective description of the composite scenario by
requiring that the Higgs potential is calculable without introducing by hand
any additional symmetry. As we will see, the requirement of calculability
is strong enough to imply some stringent constraints of the structure of the
effective theory. In particular, at least in the simplest realization of the com-
posite Higgs scenario, a structure analogous to a multi-site model is always
needed to ensure the finiteness of the Higgs potential.
5.3.1 The general effective Lagrangian
For simplicity in our analysis we will only focus on the femionic part of
the theory and in particular on the states belonging to the top sector. For
definiteness, we will also assume that the elementary fermions qL and tR
are embedded in (incomplete) multiplets in the fundamental representation
of SO(5). With this choice the elementary fermions can only mix directly
to composite resonances that transform as fourplets ψi4 or singlets ψ
i
1 under
the unbroken SO(4) symmetry. We can now construct the most general
effective Lagrangian by using the CCWZ formalism. The kinetic terms for
the elementary and composite states are given by
Lkin = iqLγµDµqL + itRγµDµtR
+
NS∑
i=1
ψ
i
1(iγ
µDµ −m1i)ψi1 +
NQ∑
i=1
ψ
i
4(iγ
µDµ −m4i)ψi4 . (5.3.1)
For simplicity, in writing the above formula, we chose to work in the ba-
sis in which the mass matrices for the composite states are diagonal. NQ
and NS denote the number of fourplets and singlets included in the theory.
The most general elementary/composite mixing terms, following the partial
compositeness assumption, are given by
Lmix =
NS∑
i=1
[
yiR1f
(
TRU
)
1
ψi1 + y
i
R4f
(
TRU
)
4
ψi4
]
+ h.c.
+
NQ∑
i=1
[
yiL1f
(
QLU
)
1
ψi1 + y
i
L4f
(
QLU
)
4
ψi4
]
+ h.c. , (5.3.2)
where QL and TR denote the embedding of the elementary states into in-
complete SO(5) multiplets (the explicit expressions are given in Eq. (5.1.45))
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and U is the Goldstone matrix. The 4 and 1 subscripts in the expressions
(QLU)4,1 and (TRU)4,1 denote respectively the fourplet and singlet compo-
nent.
5.3.2 The Higgs potential and the Weinberg sum rules
As a preliminary step for the computation of the fermion contribution to the
Higgs potential it is useful to derive the effective Lagrangian for the elemen-
tary top quark. This can be done by integrating out the composite states ψi4
and ψi1. The final result written in momentum space can be expressed as
Leff = tL /pΠLtL + tR /pΠRtR −
(
tLΠLRtR + h.c.
)
. (5.3.3)
The form factors are given by
ΠL = Π
0
L + sin
2(H/f)Π1L
ΠR = Π
0
R + sin
2(H/f)Π1R
ΠLR = sin(H/f) cos(H/f)Π
0
LR
, (5.3.4)
where
Π0L = 1− f2
NQ∑
i=1
|yiL4|2
p2 −m24i
, Π1L = −
f2
2
NS∑
i=1
|yiL1|2
p2 −m21i
−
NQ∑
i=1
|yiL4|2
p2 −m24i
 ,
Π0R = 1− f2
NS∑
i=1
|yiR1|2
p2 −m21i
, Π1R = f
2
NS∑
i=1
|yiR1|2
p2 −m21i
−
NQ∑
i=1
|yiR4|2
p2 −m24i
 ,
Π0LR =
f2√
2
NS∑
i=1
yi∗R1y
i
L1
m1i
p2 −m21i
−
NQ∑
i=1
yi∗R4y
i
L4
m4i
p2 −m24i
 . (5.3.5)
The fermion contribution to the Higgs potential at one loop can be expressed
in terms of the form factors that appear in the top effective Lagrangian:
V (H) = −2Nc
∫
d4p
(2pi)4
log
(
p2ΠL(−p2)ΠR(−p2) +
∣∣ΠLR(−p2)∣∣2) , (5.3.6)
where we rotated the integration variable in Euclidean space.
Similarly to what we did in the case of the multi-site models we can
expand the potential in a series in sin(H/f):
V (H) ' α sin2(H/f) + β sin4(H/f) . (5.3.7)
The α and β coefficients can be easily extracted from the expression of the
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potential and read 17
α = − Nc
4pi2
∫
dp p3
(
Π1L
Π0L
+
Π1R
Π0R
+
(Π0LR)
2
p2Π0LΠ
0
R
)
,
β =
Nc
8pi2
∫
dp p3
[(
Π1L
Π0L
+
Π1R
Π0R
+
(Π0LR)
2
p2Π0LΠ
0
R
)2
− 2p
2Π1LΠ
1
R − (Π0LR)2
p2Π0LΠ
0
R
]
.
(5.3.8)
We can now analyze the behavior of the integrands at large p2 with the aim
of determining the UV divergent contributions. From the explicit expressions
it is easy to see that for large Euclidean momenta Π0L,R ∼ p0, Π1L,R ∼ p−2
and Π0LR ∼ p−2. It follows that the terms involving Π0LR are all finite.
Analogously, all terms of order higher than four in the sin(H/f) expansion
are UV finite. The only divergent contributions come from the Π1L,R form
factors. In particular the α coefficient is quadratically divergent, whereas β is
only logarithmically divergent, in agreement with the results of our previous
analyses.
To ensure the calculability of the Higgs potential we can impose a set
of sum rules on the integrands in Eq. (5.3.8) demanding that α and β are
finite [166, 167]. These sum rules are analogous to the Weinberg sum rules
in QCD [168], which constrain the behavior of the spectral functions of the
axial and vector currents by interpreting them as the result of the exchange
of weakly coupled mesonic resonances. The cancellation of the logarithmic
divergence in β requires
lim
p2→∞
−1
f2
p2
Π1R(−p2)
Π0R(−p2)
=
NS∑
i=1
∣∣yiR1∣∣2 − NQ∑
i=1
∣∣yiR4∣∣2 = 0 ,
lim
p2→∞
2
f2
p2
Π1L(−p2)
Π0L(−p2)
=
NS∑
i=1
∣∣yiL1∣∣2 − NQ∑
i=1
∣∣yiL4∣∣2 = 0 .
(5.3.9)
It is straightforward to check that, if the above conditions are satisfied, the
quadratic divergence in α is automatically canceled. A further condition is
needed to cancel the logarithmic divergence in α:
lim
p2→∞
2
f2
(
Π1R(−p2)
Π0R(−p2)
+
Π1L(−p2)
Π0L(−p2)
)
= 2
NS∑
i=1
m21i
(|yiR1|2 − |yiL1|2)− NQ∑
i=1
m24i
(|yiR4|2 − |yiL4|2) = 0 . (5.3.10)
The conditions in Eq. (5.3.9) have a very simple interpretation. The
linearity of the mixing between the elementary and the composite states (see
17The integral in the expression for β has a spurious IR divergence arising from the
expansion of the potential. It can be cured by inserting a small IR cut-off on the integration
domain. Given that we are interested only in the UV behavior we will ignore this subtlety.
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Eq. (5.3.2)) implies that each elementary field is only mixed with one linear
combination of composite fourplets and one linear combination of the singlets.
By a field redefinition in the composite sector we can thus go to a basis in
which yiL,R = 0 for i ≥ 2 and only the y1L,R mixings are non-vanishing both
for the fourplet and singlet components. Of course in the new basis the mass
matrix of the composite states is in general non-diagonal. The sum rules in
Eq. (5.3.9) can now be rewritten as
|y1R1|2 = |y1R4|2 and |y1L1|2 = |y1L4|2 . (5.3.11)
By a redefinition of the phases of the fields we can always choose
y1R1 = y
1
R4 ≡ yR and y1L1 = y1L4 ≡ yL . (5.3.12)
The Lagrangian with the elementary/composite mixing in the new basis reads
Lmix = yRf
(
TRU
)
1
ψ11L + yRf
(
TRU
)
4
ψ14L + h.c.
+ yLf
(
QLU
)
1
ψ11R + yLf
(
QLU
)
4
ψ14R + h.c.
= yRfTRUψ
1
L + yLfQLUψ
1
R + h.c. , (5.3.13)
where ψ1L is obtained by joining the fourplet and singlet fields ψ
1
L1 and ψ
1
R1 to
form a multiplet in the fundamental representation of SO(5) and analogously
for ψ1R. The mixing Lagrangian in Eq. (5.3.13) exactly coincides with the
one we considered in the two-site model (see Eq. (5.1.44)) once we identify
ψ1 with ψ˜ and U with the U Goldstone matrix (in the gauge in which only
the Goldstone Higgs modes are present). This result shows that the only ex-
tension of the basic non-linear σ-model in which the Higgs mass is calculable
necessarily has a two-site structure.
Let us now consider the additional condition in Eq. (5.3.10) which ensure
the cancellation of the logarithmic divergences. Taking into account the result
in Eq. (5.3.12) we get
2
[(
M†1M1
)
11
− (M†4M4)11] y2R − [(M1M†1)11 − (M4M†4)11] y2L = 0 ,
(5.3.14)
where M4 and M1 denote the mass matrices in the composite sector, namely
Lmass =
∑
ij ψ
i
4L(M4)ijψ
j
4R +
∑
ij ψ
i
1L(M1)ijψ
j
1R + h.c.. Similarly to what
we did for the first Weinberg rum rules, we can simplify the condition in
Eq. (5.3.14) by a change of basis in the composite sector. Given that the
mass mixing terms between the ψ14,1 fields and the other resonances are linear
in ψ14,1, we can always redefine the ψ
i
4,1 fields with i ≥ 2 in such a way that
ψ1 has mass mixing only with ψ24,1. In this basis the sum rule in Eq. (5.3.14)
depends only on the ψ14,1 masses, m
(1)
4,1ψ
1
L4,1ψ
1
R4,1, and on the mass mixing
terms with ψ24,1, m
(12)
4,1 ψ
1
L4,1ψ
2
R4,1 + h.c. and m
(21)
4,1 ψ
2
L4,1ψ
1
R4,1 + h.c.. In the
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new basis the sum rule in Eq. (5.3.14) becomes
2
[∣∣m(1)1 ∣∣2 + ∣∣m(21)1 ∣∣2 − ∣∣m(1)4 ∣∣2 − ∣∣m(21)4 ∣∣2] y2R
−
[∣∣m(1)1 ∣∣2 + ∣∣m(12)1 ∣∣2 − ∣∣m(1)4 ∣∣2 − ∣∣m(12)4 ∣∣2] y2L = 0 , (5.3.15)
Of course, given the large number of free parameters there is no unique
solution to the above equation. If we require Eq. (5.3.15) to be satisfied for
arbitrary values of the elementary/composite mixings yL and yR the possible
solutions are limited. A natural way to satisfy the sum rule is to assume
that the relevant mass terms respect an SO(5) symmetry under which ψ1
and ψ2 transform in the fundamental representation. This structure ensures
the relations m
(1)
1 = m
(1)
4 , m
(12)
1 = m
(12)
4 and m
(21)
1 = m
(21)
4 and provides a
solution for Eq. (5.3.15). Notice that the SO(5) assumption is automatically
realized in the three-site construction.
Chapter 6
Collider phenomenology
In this chapter we focus on the phenomenology of the composite resonances.
Due to their ubiquitous presence and their tight connection with the Higgs
and Electro-Weak (EW) dynamics, these states are one of the primary targets
to directly test the composite Higgs scenarios in collider experiments.
Two main classes of composite states are generically present. The first one
includes the fermionic partners of the Standard Model (SM) matter fields,
which are responsible for generating the SM Yukawa couplings. At the same
time, these resonances give rise to the leading contributions to the Higgs ef-
fective potential, thus triggering EW symmetry breaking. The second class
of composite resonances includes the vector states related to the global sym-
metry of the composite dynamics, which can be considered as the partners
of the SM gauge fields.
For definiteness, in our discussion we will focus on the standard anarchic
flavor scenario presented in Chap. 4. In this set-up the most relevant collider
signatures are due to the quark partners. As we will see in Sect. 6.1, being
the lightest composite states, the quark partners have a particularly simple
phenomenology which is almost completely fixed by their quantum numbers
under the global symmetry of the composite sector. The vector resonances,
on the other hand, are less directly involved in the tuning issue and are
usually heavier than the fermionic partners. Their collider phenomenology
can be significantly affected by the details of the composite dynamics and,
in particular, by the presence of light fermionc states. We will discuss this
topic in the second part of the chapter (Sect. 6.2).
6.1 Fermionic resonances
We start our discussion by analyzing the collider phenomenology of the fer-
mionic resonances. In particular we focus on the properties of the top part-
ners, i.e. the composite states responsible for generating the top mass. As
we explained in Chap. 3, these states are unavoidably present in all mini-
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mal composite Higgs scenarios and are required to be relatively light in all
the models that aim to solve the hierarchy problem. This feature makes the
top partners the privileged channel to probe the minimal composite Higgs
frameworks in collider experiments.
It is important to stress that, from the point of view of the collider phe-
nomenology, the concept of top partner can be extended to any vector-like
fermionic resonance that has sizable mixing only with the third-generation
SM quarks, independently of any connection with Naturalness or with the
generation of the top mass. In fact, any such state shares the same phe-
nomenological properties of the “canonical” top partners and gives rise to
analogous collider signatures. Notice that, as we explained in Chap. 4, in the
anarchic flavor scenario all the quark partners have sizable couplings to the
top sector, thus they can be considered as top partners.
As can be easily understood, in a large class of scenarios the main collider
signatures are determined by the lightest composite resonances. The heavier
states, due to the smaller production cross section, usually play a marginal
role and can be neglected in a first approximation. This feature allows to
study the collider phenomenology of the top partners by only focusing on
a small set of resonances, thus simplifying the analysis and making it more
model-independent. It is important to mention that the top-partner dynam-
ics can also be affected by the presence of composite vector resonances, which
can contribute to their production cross section. We postpone a discussion
of the interplay between vector and fermionic resonances to Sect. 6.2. In this
section, instead, we focus exclusively on the fermionic states and we assume
that the vector resonances are heavy enough so that they have a small impact
on the collider phenomenology.
A possible way to parametrize the dynamics of the fermionic partners is
provided by the multi-site models discussed in Chap. 5. This approach allows
at the same time to describe the phenomenology of the resonances and to
relate their properties to the Higgs dynamics and to the EW observables.
The multi-site constructions thus offer a straightforward way to take into
account simultaneously the implications of the direct searches and of the
indirect experimental constraints, as for instance the EW precision tests.
In this chapter, however, we want to focus only on the collider phe-
nomenology of the partners and we prefer to adopt a simpler and more
model-independent approach, which allows to avoid spurious effects related
to specific explicit constructions. Following Refs. [169–171], we will thus
parametrize the dynamics of the to partners by the most generic effective
Lagrangian compatible with the non-linearly realized Goldstone symmetry.
We will not require any extra assumptions, as for instance the full calcula-
bility of the EW and Higgs observables, which is one of the main ingredients
of the multi-site models. General effective Lagrangians for the composite
resonances can be constructed by using the CCWZ formalism presented in
Chap. 2. To simplify the analysis we will include in the effective models
only a minimal set of resonances, which should be interpreted as the lightest
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fermionic partners. As a last ingredient, we will use the power-counting dis-
cussed in Chap. 3 to define a leading Lagrangian and estimate the relevance
of additional higher-order operators.
6.1.1 The effective parametrizations
As a first step we present the effective Lagrangians of the simplified models
for the top partners. As we did in the rest of these Notes, we restrict our
attention to the class of minimal composite Higgs realizations based on the
symmetry pattern SO(5)/SO(4).
In the following we consider three simplified models that are represen-
tative of a large fraction of the explicit theories explored so far in the lit-
erature. The first one is based on the standard partial compositeness set-
up (see Chap. 2), in which all the SM fermions have an elementary coun-
terpart. In particular we focus on the scenario in which the elementary
fermions are mixed with composite operators in the fundamental SO(5) rep-
resentation. This choice reproduces the phenomenology of a large class of
“minimal composite Higgs models” (in particular the holographic MCHM5
constructions [73]) and is closely related to the 5+5 phenomenological model
presented in Sect. 5.2.1. The other two simplified models are based on a
slight modification of the classical partial compositeness set-up in which the
tR field is fully composite and is identified with a chiral state coming from
the strong dynamics. Two models of this kind will be considered, in which
the qL elementary doublet mixes with operators in the fundamental SO(5)
representation and in the 14 respectively. The first choice is motivated by
minimality, whereas the second is related to Naturalness considerations. In
fact, as we explained in Chap. 3, the models with a fully composite tR and
resonances in the 14 representation minimize the amount of tuning needed
to get a realistic Higgs mass. The simplified model based on the 14 represen-
tation, moreover, describes the collider phenomenology of the explicit 14 + 1
construction presented in Sect. 5.2.2.
The 5 + 5 model
The first model we consider is the one based on the usual partial compos-
iteness assumption, in which the SM multiplets, qL and tR, are realized as
elementary fields. As we already anticipated, we assume that the composite
operators that mix with the elementary fields transform in the fundamental
representation of SO(5), the 5. Due to the connection with the phenomeno-
logical model of Sect. 5.2.1 we will denote this simplified scenario as the 5+5
model.
Under the unbroken SO(4) symmetry, the representation 5 decomposes as
5 = 4⊕ 1. Thus, in this model, the top partners transform as fourplets and
singlets under SO(4). In our simplified description we will include only one
layer of composite resonances, namely one SO(4) fourplet and one singlet.
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The leading effective Lagrangian can be written as a sum of three terms
containing the dynamics of the composite states, of the elementary ones and
the mixing terms:
L = Lcomp + Lelem + Lmix . (6.1.1)
The Lagrangian for the composite fermions contains the usual kinetic and
mass terms and an interaction term between the fourplet and the singlet
that involves the d-symbol operator:
Lcomp = iψ4 /Dψ4 + iψ1 /Dψ1 −m4ψ4ψ4 −m1ψ1ψ1
−
(
i cL ψ
i
4Lγ
µdiµψ1L + i cR ψ
i
4Rγ
µdiµψ1R + h.c.
)
, (6.1.2)
where ψ4,1 denote the composite fourplet and singlet. The covariant deriva-
tives for the composite fermions are given by
Dµψ4 =
(
∂µ − 2
3
ig′Bµ − ieµ − igsGµ
)
ψ4 , (6.1.3)
Dµψ1 =
(
∂µ − 2
3
ig′Bµ − igsGµ
)
ψ1 , (6.1.4)
where Gµ denotes the gluon field and gs is the SU(3)c coupling. In the
above formulae dµ and eµ denote the CCWZ symbols defined in Eq. (2.3.28)
(their explicitly expressions are given in Appendix 2.B). In terms of fields
with definite SO(4) ' SU(2)L × SU(2)R quantum numbers, the fourplet ψ4
decomposes as
ψ4 =
1√
2

−iB + iX5/3
−B −X5/3
−i T − iX2/3
T −X2/3
 . (6.1.5)
The four components of the multiplet correspond to two SU(2)L doublets,
(T,B) and (X5/3, X2/3), with hypercharges 1/6 and 7/6 respectively. The
first doublet has the same quantum numbers as the elementary qL doublet,
while the second one contains an exotic state, the X5/3, with charge 5/3 and
a top-like state, the X2/3, with charge 2/3. The singlet ψ1 has the same
quantum numbers of the tR SM field. To make contact with the notation of
Sect. 5.2.1, we also denote this resonance by T˜ .
The Lagrangian for the elementary fermions is given by the usual kinetic
terms
Lelem = i qL /DqL + i tR /DtR (6.1.6)
where the covariant derivatives coincide with the SM ones
DµqL =
(
∂µ − igW iµ
σi
2
− i1
6
g′Bµ − igSGµ
)
qL , (6.1.7)
DµtR =
(
∂µ − i2
3
g′Bµ − igSGµ
)
tR . (6.1.8)
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The mixing between the elementary and composite states is described by
Lmix = yL4f
(
q5LU
)
i
ψi4 + yL1f
(
q5LU
)
5
ψ1 + h.c.
+ yR4f
(
t
5
RU
)
i
ψi4 + yR1f
(
t
5
RU
)
5
ψ1 + h.c. , (6.1.9)
where the index i takes the values i = 1, . . . , 4. The embedding, q5L and
t5R, of the elementary states in incomplete fundamental representations of
SO(5) has been already given in the previous chapters, we rewrite it here for
completeness 1
q5L =
1√
2

−i bL
−bL
−i tL
tL
0
 , t5R =

0
0
0
0
tR
 . (6.1.10)
Notice that, as explained in Chap. 5, in order to accommodate the correct
hypercharges for the SM fermions an extra U(1)X subgroup must be in-
cluded. Under this symmetry the elementary fields qL and tR as well as all
the composite multiplets have charge 2/3.
The complete effective Lagrangian contains 8 free parameters, namely the
4 elementary/composite mixings yL4,1 and yR4,1, the masses of the composite
states, m4,1, and the coefficients of the d-symbol interactions cL,R. All these
coefficients are in general complex. Five complex phases can be removed by
suitable field redefinitions but the remaining ones are physical and can not
be eliminated. For simplicity, however, we assume that the strong sector is
invariant under CP, in this way all the parameters in the Lagrangian are real.
Let us now discuss the natural size of the parameters. The d-symbol
term is a purely strong sector interaction, thus its coefficient is expected
to be of O(1). The elementary/composite mixings, on the other hand, are
external with respect to the strong dynamics, thus their size is not fixed by
the power counting. The partial compositeness paradigm, however, implies
that the mixing of an elementary states to the composite fourplet and singlet
are correlated. In the usual set-up, indeed, both terms are mainly generated
from the mixing of the elementary fields with only one composite operator in
a complete SO(5) representation (see Sect. 2.4), thus we expect yL4 ∼ yL1 and
yR4 ∼ yR1. The exact value of the mixings is determined by the requirement
of reproducing the correct top mass.
It is interesting to notice that the simplified model we presented so far
almost coincides with the fermionic sector of the two-site model discussed in
Chap. 5. Indeed, it is straightforward to check that the Lagrangian obtained
1In order to avoid confusion with the notation used for the composite states, we denote
the embedding of the elementary fields in the fundamental SO(5) representation by q5L
and t5R, and not by QL and TR as in the previous chapters. Later on we will adopt an
analogous notation for the embedding in the 14.
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by integrating out the vector resonances in the two-site 5+5 model is equal to
the simplified model of this section for the following choice of the parameters:
yL4 = yL1 ≡ yL , yR4 = yR1 ≡ yR , cL = cR = 0 . (6.1.11)
In the two-site model the relation between the elementary/composite mixings
is dictated by the global symmetry structure and is essential to realize the
collective breaking mechanism which protects the Higgs potential. In the two-
site set-up the d-symbol term in Eq. (6.1.2) is only generated through non-
nearest neighbor interactions, it is thus suppressed with respect to the general
power-counting estimate (see Sect. 5.1.6). In extended multi-site models, on
the other hand, the d-symbol operator can arise as an effective interaction
mediated by heavy vector resonances associated to the SO(5)/SO(4) coset
and its expected size follows the usual power-counting.
The mass spectrum We can now analyze the spectrum of the fermionic
resonances. The mass matrix of the charge 2/3 states after EWSB has the
simple form

tL
TL
X2/3L
T˜L

T

0
yL4f
2
(1 + cε)
yL4f
2
(1− cε) yL1f√
2
sε
− yR4f√
2
sε −m4 0 0
yR4f√
2
sε 0 −m4 0
yR1fcε 0 0 −m1


tR
TR
X2/3R
T˜R
 ,
(6.1.12)
where we defined ε ≡ 〈h〉/f , while sε and cε denote the sine and cosine of ε.
For completeness we also report here the relation between ε and the EWSB
scale v:
ξ =
v2
f2
= sin2 ε . (6.1.13)
For small values of ξ the approximate relation ξ ' ε2 is valid with good
accuracy.
An interesting feature of the mass matrix in Eq. (6.1.12) is the fact that
the dependence on the Higgs VEV appears only in the terms that mix the
elementary and the composite states. This shows that all the effects due
to EWSB are necessarily weighted by the elementary/composite mixings. As
explained at length in Chap. 2, this feature is a consequence of the Goldstone
nature of the Higgs and, as we will see, implies a very peculiar structure for
the spectrum of the resonances.
The mass matrix for the charge 2/3 states can not be exactly diagonalized
in closed analytic form. However one can find some approximate formulae
for the masses of the resonances by using an expansion in ξ. The expression
6.1. FERMIONIC RESONANCES 223
for the top mass is
m2top =
(yL1yR1m4 − yL4yR4m1)2 f4
(m24 + y
2
L4f
2)(m21 + y
2
R1f
2)
ξ
2
+O (f2ξ2) , (6.1.14)
while the masses of the heavy resonances are
mX2/3 = m4
[
1 +
y2R4f
2
4m24
ξ + · · ·
]
, (6.1.15)
mT =
√
m24 + y
2
L4f
2
[
1− (y
2
L4 − y2R4)f2
4m24
ξ + · · ·
]
, (6.1.16)
mT˜ =
√
m21 + y
2
R1f
2
[
1 +
(y2L1 − 2y2R1)f2
4m21
ξ + · · ·
]
, (6.1.17)
where, inside the square brackets, we only kept the leading order terms in
an expansion in the elementary/composite mixings and in ξ. In the above
formulae we denoted each mass eigenstate by the same names of the states
with definite SO(4) quantum numbers. Of course this identification is valid
only as long as the elementary/composite mixings are smaller than the mass
parameters in the composite sector and the fourplet states are not close in
mass to the singlet. If these conditions are satisfied, in the limit of small ξ,
each mass eigenstate is approximately aligned with one field in the original
basis, otherwise the above expressions for the masses of the resonances are
still approximately valid but the mass eigenstates have sizable components
along states with different SO(4) quantum numbers.
Let us now consider the states with charge −1/3. For simplicity, in the
effective model we do not include a right-handed bottom component because
its mixing with the composite dynamics is typically small and it does not
significantly modify the collider phenomenology. Therefore the bL state re-
mains in the spectrum as a massless field. In addition to the bL, the model
also contains a heavy B whose mass is given by
mB =
√
m24 + y
2
L4f
2 . (6.1.18)
This formula is exact and does not receive corrections after EWSB. In fact
the mass matrix of the charge −1/3 states in the 5+5 model does not depend
on the Higgs VEV.
The heavy B forms a nearly-degenerate SU(2)L doublet with the T res-
onance. By comparing Eqs. (6.1.16) and (6.1.18) one finds that the mass
difference between the two states is of order ∆m2 ∼ y2v2, where y denotes
the typical size of the yL4 and yR4 mixings. Notice that the lightest state
inside the doublet can be either the T or the B depending on the values of
the elementary/composite mixings.
The exotic state X5/3 is the only field with electric charge 5/3 in the
model, thus it can not mix with any other state. Its mass is simply given by
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∆m2 ∼ y2v2
∆m2 ∼ y2R4v2
∆m2 ∼ y2L4f 2
B
T
X2/3
X5/3
t
∆m2 ∼ y2L4v2
∆m2 = 0
∆m2 ∼ y2L4f 2
B
T
X2/3
X5/3
t
Figure 6.1: Typical mass spectrum of the fourplet states. The left panel corresponds
the the scenario with an elementary tR (the 5 + 5 model), while the right panel to
the set-ups with a fully composite tR (the 5 + 1 and 14 + 1 models).
the fourplet mass parameter mX5/3 = m4. This state forms an approximate
SU(2)L doublet together with the X2/3 resonance. The spitting between the
two states is of order ∆m2 ∼ y2R4v2 and the lightest state in the doublet is
nearly always the X5/3 resonance.
2
By comparing the masses of the two approximate SU(2)L doublets we find
that the splitting inside each doublet is typically much smaller than the mass
difference between the two multiplets. As we saw before, the splitting inside
the doublets is generated only after EWSB and is thus proportional to the
Higgs VEV. On the other hand, the mass difference between the two doublets
is induced by the mixing with the elementary qL. This effect is present even
before EWSB and induces a split of order ∆m2 ∼ y2L4f2, which is enhanced
by a factor 1/ξ  1 with respect to the mass split inside the doublets. The
structure of the mass spectrum of the resonances coming from the fourplet
is schematically shown in the left panel of Fig. 6.1.
Notice that the peculiar structure of the spectrum is a consequence of the
Goldstone nature of the Higgs. In a model in which the Higgs is a generic
composite resonance but not a Goldstone there is no particular structure in
the mass spectrum and the splitting among all the states in the fourplet is
typically of the same order.
The 5 + 1 model
In the second simplified model we consider, the right-handed top component
tR is identified with a fully composite chiral state coming from the strong
dynamics. As in the previous model, the elementary doublet qL is assumed
2The X2/3 can be the lightest resonance inside the fourplet due to level-repulsion effects
if the singlet and fourplet are close in mass. In this case, however, the lightest charge 2/3
state is not purely the X2/3, but contains a large admixture of the T˜ .
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to mix with composite operators in the fundamental representation of SO(5).
In analogy with the previous model, we denote the present set-up by 5 + 1,
where the two numbers correspond to the SO(5) representations in which the
SM fields are embedded.
The Lagrangian for the composite states, which now include also the tR
identified with a total SO(5) singlet, is given by
Lcomp = iψ4 /Dψ4 + iψ1 /Dψ1 + i tR /DtR −m4ψ4ψ4 −m1ψ1ψ1
−
(
i cLψ
i
4Lγ
µdiµψ1L + i cRψ
i
4Rγ
µdiµψ1R + h.c.
)
−
(
i ctψ
i
4Rγ
µdiµtR + h.c.
)
. (6.1.19)
In the above equation we did not include a possible mass mixing involving
the tR and the ψ1 fields. This term is allowed by the symmetry of the model,
however it can always be set to zero by a suitable field redefinition. Notice
that the presence of the tR field in the composite sector allows to write an
additional d-symbol interaction involving the fourplet ψ4.
The Lagrangian for the elementary doublet qL contains only the usual
kinetic term: Lelem = iqL /DqL. The mixing terms between the elementary
and composite states are given by
Lmix = yLtf(q5LU)5tR + yL4f(q5LU)iψi4 + yL1f(q5LU)5ψ1 + h.c. . (6.1.20)
An important difference with respect to the case with an elementary tR is
the fact that now the top field has a direct Yukawa term which comes from
the yLt mixing.
In the 5 + 1 model there are 8 free parameters, which can be forced
to be real by imposing CP invariance. For simplicity we will adopt this
assumption in the following. The cL,R and ct couplings correspond to purely
strong sector interactions and their coefficients are naturally of O(1) as can
be inferred from the power counting in Eq. (3.1.18). Moreover, we expect the
elementary/composite mixings to be of the same order, yLt ∼ yL4 ∼ yL1.
The mass spectrum. Let us now discuss the features of the spectrum. As
a first step we consider the charge 2/3 fields, whose mass matrix is given by

tL
TL
X2/3L
T˜L

T

yLtf√
2
sε
yL4f
2
(1 + cε)
yL4f
2
(1− cε) yL1f√
2
sε
0 −m4 0 0
0 0 −m4 0
0 0 0 −m1


tR
TR
X2/3R
T˜R
 .
(6.1.21)
It is interesting to notice that one combination of the T and X2/3 fields does
not mix with the other states, namely
X ′2/3 =
1√
2
√
1 + c2ε
[
(1 + cε) X2/3 − (1− cε) T
]
. (6.1.22)
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Therefore the mass of the X ′2/3 state is just given by the composite mass
m4 and is exactly degenerate with the exotic X5/3 resonance. On the other
hand, the orthogonal combination of T and X2/3,
T ′ =
1√
2
√
1 + c2ε
[
(1 + cε) T + (1− cε) X2/3
]
, (6.1.23)
is mixed with the elementary fields and its mass acquires a shift controlled
by the yL4 parameter, plus an additional corrections due to EWSB:
3
mT '
√
m24 + y
2
L4f
2
[
1− y
2
L4f
2
4m24
ξ + · · ·
]
. (6.1.24)
This state is close in mass to the charge −1/3 resonance coming from the
fourplet, the B, whose mass is mB =
√
m24 + y
2
L4f
2. Apart from some corner
of the parameter space, the T resonance is lighter than the B.
The spectrum of the fourplet resonances is schematically shown in the
right panel of Fig. 6.1. As one can see, the structure of the spectrum is quite
similar to the one we found in the 5+5 model. The only difference is the fact
that in the 5 + 1 case the X2/3 and the X5/3 states are exactly degenerate.
The remaining charge-2/3 heavy state, the T˜ , which comes from the sin-
glet, has a mass given by
mT˜ ' m1
[
1 +
y2L1f
2
4m21
ξ + · · ·
]
. (6.1.25)
As we discussed before, in the models with a fully composite tR a direct
mixing term between the elementary qL and the tR is present in the effec-
tive Lagrangian. The top mass is therefore mostly determined by the yLt
parameter and, at leading order in the v/f expansion, is given by
m2top =
1
2
m24
m24 + y
2
L4f
2
y2Ltf
2ξ +O(f2ξ2) . (6.1.26)
The 14 + 1 model
As in the 5 + 1 model, in the third scenario we consider, the 14 + 1 model,
the right-handed top component is a fully composite chiral state. Differ-
ently from the previous case, however, the elementary doublet qL is mixed
with some composite operators in the symmetric (the 14) representation of
SO(5). Under the unbroken SO(4) subgroup the symmetric representation
decomposes as 14 ' 9 ⊕ 4 ⊕ 1. This implies that, in addition to fourplets
and singlets, the elementary states can also mix with fermionic resonances
that transform as nineplets under SO(4).
3For simplicity in the following we will drop the prime in front of the T ′ and X′
2/3
resonances and we will denote them simply by T and X2/3.
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The Lagrangian for the composite states is analogous to the one we built
for the 5 + 1 model. In particular the operators involving only the fourplet,
ψ4, and the singlet, ψ1, are exactly the same as in the previous scenario and
are given in Eq. (6.1.19).
The nineplet, ψ9, can be described by a 4 × 4 symmetric matrix. This
multiplet contains three SU(2)L triplets with different SU(2)R charges:{
U8/3 , U5/3 , U2/3
}
with TR3 = +1 ,{
Y5/3 , Y2/3 , Y−1/3
}
with TR3 = 0 ,{
Z2/3 , Z−1/3 , Z−4/3
}
with TR3 = −1 ,
(6.1.27)
where the subscripts denote the electric charge. For shortness we do not give
here the embedding of the various components in the 4× 4 matrix notation.
It can be found in Ref. [172].
The dynamics of the nineplet, ψ9, is described by additional kinetic and
mass terms in the composite sector Lagrangian:
L(9)comp = iTr
[
ψ9 /Dψ9
]−m9Tr [ψ9ψ9] , (6.1.28)
where the covariant derivative of the ψ9 field is defined as
Dµψ9 =
(
∂µ − 2
3
ig′Bµ − igsGµ
)
ψ9 − ieµψ9 + iψ9eµ . (6.1.29)
The presence of a nineplet allows some additional interaction terms contain-
ing the d-symbol:
Lcomp = −
(
i cL9ψ
ij
9Lγ
µdiµψ
j
4L + i cR9ψ
ij
9Rγ
µdiµψ
j
4R + h.c.
)
−
(
i
ct9
m∗
ψ
ij
9Ld
µidjµtR + h.c.
)
. (6.1.30)
Notice that in the last line of Eq. (6.1.30) we included a higher-dimensional
interaction involving two powers of dµ. The coefficient of this operator, fol-
lowing our power counting, is expected to be suppressed by the cut-off of the
effective theory, which we identify with the mass scale of the heavy vector res-
onances, m∗. Although the interactions coming from the higher-dimensional
operator are suppressed with respect to the other ones, they can be impor-
tant for the collider phenomenology of the U8/3 resonance, as we will discuss
in Sect. 6.1.3.
The mixing of the elementary doublet qL with the composite states is
described by the following Lagrangian
Lmix = yLt
2
f(U tq14L U)55tR + yL9f(U
tq14L U)ijψ
ij
9
+ yL4f(U
tq14L U)i5ψ
i
4 +
yL1
2
f(U tq14L U)55ψ1 + h.c. , (6.1.31)
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where q14L now denotes the embedding of the qL doublet into the 14 repre-
sentation (compare Eq. (2.4.50)):
q14L =
1√
2

0 0 0 0 −i bL
0 0 0 0 −bL
0 0 0 0 −i tL
0 0 0 0 tL
−i bL −bL −i tL tL 0
 . (6.1.32)
The normalization of the mixing terms in Eq. (6.1.31) has been chosen in such
a way that the Lagrangian for the fourplet and singlet states matches the one
of the 5 + 1 model in Eq. (6.1.20) at leading order in the v/f expansion.
The mass spectrum. As one can see from the mixing terms in Eq. (6.1.31),
analogously to the 5 + 1 set-up, a direct Yukawa term for the top quark is
present and the top mass is mostly determined by the yLt parameter. At
leading order in ξ it can be approximated by
m2top =
1
8
m24
m24 + y
2
L4f
2
y2Ltf
2 sin2 2ε+O(f2ξ2) . (6.1.33)
The spectrum of the fourplet and singlet resonances is quite similar to
the one we found in the 5 + 1 model. In addition to these states now several
other resonances coming from ψ9 are present. We do not report here the
complete mass matrix and we only give some approximate expressions for
the resonance masses.
It is clear from Eq. (6.1.31) that the structure of the mass matrix for
the charge-2/3 states is analogous to the one in Eq. (6.1.21). In particular
the mass matrix is diagonal apart from the mixings of the composite states
with the tL components. This implies that the tL field is only mixed with one
combination of the T and X2/3 resonances in ψ4 and with one combination of
the U2/3, Y2/3 and Z2/3 states coming from ψ9. The masses of the orthogonal
combinations, therefore, are not affected by the mixing and by EWSB and are
simply given by the composite mass parameters, m4 for the fourplet states
and m9 for the states in the 9. As in the 5 + 1 model, the fourplet state
which is mixed with the tL almost coincides with the T , we will thus denote
it with the same name, whereas we will denote the orthogonal combination
as the X2/3 state. The mass of the T resonances is approximately given by
mT '
√
m24 + y
2
L4f
2
[
1− 5y
2
L4f
2
4m24
ξ + · · ·
]
, (6.1.34)
while the mass of the X2/3 state is mX2/3 = m4.
Regarding the ψ9 states, the resonance with the largest mixing with the
tL field is the Z2/3. Its mixing is approximately twice as large as the one
of the Y2/3, while the mixing of the U2/3 arises at next order in ξ and is
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thus negligible. The mass of the Z2/3 state can be well approximated by the
formula 4
mZ2/3 ' m9
[
1 +
5y2L9f
2
8m29
ξ + · · ·
]
. (6.1.35)
The masses of the other states are instead simply mU2/3 = mY2/3 = m9 and
do not receive corrections after EWSB. The last charge 2/3 state, the T˜
resonance contained in the singlet ψ1, has a mass
mT˜ ' m1
[
1 +
y2L1f
2
4m21
ξ + · · ·
]
. (6.1.36)
Differently from the model based on the fundamental representation of
SO(5), in the 14 + 1 scenario the resonances with charge −1/3 have some
couplings with the Higgs and receive a mass shift after EWSB. The mass of
the B state contained in the fourplet is given by
mB '
√
m24 + y
2
L4f
2
[
1− y
2
L4f
2
2(m24 + y
2
L4f
2)
ξ + · · ·
]
. (6.1.37)
Inside the 9 two additional states with charge −1/3 are present, namely the
Y−1/3 and the Z−1/3. Similarly to the charge 2/3 states, only one combi-
nation, namely B−−1/3 = (Y−1/3 − Z−1/3)/
√
2, is coupled to the Higgs and
receives a mass shift after EWSB:
mB−−1/3
' m9
[
1 +
y2L9f
2
2m29
ξ + · · ·
]
. (6.1.38)
The mass of the other field B+−1/3 = (Y−1/3 + Z−1/3)/
√
2, instead, is just
given by mB+−1/3
= m9.
The charge 5/3 resonances, namely the X5/3, the U5/3 and the Y5/3 are
not coupled to the Higgs and their masses are equal to the composite mass
parameters, mX5/3 = m4 and mU5/3 = mY5/3 = m9. Finally the exotic
resonances U8/3 and Z−4/3, being the only states with these electric charges
can not be mixed with any other field and have masses mU8/3 = mZ−4/3 = m9.
To conclude the discussion of the resonances masses in the 14 + 1 model
we briefly summarize the structure of the spectrum of each SO(4) multiplet.
The spectrum of the fourplet states is completely analogous to the one we
found in the 5 + 1 model and is schematically shown in Fig. 6.1. In the
spectrum of the resonances coming from the 9 representation all the states
are degenerate with mass m9 apart from one charge 2/3 state, the Z2/3, and
one charge −1/3 state, the B−−1/3. The latter states are heavier than the
other ones and the mass split is of order ∆m2 ∼ y2L9v2.
4For shortness we denote by Z2/3 the combination of states that mixes with the top
and by Y2/3 and U2/3 the orthogonal ones.
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Figure 6.2: Leading diagrams contributing to the pair production of composite top
partners.
6.1.2 General properties
After the description of the effective Lagrangians and of the spectrum of the
composite resonances, we can now focus on the general properties that deter-
mine their collider phenomenology. In particular we will analyze the structure
of the couplings involving the composite partners and the SM states and we
will estimate their sizes. These couplings control the relative importance of
the various production channels as well as the decay branching ratios of the
composite states.
Production mechanisms
As a first aspect we discuss the main production mechanisms of the top
partners. Being color triplets, they can be produced in pairs via QCD in-
teractions through the splitting of a virtual gluon (see diagrams in Fig. 6.2).
An important feature of this production channel is the fact that its cross
section is universal, that is, it depends exclusively on the partner mass mψ:
σpair = σpair(mψ). QCD pair production is thus always present for all top
partners and has a substantial cross section due to the sizable QCD coupling.
Additional contributions to pair production are mediated by the EW
gauge interactions. All these contributions are typically suppressed with re-
spect to the QCD ones due to the smallness of the EW gauge couplings. Two
classes of EW contributions are present. The first class is due to diagrams
with an s-channel exchange of an EW gauge boson. The second class, instead,
is generated by t-channel diagrams containing “flavor-changing” gauge inter-
actions that mix a SM quark and a fermionic resonance. The first class
of contributions is nearly universal and is determined by the EW quantum
numbers of the composite resonances (up to small effects of higher order in
v/f). The second set of contributions, instead, is sensitive to the details of
the strong sector dynamics and crucially depends on the parameters of the
model that determine the size of the flavor-changing couplings.
Apart from pair production, the top partners can also be singly produced
in association with either a top or a bottom quark. The structure of the
diagrams that lead to the dominant contributions is shown in Fig. 6.3. These
processes are induced by a virtual EW boson V = {W±, Z} emitted from a
light quark, which then interacts with a top or a bottom quark produced by
a gluon splitting. A distinctive feature of the single production processes is
the presence of a forward jet. Differently from QCD pair production, single
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Figure 6.3: Dominant diagrams contributing to the single production of a composite
top partner in association with a top or bottom quark.
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Figure 6.4: Cross sections for the production of top partners at an hadronic collider
with energy
√
s = 8 TeV (left panel) and
√
s = 13 TeV (right panel). The black
dashed lines correspond to pair production, while the solid lines correspond to W -
mediated single production in association with a b (red line) or a t (blue line). The
single production couplings (in the unitary gauge) have been fixed to csingle = 0.2,
which is a typical value for ξ = 0.1.
production is not universal and is determined by the value of the flavor-
changing EW couplings.
Due to the lower threshold, single production processes are favored over
pair production for higher top partner masses. The production cross section
for typical values of the single production couplings are shown in Fig. 6.4.5
As one can see from the plots, single production in association with a top
quark becomes comparable to pair production for mψ ∼ 1 TeV. On the other
hand, the process in association with a bottom quark can have a larger cross
section than pair production even at low resonance masses.
Couplings
As we saw in the above discussion, the phenomenology of the light top part-
ners is relatively simple and is regulated by a few basic ingredients. The
production channels depend only on the QCD interactions and on the EW
flavor-changing gauge couplings. The latter couplings are also responsible for
the top-partners decays.
5The cross sections for pair and single production of top partners at the 8 TeV and 13
TeV LHC can be found in Ref. [173].
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Since we are typically interested in configurations in which the resonances
are much heavier than the EW bosons and the SM quarks, we can analyze
the top-partner dynamics by using the Goldstone boson equivalence theo-
rem [174, 175]. This theorem states that, at high energy, E  mW , the
longitudinal components of the gauge bosons are described by the Goldstone
fields. The transverse polarizations, on the other hand, are well described
by the vector fields in the absence of EWSB. For the processes we are inter-
ested in, the transverse components typically give a negligible contribution
and the main effects come from the longitudinal modes. This can be easily
understood for the two-body decay processes into SM fermions, in which the
large mass difference between the composite resonance and the SM states im-
plies that the decay products are very energetic. A similar conclusion holds
also for the single production processes. In this case, however, the proof is
not straightforward and the effective W approximation [176, 177] must be
advocated to justify the result [169].
In order to derive the couplings to the Goldstone bosons it is convenient
to work in an Rξ gauge, in which the degrees of freedom associated to the un-
physical Higgs components are retained. The Higgs field can be parametrized
as
H =
 φ+1√
2
(
v + ρ+ iφ0
)  , (6.1.39)
where ρ denotes the physical Higgs boson and φ±,0 are the unphysical Gold-
stone modes.
The trilinear couplings of the Goldstones arise from three kind of terms:
the mixings between the elementary and the composite fermions, the e-
symbol term contained in the covariant derivative in the 4 and the 9 repre-
sentations and the d-symbol terms. The last two types of operators generate
trilinear interactions involving a SM fermion only after the rotation to the
mass eigenstate basis. An important feature of the eµ and dµ operators is
the fact that they give rise to interactions that contain the derivative of the
Goldstones and whose strength crucially depends on the energy of the pro-
cess. To simplify the analysis it is convenient to integrate by parts these
interaction terms and use a field redefinition to get rid of the derivatives. If
we neglect the top and bottom masses, the effect of the redefinition is just
to replace the derivative acting on a heavy resonance with the mass of the
resonance itself:
iγµ∂µψ → mψψ , i∂µψγµ → −mψψ . (6.1.40)
The quantum numbers of the resonances determine at which order in the
v/f expansion each trilinear coupling is generated. It is easy to check that
only the couplings involving fermions in different SO(4) representations can
be generated at leading order. On the contrary, couplings between fields in
the same representation are necessarily suppressed by powers of v/f and are
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WtR ZtR htR WtL ZtL htL WbL ZbL hbL
X5/3 X — — ε — — — — —
X2/3 — X X — ε ε ε (not 5 + 1) — —
T — X X — ε ε ε — —
B X — — ε — — — — ε (only 14 + 1)
T˜ — ε ε — X X X — —
Y5/3 ε — — X — — — — —
Y2/3 — ε ε — X X X — —
Z2/3 — ε ε — X X X — —
B+−1/3 ε — — X — — — X —
B−−1/3 ε — — X — — — — X
Z−4/3 — — — — — — X — —
Table 6.1: Couplings of the composite resonances with the third generation SM
quarks mediated by the gauge fields or the Higgs. The couplings that are present at
leading order are denoted by a X mark, while the ones generated only at subleading
order in v/f are denoted by ε.
typically subleading. The order at which the various couplings between the
heavy resonances and the SM fields are generated is summarized in Table 6.1.
A few peculiar things regarding the couplings of the charge −1/3 partners
are worth mentioning. It is straightforward to check that the composite sector
is automatically invariant under the PLR discrete symmetry, which arises
as an accidental invariance of the leading effective Lagrangian [52].6 This
symmetry is also preserved by the mixing of the elementary bL and tR fields,
whereas it is broken by the mixing of the tL. An important implication
of the PLR invariance is the fact that the Z coupling to a PLR eigenstate
is canonical and is not modified even after EWSB. Moreover the Z boson
can not mediate flavor-changing currents between two eigenstates with the
same PLR parity. Corrections to the Z couplings can only arise through the
couplings that break the PLR symmetry. As far as we are only interested
in tree-level effects, however, the breaking induced by the tL mixing can not
affect the charge −1/3 fermionic sector, which is thus completely invariant
under PLR.
7 From the embedding of the elementary and composite fields
into SO(4) multiplets, one can check that all the charge −1/3 states are odd
under PLR, with the exception of the B
+
−1/3 field coming from the 9, which
instead is even. As a consequence, the only resonance that can be mixed to
6See Appendices 3.A and 7.A for a detailed discussion of the PLR symmetry and its
implications.
7Other corrections can arise from finite-mass effects due to the Z boson. These effects
however are suppressed by m2Z/m
2
ρ and are negligible.
234 CHAPTER 6. COLLIDER PHENOMENOLOGY
tR elementary tR composite
φ+X5/3L tR −yR4 cφR+
√
2 cR sφRmX5/3/f
√
2 ctmX5/3/f
(ρ+ iφ0)X2/3L tR −yR4√2 cφR + cR sφR mX2/3/f ctmX2/3/f
(ρ− iφ0)TL tR
yL1√
2
sφLsφR +
yR4√
2
cφLcφR
− cR sφR mT /f
yLt√
2
sφL − ctmT /f
φ−BL tR
−yL1sφLsφR − yR4cφLcφR
+
√
2 cR sφR mB/f
−yLt sφL +
√
2 ctmB/f
(ρ+ iφ0)T˜R tL
−yL1√
2
cφLcφR − yR4√2 sφLsφR
+ cL sφL mT˜ /f
−yL1√
2
cφL+ cL sφLmT˜ /f
φ+T˜R bL
yL1cφLcφR + yR4sφLsφR
−√2 cL sφL mT˜ /f
yL1 cφL−
√
2 cL sφLmT˜ /f
Table 6.2: Leading-order trilinear couplings of the Goldstone bosons involving one
heavy resonance and one third-generation SM fermion. On the second column “tR
elementary” we report the results for the 5 + 5 model. On the third column “tR
composite” we list the results for the 5 + 1 and 14 + 1 models that give rise to the
same coupling at leading order in the v/f expansion. We denoted by sφL,R and
cφL,R the sine and cosine of the mixing angles φL,R.
the bL through the Z is the B
+
−1/3 state, whereas the B and B
−
−1/3 do not
have such couplings.
Another peculiar result on the bL couplings is obtained in the 5+1 model.
In this set-up for accidental reasons the mass eigenstate X2/3 is exactly or-
thogonal to the state that is coupled to the bL through the W boson. This
means that the only state that is coupled to the bL is the T and not the
X2/3. Notice that this accidental alignment is not present in other models,
for instance in the 14 + 1 set-up the coupling WX2/3bL exists, although, as
expected, it is suppressed by a v/f factor.
Finally, the trilinear coupling of the bL and B fields involving the physical
Higgs is present only in the 14+1 model and arises at order v/f . In the 5+5
and 5 + 1 models, instead, the charge −1/3 fields are not coupled at all with
the physical Higgs.
Differently from the bL couplings, the interactions involving the top field
follow a much more regular pattern. At leading order in v/f , the fourplet
states are coupled only to the tR field which is realized as an SO(4) singlet
in all the scenarios we considered. On the contrary the leading interactions
of the T˜ resonance and of the 9 involve the left-handed top component. It
is worth mentioning that, in the limit in which the fourplet is completely
decoupled, the Z boson coupling of the T˜ resonance with the tR exactly
vanishes at all orders in v/f .
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The explicit expressions for the leading order couplings of the fourplet
and singlet states are reported in Table 6.2.8 To simplify the results we
introduced the two angles φL and φR defined by
tanφL =
yL4f
m4
, tanφR =
yR1f
m1
, (6.1.41)
which parametrize the amount of compositeness of the qL and tR SM fields
or, in other words, correspond to the rotation angles that connect the gauge
eigenstate basis with the mass eigenstate one before EWSB.
The leading order couplings in the case of the 5 + 1 and 14 + 1 models are
exactly the same. Moreover they coincide with the ones derived in the 5 + 5
model in the limit of large tR compositeness, sinφR = 1, as can be seen by a
trivial identification of the d-symbol term coefficients. It is important to stress
that, although the interactions of the resonances in the fully composite tR
models can be obtained as a limiting case of the scenarios with an elementary
tR, the two set-ups do not fully coincide in this limit. Indeed in the 5 + 5
model the mixing of the elementary tR breaks the global SO(5) invariance
(for instance it generates a contribution to the Higgs potential), whereas in
the 5 + 1 and 14 + 1 models the tR field and its interactions are completely
invariant under SO(5).
Another interesting result is the fact that the interactions of the X5/3 and
T resonances coincide with the ones for the X2/3 and B states apart from
an overall
√
2 factor. This is a consequence of the SU(2)L invariance that is
respected by the leading-order couplings.
As can be seen from the explicit results in Table 6.2, the strength of the
d-symbol interactions is controlled by the mass of the heavy resonance and
thus can significantly enhance the trilinear couplings. This is especially true
in the scenarios with a fully composite tR, where the terms proportional to
ct control the interactions between the fourplet and the tR. However, also
in the other cases, the contributions from the strong sector interactions can
be sizable. For instance, in the 5 + 5 model, although the d-symbol term
does not directly generate a coupling involving the elementary fermions, it
can significantly modify the trilinear interactions in Table 6.2 through the
elementary/composite mixings. Of course this contribution is only present
if both the fourplet and the singlet resonances are present in the effective
Lagrangian. The decoupling of this effect is governed by the mixing angles
sinφL,R, thus even a relatively heavy multiplet can affect the couplings of
the lighter resonances provided that its mixing angle is not too small.
It is also important to stress that, from the point of view of our effective
approach, the d-symbol interactions are controlled by free parameters, ct
and cL,R, and the values of the trilinear couplings relevant for the single-
production and the decays are, to a large extent, arbitrary. This has to
8For shortness we do not report the explicit couplings of the resonances in the 9 mul-
tiplet. The explicit expressions for the leading couplings of these states can be found in
Ref. [172].
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be contrasted with what happens in renormalizable theories with additional
vector-like quarks. In that case the trilinear interactions involving a SM field
and a resonance arise only from the usual gauge interactions after rotating the
fields from the gauge-eigenstate basis to the mass-eigenstate one. This means
that the value of these couplings is tightly related to the mixings between the
elementary and the composite states and their maximal size is determined
by the SM gauge couplings and by the EW charges of the resonances. In
composite Higgs models, on the contrary, this constraint is not there and
these couplings can be significantly larger.
To conclude the discussion it is useful to comment on the connections be-
tween the Goldstone couplings and the gauge couplings in the unitary gauge
which is commonly used in the explicit computations and for parametrizing
the production cross sections (see Refs. [169, 173]). The gauge bosons cou-
plings in the unitary gauge at the leading order in v/f can be easily derived
from the leading Goldstone couplings listed in Table 6.2. The connection is
given by the relation
gWXtL,R =
gv
2mX
gGoldφ±XtL,R , gZXtL,R =
gv
2cwmX
gGoldφ0XtL,R , (6.1.42)
where g is the SU(2)L gauge coupling and cw is the cosine of the weak mixing
angle. Analogous relations are valid for the leading bL couplings.
In general the size of the single production couplings can vary considerably
in different models depending on the resonance species and on the detailed
implementation of partial compositeness. It is however possible to derive a
simple generic estimate which can be used to get a rough idea of the expected
coupling size. The single production interactions in the unitary gauge are
always proportional to the EW symmetry breaking scale v. This can be easily
understood by noticing that the gauge interactions are flavor diagonal if the
EW symmetry is unbroken. In the composite Higgs scenarios any v insertion
is accompanied by a factor 1/f , therefore the couplings are proportional to
the universal factor
csingle ∼ g v
f
= g
√
ξ , (6.1.43)
where the EW coupling factor g is due to the fact that the single production
couplings are EW gauge interactions. Given that, in reasonably Natural
and viable scenarios, ξ ∼ 0.1, the above estimate suggests a typical value
csingle ∼ 0.2, even though considerable numerical enhancements are possible
in explicit models.
6.1.3 Collider phenomenology
In this subsection we briefly discuss the collider phenomenology of the top
partners. For simplicity we focus on simplified scenarios in which all the rele-
vant light fermionic resonances belong to a single SO(4) multiplet. Although
more generic situations are possible, this assumption is not a very restrictive
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one. From he point of view of collider phenomenology, a mass difference of
a few hundred GeV is typically enough to suppress the role of the heavier
states due to a reduced production cross section. In this case considering only
the lightest multiplet is typically a very good approximation. Exceptions to
this rule are possible in non-generic cases in which the heavier states have
exceptionally large couplings to the SM fields or lead to final states which are
particularly easy to identify. In these situations considering only the lightest
multiplet can lead to an underestimation of the signal and to milder exclusion
bounds.
The fourplet
As a first case we concentrate on the scenario with only a light fourplet. The
lightest state in the spectrum is given by the exotic X5/3 resonance. Due to
its electric charge its only gauge interaction with the SM fermions involves
the top quark, hence its only non-negligible decay channel is into a top and
a W boson, BR(X5/3 → W+t) ' 1. The size of the coupling to the top
has a different parametric dependence in the scenarios with a fully composite
and an elementary tR. In the former case, the coupling strength follows the
general estimate in Eq. (6.1.43); in the unitary gauge one gets
gX5/3tR =
g√
2
ct
v
f
. (6.1.44)
On the other hand, in the generic scenarios with an elementary tR the cou-
pling tends to be suppressed at high resonance masses:9
gX5/3tR '
g
2
v
f
√
ytop
f
mX5/3
. (6.1.45)
Apart from pair production, which typically dominates at small masses
(mX5/3 . 700 GeV at the 8 TeV LHC), the X5/3 resonance can also be singly
produced in association with a top. Both production channels give rise to
final states containing same-sign leptons, which can be efficiently detected at
the LHC [178–180].
Contributions to the same final states also come from the B resonance.
This state is always heavier than the X5/3, thus its contribution to the signal
is relevant only if the mass split is not too large (∆m 500 GeV) [173, 179].
The dominant coupling of the B involves the top quark, thus it can be singly
produced in association with a top and its most relevant decay channel is
B →Wt.
In all the scenarios we considered the X5/3 resonance forms a nearly-
degenerate doublet with the X2/3. At leading order, the X2/3 couples to the
9Significant deviations from this estimate can appear if a light singlet is present or if
the tR mixing is much larger than the tL one (yR  yL). In these cases the coupling
follows the general estimate in Eq. (6.1.43).
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top through the Z boson and the Higgs. These two couplings have similar
strength and determine the dominant branching ratios BR(X2/3 → Zt) ≈
BR(X2/3 → ht) ≈ 1/2.
The last state inside the fourplet, the charge-2/3 T , is close in mass to the
B. Its phenomenology is similar to the one of the X2/3 resonance and the two
states have similar production and decay channels (BR(T → Zt) ≈ BR(T →
ht) ≈ 1/2). Given the sizable mass gap between the T and the lightest
resonances inside the fourplet, the chain decays T → ZX2/3, T → hX2/3 and
T →WX5/3 are usually kinematically allowed. The corresponding couplings,
however, arise at subleading order on v/f , thus the direct decays into SM
states are favored.
To conclude we summarize the constraints coming from the 8 TeV LHC
searches. The experimental collaborations performed several searches for
pair-produced fermionic resonances. The most sensitive ones exploit the
same-sign leptons final states to look for exotic X5/3 resonances. They pro-
vide the bound mX5/3 & 770 GeV [181, 182]. Several searches for charge-2/3
resonances have also been presented. The strongest bounds on these states
are given by mX2/3 & 700 GeV and have been obtained by the CMS collab-
oration by combining the three decay channels bW , tZ and tH [183]. Other
searches for charge-2/3 resonances performed by the ATLAS collaboration
are available in the literature. They include, in particular, searches for res-
onances decaying into a single channel (Zt [184] and ht [185]), as well as
searches for resonances giving rise to final states with two same-sign lep-
tons [182].
Although the single production channels have not been taken into account
in the experimental analyses at the 8 TeV LHC, their impact on the exclusions
can be non-negligible. Estimates of the constraints on the parameter space of
the 5+5 and 14+1 scenarios are shown in Fig. 6.5.10 These results include the
same-sign lepton signal coming from single production of the X5/3 resonance
and the additional contributions due to the B resonance. One can see that
these effects can significantly increase the bound on mX5/3 and push it above
1 TeV in a sizable part of the parameter space. The exclusions for the 5 + 1
scenario only slightly differ from the ones for the 14 + 1 case, the differences
in the bounds being of order 20 GeV. The full LHC program should be able
to extend the reach for top partners to the 2− 3 TeV range.
The singlet
The second scenario we focus on is the one with only a light composite singlet.
The phenomenology of this scenario is quite simple because the low-energy
spectrum contains only one light resonance, the T˜ . As shown in Table 6.1, the
T˜ resonance has three leading-order couplings, which involve the left-handed
top and bottom quarks. The SU(2)L invariance fixes the relative size of
10One free parameter, namaly yL4 in the 5 + 5 model and yLt in the 14 + 1, has been
fixed by requiring the correct value of the top mass.
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Figure 6.5: Exclusions in the scenarios with only a light fourplet for the 8 TeV LHC
data. On the left panel: 5 + 5 model for ξ = 0.1 (green region) and ξ = 0.2 (blue
region). The gray areas are theoretically excluded. On the right panel: exclusions
for the 14 + 1 model in the (mX5/3 , ct) plane. The blue (green) region shows the
excluded points for yL4 = 3 (yL4 = 0.3) for ξ = 0.2. The exclusions for ξ = 0.1 are
denoted by the dashed contours.
these couplings (see Table 6.2) and determines the dominant decay branching
ratios: BR(T˜ → Wb) ≈ 1/2 and BR(T˜ → Zt) ≈ BR(T˜ → ht) ≈ 1/4. Notice
that the decay channel into the bottom quark is further enhanced by the
larger phase space, although this effect is relevant only for small T˜ mass.
The presence of large W and Z couplings to the top and bottom quarks
implies a sizable cross section for the single production channels. In partic-
ular single production in association with a bottom quark is the dominant
production mechanism in a large part of the parameter space. The leading-
order couplings of the T˜ resonance can be easily estimated. In the case with
an elementary tR one finds
gT˜ bL = −
√
2cwgT˜ tL '
g
2
v
f
√
ytop
f
mT˜
, (6.1.46)
which is suppressed at large resonance masses with respect to the general
estimate in Eq. (6.1.43). In the models with a fully composite tR the estimate
of the coupling strength becomes
gT˜ bL = −
√
2cwgT˜ tL =
g
2
yL1
v
mT˜
. (6.1.47)
It is interesting to notice that the expression for gT˜ bL in Eq. (6.1.47) depends
only on the yL1 mixing and on the T˜ resonance mass, but not on the com-
positeness scale f . This implies that the exclusion bounds, when expressed
as a function of yL1 are almost independent of ξ.
In the scenarios with only a light singlet a strong correlation exists be-
tween the coupling responsible for b-associated single production, gT˜ bL , and
the Vtb element of the CKM matrix. Before EWSB, the only W -mediated
coupling involving the b quark is the usual tL /WbL vertex, included in the
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Figure 6.6: Exclusions in the 5 + 5 (left panel) and 14 + 1 scenarios (right panel)
with only a composite singlet for the 8 TeV LHC data. The blue (green) region
shows the excluded points for ξ = 0.2 (ξ = 0.1). The striped regions correspond
to the points with δVtb ≥ 0.1 for ξ = 0.1, while the boundary of the region with
δVtb ≥ 0.05 is denoted by the dashed gray lines. The dotted gray lines show how
these regions change for ξ = 0.2.
elementary-fields Lagrangian. After EWSB, due to the mixing between the
top and the L-handed component of the T˜ resonance, the gT˜ bL coupling
is generated together with some corrections to the tL /WbL coupling. It is
straightforward to see that the following relation holds
g2
T˜ bL
+ g2tb = g
2/2 ⇒ gT˜ bL = g
√
δVtb − δV 2tb/2 , (6.1.48)
where gtb denotes the tL /WbL coupling and δVtb = 1−|Vtb|. The requirement
that the correction to Vtb should be small implies an upper bound on the
gT˜ bL coupling and on the single production cross section. The current mea-
surements of the Vtb matrix element give the value |Vtb| = 1.021± 0.032 [7].
Taking into account the fact that in our scenario |Vtb| ≤ 1, the experimental
bound implies gT˜ bL ≤ 0.21 g at the 2σ level. Obviously, if additional relatively
light resonances are present, the relation in Eq. (6.1.48) may be modified and
larger values of gT˜ bL could be compatible with sufficiently small deviations
in Vtb. This however would probably require a certain degree of additional
tuning.
The 8 TeV LHC bounds on this scenario come from the searches for
pair produced charge-2/3 states. The strongest ones (mT˜ & 700 GeV) have
been obtained by the CMS collaboration [183]. Slightly milder bounds have
been derived by the ATLAS collaboration by looking into single channels
(Wb [186], Zt [184] and ht [185])) or looking for final states with two same-
sign leptons [182].
Due to the large single production cross section in association with a
bottom quark, it is conceivable that the bounds can be significantly increased
by a modified search strategy which could be sensitive to this additional
channel. Possible search strategies have been proposed in the literature [187].
The exclusion bounds in the 5 + 5 and 14 + 1 scenarios for the 8 TeV LHC
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data are shown in Fig. 6.6. The results shown in the plots include the bounds
from the experimental analyses and the estimate of the constraints coming
from single production searches. The bounds for the 5 + 1 scenario are very
close to the ones for the 14 + 1 model.
The nineplet
As a last case we discuss the scenario with only a light nineplet. As we
saw in Sect. 6.1.1 in this model all the resonances are almost degenerate,
thus they can all be pair produced with similar rates via QCD interactions.
Moreover direct decays into SM states, if allowed, are favored with respect to
chain decays, which should necessarily proceed off-shell. The phenomenology
of the states with charge 2/3, −1/3 and 5/3 is quite similar to the one we
discussed in the two previous scenarios.11 In particular the bounds coming
from the 8 TeV LHC experimental searches apply to the nineplet resonances
as well. A small difference with respect to the previous scenarios is the fact
that, due to the presence of multiple almost-degenerate states, each final state
benefits from an enhanced signal. By taking into account this effect slightly
stronger bounds than in the fourplet and singlet cases can be derived.
In addition to the above mentioned resonances, the nineplet also contains
two exotic-charge states, the U8/3 and the Z−4/3. The latter has a simple
phenomenology since it can couple only to the bottom quark. This fixes its
decay channel, Z−4/3 →W−b, and implies that it can be singly produced only
in association with a b. On the other hand, the phenomenology of the U8/3
resonance is more peculiar. Due to its charge, it can not simply decay into a
gauge boson and a SM quark. Instead it must decay into a three-body final
state U8/3 → W+W+t. This decay can be mediated by an off-shell charge-
5/3 resonance (the X5/3 or the Y5/3) or by a contact interaction coming from
the higher-order operator
LUV = i ct9
m∗
ψ
ij
9 d
i
µd
µ,jtR + h.c. , (6.1.49)
where ct9 is expected to be of order one. It turns out that, ifm∗ is in the multi-
TeV range, the contribution due to the contact interaction is subleading with
respect to the one mediated by an off-shell resonance. For smaller values
of m∗, instead, the contact interaction can play a significant role and can
modify the angular and invariant mass distributions of the decay products.
The U8/3 state can be easily probed in final states with two or three same-
sign leptons. The searches for charge-5/3 states, which exploit the former
channel, can thus be reinterpreted for the U8/3 resonance. Since several W
bosons are present in the final state, the probability of obtaining two or more
same sign leptons is quite high. As a consequence, the efficiency for the two
same-sign lepton searches is enhanced (it is nearly an order of magnitude
higher than for a charge-5/3 resonance), making the U8/3 the best target to
11The interested reader can find a more detailed discussion in Ref. [172].
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probe a light nineplet. The 8 TeV LHC searches can be recast to get the
bound m9 & 990 GeV [172], which is much stronger than the ones obtained
from pair production in the light fourplet and light singlet scenarios.
6.1.4 Other fermionic partners
To conclude the discussion about the fermionic partners, it is worth mention-
ing that other classes of fermionic resonances are usually present in the com-
posite Higgs scenarios. As we saw in Chaps. 2 and 4, in several models, most
noticeably the ones in which the composite states belong to the fundamental
representation of SO(5), additional fermionic partners specifically connected
to the bottom sector are present. These states are responsible for generating
the bottom mass and are mainly coupled to the bR component and to the
qL = (tL, bL) doublet. Being dominantly coupled to third-generation quarks,
the bottom partners have the same collider phenomenology of top partners.
The only peculiarity of these resonances is the fact that their mixing with
the elementary states, being controlled by the bottom mass, is typically much
smaller than the one of the top partners. The bottom partners can be easily
parametrized by a generalization of the formalism we used in this chapter.
Their relevance for collider experiments has been analyzed in Refs. [188–190].
As already mentioned and explained in details in Sect. 4.1, in the anarchic
flavor scenarios all the quark partners have sizable mixing with the third-
generation quarks, thus they unavoidably belong to the wide category of top
(or bottom) partners. The situation can be quite different in models based on
flavor symmetries. In this case the light-generation quarks can be associated
to specific sets of fermionic partners whose mixing with the heavy SM quarks
is quite small. These states can be copiously produced at hadron colliders
and their cross section can be significantly enhanced by the fact that the
light SM quarks can have a sizable amount of compositeness. The decay
channels of the light-generation partners are quite different from the ones of
the top partners. These states mainly decay into light quarks (i.e. jets) via
interactions mediated by the SM gauge bosons or the Higgs. This kind of
decays leads to very distinctive collider signatures. We refer the interested
reader to the original literature [133, 137, 138, 142, 143, 191, 192].
Finally, in addition to the quark partners, composite Higgs models can
also predict lepton resonances. For instance, this happens if the lepton sector
follows the usual partial compositeness structure (see Sect. 4.4 for a discussion
on this topic). Obviously the collider phenomenology of the lepton partners
differs significantly from the one of the quark partners. A fundamental dif-
ference is the fact that the lepton partners are neutral under QCD, thus they
can not be easily produced at a hadron collider. Only a limited attention has
been devoted so far to the phenomenology of these resonances. The main re-
sults can be found in Refs. [193, 194], which focus on scenarios characterized
by a large tau compositeness.
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6.2 Vector resonances
In the previous section we focused on the phenomenology of the fermionic
resonances. In particular we considered them “in isolation”, that is, we as-
sumed them to be the only light composite states coming from the new strong
dynamics and we neglected effects due to other possible resonances. However,
as we saw in the general discussions in Chaps. 2 and 3, the composite dy-
namics typically gives rise to a much richer set of relatively light resonances.
For instance in One-Scale-One-Coupling theories (see Chap. 3) we expect the
presence of composite vector states with a mass roughly comparable to the
one of the fermionic resonances. In such a scenario a non-trivial interplay in
the phenomenology of the fermionic and vector resonances is expected.
Going beyond the One-Scale-One-Coupling scenarios and taking into ac-
count Naturalness considerations, a slightly more refined picture emerges.
The fermionic states, in particular the top partners, are usually required to
be quite light (mψ ∼ f) in order to obtain a light Higgs and minimize the
amount of fine-tuning. On the other hand, the Naturalness “pressure” on
the vector resonances is less severe, allowing these states to be considerably
heavier than the fermions without worsening the amount of tuning. A high
mass for the vector resonances is also preferred by the indirect constraints
coming from flavor physics (see Chap. 4) and EW precision measurements
(see Chap. 7). The former constraints force the QCD vector resonances to
be quite heavy, while the latter impose a lower bound of a few TeV on the
mass of SU(2)L-charged states. Of course these bounds, as usual for indirect
constraints, should be interpreted as rough estimates and not as strict lim-
its. Cancellations in the indirect bounds are always possible, although they
usually require some additional amount of tuning.
Analogously to what we did for the fermionic resonances in the previous
section, in the following we will discuss the phenomenology of the vector
resonances by using a model-independent approach. Guided by the above
considerations, however, we will not describe the vector states alone, instead
we will write some more complete simplified models that also include the
dynamics of the composite fermions. Given that in many scenarios the top
partners tend to be the lightest fermionic states, we will only include them in
the effective parametrization and we will assume that other possible fermionic
states are heavier and are not relevant for collider phenomenology. For most
of our discussion we will follow Refs. [195, 196], related studies can be found
in Refs. [88, 197].
6.2.1 The effective parametrizations
The effective Lagrangians describing the vector resonances can be straight-
forwardly built by using the CCWZ formalism. The vector resonances are
classified in terms of their quantum numbers under the unbroken SO(4) '
SU(2)L × SU(2)R group. In the following we will consider three relevant
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scenarios, with resonances in the (3,1), (1,3) and (1,1) representations.
In addition to the SO(5) × U(1)X group, the global symmetry of the
composite dynamics also contains the usual SU(3)c QCD group. This implies
that vector resonances with QCD quantum numbers can also be present.
These resonances are usually called “heavy gluons” or, adopting the language
of extra-dimensional models, “Kaluza-Klein gluons”. As we saw in Chap. 4,
these states are important in the context of flavor physics because they can
mediate flavor changing neutral currents, leading to strong bounds in generic
composite Higgs scenarios. From the point of view of the effective CCWZ
description, the heavy gluons are singlets under SO(4) and transform as an
octet under QCD.
In the effective Lagrangians we present in the following we only include
the kinetic and mass terms for the vector resonances and the relevant inter-
actions with the top partners. For simplicity we only consider top partners
that transform as fourplets and singlets under SO(4). The extension of the
formalism to other representations can be straightforwardly worked out. The
Lagrangians for the top partners and for the SM third-generation quarks co-
incide with the ones discussed in Sect. 6.1.1. The elementary gauge fields
as well as the light quarks and the leptons are described by the usual SM
Lagrangian.
Notice that the effective Lagrangians for the vector resonances can be used
both in the standard partial compositeness scenarios and in the scenarios with
a totally composite tR. When necessary we will explicitly comment on the
few differences between the two cases.
SU(2)L triplets
The first scenario we consider is the one with vector resonances, ρLµ , belonging
to the (3,1) representation. We assume that these states transform non-
homogeneously under SO(4):
ρLµ ≡ ρaLµ taLL → h [Π; g] ρLµ h [Π; g]T + i
(
h [Π; g] ∂µh [Π; g]
T
)
L
, (6.2.1)
where taLL are the SU(2)L generators in SO(4) and h [Π; g] is the non-linear
SO(4) transformation corresponding to an SO(5) element g (the exact defi-
nition can be found in Chap. 2, Eq. (2.3.7)). The subscript L in the second
term on the right-hand side means that only the (3,1) components must be
taken (see Appendix 2.B). The ρLµ resonance is also assumed to be neutral
under the U(1)X symmetry and under QCD.
Due to its quantum numbers, the ρLµ resonance can be directly coupled to
top partners, ψ4, in the fundamental representation of SO(4). On the other
hand, no interaction with SO(4) singlets arises at leading order. The effective
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Lagrangian reads
LρL = −
1
4g2ρL
ρaLµνρ
aLµν +
m2ρL
2g2ρL
(
ρaLµ − eaLµ
)2
+ κψ
i
4γ
µ
(
ρaLµ − eaLµ
)
(taLL )ijψ
j
4 ,
(6.2.2)
where κ is a free parameter (expected to be of order one) and the ρLµ field
strength is defined as ρaLµν = ∂µρ
aL
ν −∂νρaLµ +εaLbLcLρbLµ ρcLν . Notice that, due
to the non-homogeneous transformation of ρLµ under SO(4), we needed to use
the eµ CCWZ symbol in order to write suitable mass and interaction terms.
The ρLµ − eLµ combination, indeed, transforms homogeneously under SO(4)
and can be used to build the invariant operators in the effective Lagrangian.
The mass term in Eq. (6.2.2) induces a mixing between the vector res-
onance and the elementary SU(2)L gauge fields. This means that the SM
gauge fields do not coincide exactly with the elementary states but rather
acquire a (small) component along the composite vectors. This also implies
that the SM SU(2)L gauge coupling, g, differs from the elementary coupling
g0 and is given by the combination
1
g2
=
1
g20
+
1
g2ρL
. (6.2.3)
The U(1)Y and QCD couplings, instead, coincide with the elementary ones,
g′ = g′0 and gs = gs0.
The masses of the SM gauge bosons, at the linear order in ξ, are given by
the expressions
m2W =
g2
4
f2ξ , m2Z =
g2 + g′2
4
f2ξ . (6.2.4)
The mass spectrum of the vector resonances is quite simple. The masses of
all the resonances coincide at order ξ:
M2
ρ±L
= M2ρ0L
' g
2
ρL
g2ρL − g2
m2ρL −
ξ
4
g2
g2ρL − g2
(
2m2ρL − f2g2
)
. (6.2.5)
Due to the custodial invariance a mass split can only arise at order ξ2 and
must be weighted by the hypercharge coupling g′:
M2ρ0L
−M2
ρ±L
' ξ
2
16
g′2
g2ρL
m2ρL
(
1− f
2g2
m2ρL
)
. (6.2.6)
As a consequence the charged and neutral vector resonances have a mass
split typically below 0.1% and can be considered degenerate from the point
of view of collider phenomenology.
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SU(2)R triplets
The effective description of vector resonances in the (1,3) representation,
which we denote by ρRµ , is quite similar to the one of the ρ
L
µ states. Under
the SO(4) subgroup we assume that the SU(2)R triplet transforms as
ρRµ ≡ ρaRµ taRR → h [Π; g] ρRµh [Π; g]T + i
(
h [Π; g] ∂µh [Π; g]
T
)
R
, (6.2.7)
where taRR correspond to the SU(2)R generators in SO(4). As denoted by the
subscript R, only the (1,3) components of the shift term must be consid-
ered. Analogously to the SU(2)L triplet, the ρ
R
µ resonances can be directly
coupled to top partners in the fundamental representation of SO(4), while no
interactions with the singlets arise at leading order. The effective Lagrangian
describing the ρRµ resonances can be written as
LρR = −
1
4g2ρR
ρaRµν ρ
aRµν +
m2ρR
2g2ρR
(
ρaRµ − eaRµ
)2
+κψ
i
4γ
µ
(
ρaRµ − eaRµ
)
(taRR )ijψ
j
4 ,
(6.2.8)
where ρaRµν = ∂µρ
aR
ν − ∂νρaRµ + εaRbRcRρbRµ ρcRν is the ρRµ field strength.
Due to the mass term in the effective Lagrangian, the neutral resonance
in the SU(2)R triplet is mixed to the elementary hypercharge gauge boson
Bµ. The SM gauge U(1)Y gauge coupling is then given by
1
g′2
=
1
g′20
+
1
g2ρR
, (6.2.9)
while the SU(2)L and QCD couplings coincide with the elementary ones,
g = g0 and gs = gs0. The breaking of the custodial symmetry due to the
hypercharge gauging determines a small split of the neutral and the charged
ρRµ resonances. The masses, up to corrections of order ξ
2 are given by
M2
ρ±R
= m2ρR , M
2
ρ0R
=
g2ρR
g2ρR − g′2
m2ρR −
ξ
4
g′2
g2ρR − g′2
(
2m2ρR − f2g′2
)
.
(6.2.10)
The neutral resonance is always slightly heavier than the charged ones. The
mass difference, however, is sizable only for quite small values of the gρR
coupling (gρR . 1). The SM gauge boson masses at leading order in ξ
coincide with the expressions given in Eq. (6.2.4).
Singlets
The next set-up we consider is the scenario in which the vector resonance,
denoted by ρXµ , is an SO(4) and QCD singlet. For definiteness we consider the
case in which the vector state is associated to the U(1)X symmetry, that is we
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assume it to transform as a gauge field under the Abelian U(1)X subgroup:
12
ρXµ → ρXµ + ∂µαX . (6.2.11)
The ρXµ fields is thus naturally mixed with the elementary hypercharge boson
Bµ that gauges the diagonal subgroup of SU(2)R ⊂ SO(4) and U(1)X .
The general structure of the effective Lagrangian for the singlet vector
resonance is
LρX = −
1
4g2ρX
ρXµνρ
Xµν +
m2ρX
2g2ρX
(
ρXµ − g′0Bµ
)2
+
(
ρXµ − g′0Bµ
)
JµρX , (6.2.12)
where the ρXµν field strength is given by ρ
X
µν = ∂µρ
X
ν − ∂νρXµ and we de-
noted collectively by JµρX any singlet current constructed from the composite
fermion states. Notice that, in general, the ρXµ resonance is coupled to all the
fermionic resonances that can give rise to a singlet current. For instance it
can couple to the currents obtained from the fourplet fields, JµρX 3 κ4 ψ
i
4γ
µψi4,
as well as from the singlets, JµρX 3 κ1 ψ1γµψ1.13 It is interesting to notice
that, in the scenarios with a fully composite right-handed top, the ρXµ field
can be directly coupled to the tR field. Mixed couplings involving the tR and
the singlet resonance ψ1 can also be present:
JµρX 3 κt tRγµtR , κt1 tRγµψ1R + h.c. . (6.2.13)
Analogously to the scenario with an SU(2)R vector triplet, the hyper-
charge gauge coupling is given by a combination of the elementary U(1)Y
coupling g′0 and of the vector resonance coupling gρX , namely
1
g′2
=
1
g′20
+
1
g2ρX
. (6.2.14)
The SU(2)L and QCD couplings, on the other hand, coincide with the cor-
responding elementary couplings. The mass of the vector resonance is given
(up to corrections of order ξ2) by the following expression
M2ρX =
g2ρX
g2ρX − g′2
m2ρX +
g′4
g2ρX − g′2
f2ξ
4
. (6.2.15)
The SM gauge boson masses at leading order in ξ coincide with the expres-
sions given in Eq. (6.2.4).
12Notice that the assumption that ρXµ transforms as a gauge field does not imply any
real constraint on its properties. In full generality one can define a shifted version of the
ρXµ field, namely ρ
′X
µ ≡ ρXµ −g′0Bµ, that is invariant under U(1)X and rewrite the effective
Lagrangian in terms of the new field.
13This situation is not uncommon in explicit models. For instance in the minimal sce-
narios all the top partners are charged under the U(1)X subgroup, thus we expect them
to be coupled to vector fields with the quantum numbers of the ρXµ resonance.
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Heavy gluons
The last class vector states we consider are the heavy gluons, ρgµ, or, in other
words, vector resonances that transform as an octet under QCD:
ρgµ → gSU(3)ρgµg†SU(3) + igSU(3)∂µg†SU(3) , (6.2.16)
where gSU(3) denotes an SU(3)c transformation. The phenomenology of the
heavy gluons is quite similar to the one for the singlet vector resonances. The
Lagrangian, in fact, is analogous to the one we wrote for the ρXµ field (see
Eq. (6.2.12)). There are only two obvious differences: the heavy vectors are
now mixed with the elementary gluons, and the current Jµg transforms in the
adjoint representation of SU(3)c. The Lagrangian is thus given by
Lρg = −
1
4g2ρg
ρgµνρ
gµν +
m2ρg
2g2ρg
(
ρgµ − gs0Gµ
)2
+
(
ρgµ − gs0Gµ
)
Jµg . (6.2.17)
The heavy gluons are directly coupled with the top partners and can have a
direct coupling to the right-handed top if it is a fully composite state.
Given that the QCD bosonic sector is not affected by EWSB, the mass
of the heavy gluons is simply given by
M2ρg =
g2ρg
g2ρg − g2s
m2ρg , (6.2.18)
and the SM QCD gauge coupling is related to the elementary coupling gs0
by
1
g2s
=
1
g2s0
+
1
g2ρg
. (6.2.19)
6.2.2 Collider phenomenology
We can now discuss the collider phenomenology of the vector resonances.
As a preliminary step we will analyze the structure of the couplings with
the SM fields and with the top partners. These couplings are of fundamen-
tal importance for collider phenomenology because they determine the main
production and decay channels of the vector resonances. After this prelimi-
nary discussion we will present in details the most promising channels for the
direct detection of the vector states at hadronic colliders.
Couplings
The couplings of the vector resonances that are important for collider phe-
nomenology belong to three main classes: coupling to the SM gauge fields
and the Higgs, couplings to light SM fermions (namely the leptons and the
quarks from the first two generations) and couplings to heavy SM quarks
and top partners. Each class has specific features that depend on the way
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the couplings are generated. Moreover each class influences the collider phe-
nomenology of the vector resonances in a different way leading to specific
collider signatures.
The couplings to the SM bosons we are mainly interested in are the ones
that involve two SM states and one composite resonance. These couplings are
relevant for the decay of the vector states and, at the same time, control the
Vector Boson Fusion (VBF) production channel. As we did for the top part-
ners couplings in Sect. 6.1.2, we can simplify the analysis by relying on the
Goldstone boson equivalence theorem, according to which the longitudinal
components of the W and Z gauge bosons are well described by the corre-
sponding Goldstone bosons in the high-energy limit. Due to the large mass
gap between the vector resonances and the SM gauge fields, the equivalence
theorem is expected to provide an excellent approximation. Remembering
that the Goldstone bosons transform in the fundamental representation of
the unbroken SO(4) group, we can easily link the structure of the vector reso-
nances couplings to their quantum numbers under SO(4) ' SU(2)L×SU(2)R.
The vector resonances in the (3,1) and (1,3) representations can be directly
coupled to the Goldstone multiplet and the corresponding couplings can be
estimated to scale as
gρL,Rφφ ∼
(
mρL,R
gρL,Rf
)2
gρL,R ∼ gρL,R , (6.2.20)
where φ denotes any of the Goldstone bosons, including the physical Higgs.
To obtain the last estimate in the above equation we applied to usual One-
Scale-One-Coupling power-counting, according to which mρL,R/gρL,R ∼ f .
As one can see from Eq. (6.2.20), the coupling of the vector triplets to the
SM gauge bosons is of the order of the resonances coupling, hence it is usually
sizable. This result is not unexpected since the gρL,Rφφ coupling parametrizes
an interaction involving only composite states.
On the other hand, the singlet vector states and the heavy gluons, which
are not charged under SO(4), have strongly suppressed couplings to the SM
gauge fields since they can not be directly coupled to the Godstones. The
singlets, indeed, interact mostly with the transverse gauge bosons and the
corresponding coupling is generated only after EWSB through the mixing
between the vector resonances and the Bµ boson. This coupling is very
small, of order
gρXWW ∼ gρXZH ∼
g′2
gρX
ξ . (6.2.21)
In the case of the heavy gluons, instead, a trilinear coupling involving two
SM gluons is altogether absent due to the unbroken SU(3)c gauge invariance.
The second class of couplings, which involves the light SM fermions, is
mainly generated through the mixing of the vector resonances with the el-
ementary gauge fields. This effect is “universal” and depends only on the
quantum numbers of the fermion species, which determine the couplings to
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Vµ ρµ
f
f
Figure 6.1: Structure of the leading diagrams giving rise to the coupling of the
composite vector resonances with the light SM fermions. The black dot denotes
the mass mixing between the composite states and the elementary gauge fields.
the elementary gauge fields. The structure of the diagrams giving rise to
these couplings are shown in Fig. 6.1. They arise from the exchange of an el-
ementary gauge field which is mixed with the composite vector states through
a mass term. The strength of the effective interactions depends on the cou-
pling of the “mediator” gauge boson and on the ξ order at which the mixing
is generated. We will discuss the various cases in the following.
For the SU(2)L triplet ρL the main couplings are due to the mixing with
the W boson. This mixing is already present before EWSB, thus the effec-
tive coupling is not suppressed by powers of ξ. These interactions obviously
involve the left-handed fermion components and their strength can be esti-
mated as
gρLfLfL ' cL
g2
gρL
, (6.2.22)
where cL denotes the SU(2)L charge of the fermions. Another class of con-
tributions to the ρL couplings comes from the ρ
0
L mixing with the Bµ field.
This mixing, however, arises only after EWSB, thus the induced couplings
scale as g′2/gρLξ and can typically be neglected.
The couplings of the SU(2)R triplet ρR and of the singlet ρX are mainly
due to the mixing with the hypercharge gauge boson. They can be estimated
as
gρ0Rff ' cY
g′2
gρR
, gρXff ' cY
g′2
gρX
, (6.2.23)
where cY denotes the hypercharge of the fermions. Notice that, differently
from the couplings of the neutral components of the SU(2)R triplet, the
couplings of the ρ±R resonances to the light SM fermions are generated only
after EWSB (through the mixing with the W bosons) and are thus strongly
suppressed: gρ±Rff
∼ g2/gρRξ.
Finally, the heavy gluons are coupled to the light SM quarks thanks to
the mixing with the elementary gluons. The corresponding couplings are of
order
gρgff '
g2s
gρg
. (6.2.24)
We can now discuss the couplings that involve the third generation quarks
and the top partners. The main source of these interactions is the coupling
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of the vector resonances with the composite fermions, which is generated
directly by the strong dynamics. As can be easily understood, the strength
of these couplings is equal to the vector resonance coupling and is weighted
by the amount of compositeness of the fermions.
To be more explicit, any interaction involving two fully composite fermions
has a strength
gρ¯XX′ ∼ gρ¯ , (6.2.25)
where ρ¯ collectively denote any vector resonance, while X and X ′ correspond
to any fermion resonance whose mixing with the elementary states is small.
This estimate applies, for instance, the to the X5/3 state, which is purely
composite, or to the X2/3 field, which is mixed to the elementary states
only after EWSB. The same estimate is valid for the couplings involving the
right-handed top component in the scenarios where it is fully composite.
On the other hand, an interaction involving a partially composite SM
quark or a top partner with a large mixing to the elementary sector has a
strength suppressed by the fermions compositeness angle. For example, the
tL and bL fields acquire a degree of compositeness due to the mixing with the
composite fourplet ψ4 and the corresponding mixing angle is (see Sect. 6.1)
tanφL =
yL4f
m4
. (6.2.26)
An interaction involving the tL field is thus weighted by a factor sinφL for
each tL field:
gρLtLtL ∼ gρL sin2 φL , gρRtLX5/3L ∼ gρR sinφL , . . . (6.2.27)
Analogously, the TL and BL partners inside the fourplet are always accom-
panied by a compositeness factor cosφL:
gρLTLTL ∼ gρL cos2 φL , gρLtLTL ∼ gρL sinφL cosφL , . . . (6.2.28)
The same happens for the partially composite tR and for the right-handed
component of the singlet partner T˜R. The corresponding compositeness angle
is
tanφR =
yR1f
m1
. (6.2.29)
Similarly to the light-SM-fermions case, the interactions with the heavy
SM quarks and the top partners receive an additional contribution from the
mixing between the vector resonances and the SM gauge fields. This con-
tribution scales as g¯2/gρ¯, where g¯ denotes the SM gauge coupling involved
in generating the interaction, and is typically subleading with respect to the
direct strong-dynamics effects.
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Main production and decay channels
At a hadronic machine the two main production mechanisms for the vector
resonances are Drell-Yan (DY) processes (mediated by the interactions with
the light SM quarks) and VBF processes (mediated by the couplings with the
EW gauge bosons). As we discussed above, the strength of the interactions
with the light SM fermions scales like 1/gρ, thus the DY production cross
section is reduced if the strong-sector coupling is large. On the contrary,
the coupling to the SM gauge bosons usually scales like gρ, leading to an
enhancement of VBF for large couplings.
To determine the relative importance of the two production channels,
however, we also need to take into account the initial parton luminosities.
The parton luminosity for the DY processes is much larger than the VBF
one, since the latter is suppressed by an additional factor α2EW coming from
the emission of the virtual EW gauge bosons. This large suppression makes
the VBF channel usually subleading with respect to DY. This result is valid
at the LHC for all the resonances we considered above. The only exception
are the charged components of the SU(2)R triplet, ρ
±
R, whose coupling to
the light SM fermions is suppressed by a factor ξ. In this case the DY and
VBF channels have comparable cross section, though both of them are quite
small. Notice that for the singlet resonance ρX and for the heavy gluons
the couplings to the SM gauge bosons are highly suppressed and the VBF
channel is totally negligible.
It is important to stress that, although all the couplings to the light SM
fermions scale in the same way, their absolute size can significantly vary
depending on the quantum numbers of the vector resonances. For instance
the couplings mediated by the B gauge boson are smaller with respect to the
one mediated by the W by a factor (g′/g)2 ' 0.3, which implies a one order
of magnitude suppression in the production cross section. The heavy gluon
couplings, on the other hand, are enhanced with respect to the EW ones,
so that their production is roughly two orders of magnitude bigger than for
an SU(2)L triplet. The parton luminosities and the typical size of the cross
sections for the various vector resonances can be found in Refs. [195, 196, 198].
We can now discuss the typical decay channels. Due to the sizable cou-
pling, when kinematically allowed, the vector resonances preferentially decay
into pairs of composite fermions. This is basically true for all vector reso-
nances unless somewhat extreme corners of the parameter space are consid-
ered. Notice that, when the decay into pairs of composite fermions is allowed,
the vector resonances tend to be quite broad. This is a consequence of the
large couplings as well as of the fact that multiple decay channels are usually
present due to the existence of various top partners species.14
Below the threshold for the decay into two partners, the direct decays
into SM states usually become dominant. The vector resonances charged
under SO(4), namely the ρL and ρR triplets, have large branching ratios into
14See for instance Ref. [199] for a collider study of heavy gluons decaying to top partners.
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gauge light SM 3rd gen. heavy-light top partners
ρ0L WW , Zh l
+l−, uu¯ tt¯, bb¯ T t¯, Bb¯
X5/3X5/3, X2/3X2/3,
(TT ,BB)
ρ±L WZ, Wh lν, ud¯ tb¯ Bt¯, T b¯ X5/3X2/3, TB
ρ0R WW , Zh l
+l−, uu¯ tt¯, bb¯ T t¯, Bb¯
X5/3X5/3, X2/3X2/3,
(TT ,BB)
ρ±R WZ, Wh X5/3t¯, X2/3b¯ X5/3T , X2/3B
ρX l
+l−, uu¯ tt¯, bb¯ T t¯, Bb¯, T˜ t¯
X5/3X5/3, X2/3X2/3,
T˜ T˜ , (TT ,BB)
ρg uu¯ tt¯, bb¯ T t¯, Bb¯, T˜ t¯
X5/3X5/3, X2/3X2/3,
T˜ T˜ , (TT ,BB)
Table 6.1: Main decay channels of the composite vector resonances. In the column
for the decays into light SM fermions, uu¯ also includes the dd¯, ss¯ and cc¯ chan-
nels, and similarly ud¯ also includes the cs¯ channel. In the “top partners” column
the parenthesis enclosing TT and BB indicate that these channels are always sup-
pressed with respect to X5/3X5/3 and X2/3X2/3 because the T and B resonances
are always heavier than the X5/3 and X2/3.
pairs of SM gauge bosons or a gauge boson and the Higgs. These decays
are mediated by the O(gρ) couplings involving the Goldstone bosons. If the
top and bottom quarks have a significant amount of compositeness, another
important channel is the direct decay into third generation quarks. This is
true for almost all the vector resonances, the only exception being the charged
ρ±R resonances, whose couplings to the SM quarks arise only after EWSB.
Heavy-light decays involving one top partner and one third-generation
quark can also be relevant when kinematically allowed. This typically hap-
pens only in a relatively small mass window, given that, above the mρ > 2mψ
threshold the decay into two top partners usually dominates.
In addition to the mentioned channels, the vector resonances can also
decay directly into light SM fermions. A particularly interesting channel is
the one involving a pair of leptons, which is available for the ρL, ρ
0
R and ρX
resonances. Although these decays usually have only a small branching ratio,
they can be important for collider searches due to the easily detectable final
states.
The main decay channels of the vector resonances are summarized in
Table 6.1.
Collider searches
Several decay channels can be exploited to search the vector resonances at
hadronic colliders. At the 8 TeV LHC the experimental analyses focused
on the direct decays into SM states. The main final states that have been
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considered for the charged resonances are
• heavy SM quarks, ρ+ → tb¯ [200, 201],
• leptons, ρ+ → lν [202, 203],
• gauge bosons with fully hadronic final state, ρ+ →WZ → jj [204, 205],
• gauge bosons with fully leptonic final state, ρ+ →WZ → 3lν [206, 207].
For the neutral states the following searches have been performed
• top quarks, ρ0 → tt¯ [208, 209],
• leptons, ρ0 → l+l− [210, 211],
• τ leptons, ρ0 → ττ [212],
• gauge bosons with fully hadronic final state, ρ0 →WW → jj [204],
• gauge bosons with semi-leptonic final state, ρ0 →WW → lνjj [213].
The constraints coming from the 8 TeV LHC data have been discussed
in Refs. [195, 196]. We will briefly summarize them in the following. The
searches for resonances decaying directly into leptons are relevant for the
“EW” vector resonances (namely the ρL,R and the ρX) for relatively small
values of the gρ coupling (gρ ∼ 1). In the case of the ρL, these searches
can exclude resonances with a mass mρL . 2 − 3 TeV. The bound quickly
deteriorates for larger gρL and disappears for gρL & 2−3 due to the suppressed
branching fraction into leptons. In the case of the ρR and ρX resonances, the
bounds are usually ∼ 500 GeV weaker than the ones for the ρL due to the
smaller production cross section.
Another relevant decay channel is the one into SM gauge bosons, whose
importance increases at larger gρ. This channel allows to exclude a ρL reso-
nance with a mass mρL . 1.5 − 2 TeV for gρL . 4 − 5. This decay channel
can also be relevant for the ρR resonances although, similarly to the lepton
channel, the bounds are less stringent (mρ . 1 − 1.5 TeV for gρ . 2) than
for the ρL.
Finally, the tt¯ decay channel can also be used to set exclusions. In the
case of the “EW” vector resonances these bounds are usually weaker than
the ones coming from the channels involving leptons and gauge bosons. The
situation is different for the heavy gluons, which can only decay into colored
states. In this case the tt¯ channel is the best one to set bounds on mρg .
Notice that, if the decay into a pair of top partners or the heavy-light
channel are kinematically allowed, the branching ratio for the direct decays
into SM states is usually small and the above mentioned searches drastically
lose effectiveness. Although the top partners decay into third-generation
quarks and gauge bosons, the presence of the intermediate fermion resonances
in the decay chain significantly affects the kinematics making the searches for
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tt¯, tb¯ and bb¯ final states less efficient. It has been shown that dedicated search
strategies focused on the decays to composite fermions could significantly
improve the sensitivity to these channels [198, 214].
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Chapter 7
EW precision tests
The composite Higgs dynamics gives rise to a rich set of new-physics effects
that can be used to probe this scenario through a comparison with the ex-
perimental data. One of the most distinctive phenomena is the presence of
composite resonances around the TeV scale, which can be straightforwardly
tested in collider experiments. A second important signature is the pecu-
liar pattern of distortions of the Higgs couplings, which constitutes a direct
manifestation of the non-linear Nambu–Goldstone structure. In addition to
these features, the composite dynamics gives also rise to many indirect effects.
These noticeably include a set of corrections to the Electro-Weak (EW) ob-
servables that describe the physics of the light Standard Model (SM) fermions
and of the gauge fields. The importance of these observables comes from the
fact that they can be measured in high-precision experiments and thus can
be used to test even tiny corrections coming from a new-physics dynamics.
Obvious examples are the Z-pole observables measured at the LEP experi-
ment and the properties of the bottom quark easily accessible at b-factories.
All these measurements agree with the SM and have been extensively used
to set stringent constraints on beyond the Standard Model (BSM) scenarios.
They constitute the so-called EW Precision Tests (EWPT) of the SM.
It is important to stress that the corrections to the precision observables
ultimately come from exactly the same features that can be tested in di-
rect searches, namely the composite resonances and the Goldstone structure.
Thus they provide a complementary approach to test the main properties of
the composite dynamics. The virtue of the precision measurements is the
fact that, in principle, they can probe new physics at scales much higher
than the actual energy of the experiment. As we will see in the following,
a typical example are the Z-pole LEP data, which can be sensitive to the
presence of composite resonances with masses much above the TeV scale.
This high sensitivity, however, comes with a price. Differently from a di-
rect discovery, which usually point towards a specific type of new physics, a
deviation in a precision observable can in principle be due to very different
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sources. Similar ambiguities are present in the case of no discovery, when
the experimental data are used to set bounds on the BSM dynamics. As we
saw in Chap. 6, direct searches of new states can probe and constrain new
physics in a virtually model-independent way. Indirect effects, instead, can
receive contributions from several sources including, in specific cases, sizable
UV effects, and thus their interpretation depends much more on the exact
details of the new-physics model.
In this chapter we will discuss the main corrections to the precision ob-
servables that arise in composite Higgs scenarios. Our primary aim will be
to provide an overview of the broad class of effects that characterize the
composite Higgs models, we will thus proceed similarly to what we did in
the previous chapters and follow a general effective field theory approach.
Interestingly, an important set of the EW precision observables are mainly
determined by the low-energy dynamics of the composite sector. In these
cases the most relevant contributions come from the lightest composite res-
onances belonging either to the quark sector (the usual top partners) or to
the gauge sector. These effects can be reliably computed within an effective
approach and thus provide a set of robust predictions which can be compared
with the EWPT.
7.1 The oblique parameters
Composite Higgs models are, to a good approximation, “universal” theories
of EW symmetry breaking and thus their corrections to the EW precision ob-
servables can be conveniently encapsulated in the so-called “oblique parame-
ters” defined in Ref. [49]. The approach of Ref. [49], which we will now briefly
summarize, extends the original prescription by Peskin and Takeuchi [92] to
models containing new heavy vector bosons. Universal theories of EW sym-
metry breaking are those in which the only interactions of the leptons and of
the light quark fields are of the form
Lint = Ψγµ(TαWˆαµ + Y Bˆµ)Ψ , (7.1.1)
where Tα denotes the SU(2)L SM generators and Y is the hypercharge. The
QCD interactions are of course also present for the quarks, but they play no
role in the discussion and can be safely ignored. Only the light quarks and
the leptons are considered in the definition of universal theories because these
are the particles which enter more directly in the EWPT. Deviations from
universality, for instance in the bottom sector, can be systematically taken
into account as we will discuss in Sect. 7.2. Notice that a field redefinition
might be needed in specific theories to put the fermion interactions in the
form of Eq. (7.1.1). We call universal theories those in which a field basis
exists where Eq. (7.1.1) is satisfied and we consider that basis for the study
of EW precision physics.
The SM, in the limit in which we neglect the Yukawa operators, is the
simplest example of a universal theory. Fermions are coupled by the habitual
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gauge interactions like in Eq. (7.1.1), where Wˆ = gW and Bˆ = g′B are the
rescaled SU(2)L×U(1)Y gauge fields. Composite Higgs models are universal
theories as well since the light quarks and leptons mixings with the composite
sector are typically very small and negligible.1 The only relevant interactions
originate from the elementary sector Lagrangian and are dictated by gauge
symmetry. Namely they take once again the form of Eq. (7.1.1) but with
Wˆ = g0W0 and Bˆ = g
′
0B0 where g0, g
′
0 and W0, B0 denote, respectively,
the elementary gauge couplings and the elementary gauge fields. Notice that
Wˆ and Bˆ do not coincide with the light SM vector boson mass eigenstates
and are not even proportional to them. In generic composite Higgs models,
such as the ones we studied in the previous chapters, the Wˆ and Bˆ fields are
linear combinations of the vector bosons and of the heavy vector resonance
fields. With a terminology borrowed from extra-dimensional models of EW
Symmetry Breaking (EWSB), Wˆ and Bˆ are sometimes called “holographic”
fields.
Since they couple with the light fermions, the holographic fields are the
right objects to discuss EW precision physics. In particular, precision EW
processes involve four-fermion amplitudes and thus they are only affected by
new physics modifications of the holographic fields propagators with respect
to the SM predictions. The oblique parameters are thus defined in terms of
the new physics corrections to the transverse vacuum polarization amplitudes
ΠV V ′ where V, V
′ = {Wˆα, Bˆ}, or better in terms of their low-momentum
expansion which is a good approximation since the EW precision processes
take place much below the new physics scale. The oblique parameters that
are relevant for the composite Higgs phenomenology are Ŝ and T̂ , defined
as 2
Ŝ = g2
dΠW 3B
dp2
∣∣∣∣
p2=0
, (7.1.2)
T̂ =
4
v2
(ΠW 3W 3 −ΠW 1W 1)|p2=0 . (7.1.3)
We stress once again, in view of some confusion that emerges in the liter-
ature, that the usage of the holographic fields Wˆ and Bˆ is compulsory for
a proper discussion of the EWPT and no alternative can be considered. In
particular, using the SM vector bosons mass eigenstate basis to define the
oblique parameters makes absolutely no sense because in this basis the heavy
resonance fields also couple with the fermions and contribute to the EW pre-
cision physics. The corrections from heavy vectors exchange are of exactly
the same order as the ones from the modified couplings with the physical EW
bosons and thus they can not be ignored.
In the composite Higgs scenario the corrections to the oblique parameters
1Considerable departures from universality are possible in U(3)3 flavor-symmetric sce-
nario, as we briefly discussed in Sect. 4.3.1.
2The parameters g and v are defined, following Ref. [49], in terms of the ΠW+W−
correlator, namely 1/g2 = Π′
W+W− (p
2 = 0) and v2 = −4 ΠW+W− (p2 = 0) ' (246 GeV)2.
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Figure 7.1: Constraints on the oblique EW parameters Ŝ and T̂ [215]. The gray
ellipses show the exclusion contours at 68%, 95% and 99.7% confidence level for
mh = 126 GeV. The red lines schematically show the contributions that arise
in composite Higgs models as explained in the main text. The IR contribution
corresponds to the corrections due to the non-linear Higgs dynamics, approximately
given in Eqs. (7.1.4) and (7.1.5), and is obtained by fixing mρ = 3 TeV. The plot
is taken from Ref. [170].
come from two main sources. The first one is the intrinsic non-linear dynamics
associated to the Goldstone nature of the Higgs. The non-renormalizable
Lagrangian describing the Higgs field contains distortions of the gauge bosons
and Goldstone couplings that induce a modification of the SM contributions
to the vacuum polarization amplitudes. The second class of corrections to Ŝ
and T̂ comes from the presence of composite vector and fermionic resonances.
The various contributions to the oblique parameters are shown schemati-
cally in Fig. 7.1 together with the current experimental constraints. It can be
clearly seen that, unless a very high compositeness scale f is chosen, a certain
amount of compensation between the different contributions is needed to re-
spect the bounds. In particular a sizable positive contribution to T̂ coming
from the fermions is usually essential.
In the following we will analyze in details each class of contributions. For
definiteness, we will focus on the minimal composite Higgs scenarios based
on the SO(5)/SO(4) symmetry pattern.
7.1.1 IR corrections
The first class of corrections to the oblique EW parameters is due the non-
linear Higgs dynamics which induces a modification of the Higgs couplings
with the EW gauge bosons. This distortion is present in any composite Higgs
scenario and is fully determined by the symmetry breaking pattern that gives
rise to the Goldstones. In particular the leading logarithmically-enhanced
contributions are “universal” and are completely fixed by the IR dynamics
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Figure 7.2: Logarithmically divergent one-loop contributions to Ŝ (upper row) and
T̂ (lower row). Although the oblique parameters are defined in terms of the cor-
relators of the transverse holographic gauge fields, they can be more efficiently
computed in a gauge in which the unphysical Goldstone modes χ inside the Higgs
multiplet are retained. In this gauge the T̂ parameter can be extracted from the
two-point function of the χ1,3 fields.
of the theory [216]. For this reason they can be simply computed in the
SO(5)/SO(4) non-linear σ-model that describes the Higgs and the EW gauge
bosons, introduced in Chap. 2. In this case, since no extra massive vector
bosons are present, the holographic fields coincide with the EW bosons like
in the SM.
The relevant contributions to the Ŝ and T̂ parameters come from dia-
grams that involve one loop of the Higgs doublet fields as shown in Fig. 7.2.
Such diagrams are present in the SM as well and they have been computed
in Ref. [92]. In this case, however, the renormalizability of the theory en-
sures that the logarithmic divergence coming from the loops of the would-be
Goldstone bosons χa is exactly canceled by the physical Higgs contributions.
In a non-renormalizable theory, such as the composite Higgs scenario, the
argument on the finiteness of the oblique parameters is no more valid. In par-
ticular the modifications of the physical Higgs couplings to the EW bosons
imply that the Higgs contribution does not exactly cancel the logarithmic
divergence coming from the χ fields. Notice that the interactions involving
two χ fields and the EW gauge bosons coincide with the ones of the SM
as can be checked explicitly by expanding the first term in Eq. (2.2.28) and
using the relation between V and v in Eq. (2.2.20). This mismatch leads to
a contribution to Ŝ and T̂ given by
∆Ŝ =
g2
192pi2
ξ log
(
m2ρ
m2H
)
' 1.4× 10−3 ξ (7.1.4)
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and
∆T̂ = − 3g
′2
64pi2
ξ log
(
m2ρ
m2H
)
' −3.8× 10−3 ξ . (7.1.5)
In the above equations we identified the UV cut-off at which the logarithmic
divergence is regulated with the mass scale of the vector resonances mρ (we
fixed mρ = 3 TeV to derive the numerical estimates). This is indeed what
happens in calculable implementations of the composite Higgs scenario, as
we will discuss in Sect. 7.1.3.
It is interesting to notice that the sign of the corrections to the oblique
parameters in Eqs. (7.1.4) and (7.1.5) is fixed, namely Ŝ receives a positive
contribution while T̂ a negative one. In the absence of further corrections, the
current experimental bounds imply a severe constraint on the strong sector
scale f . As can be seen from Fig. 7.1, the constraints come essentially from
the shift in the T̂ parameter, whereas the correction to Ŝ has a small impact.
At the 2σ level the bound is ξ . 0.05, corresponding to f & 1.1 TeV, and is
relaxed to ξ . 0.08 (f & 870 GeV) at 3σ.
In generic composite Higgs models, as we will see in the following, addi-
tional contributions to the EW parameters are present, which can improve
the compatibility with the data allowing larger values of ξ. The above anal-
ysis, however, shows that a sizable value of ξ can be viable only at the price
of some tuning between the unavoidable “universal” IR corrections to Ŝ and
T̂ and the extra contributions coming from the heavy resonances.
To conclude the discussion it is useful to analyze the divergence structure
of the corrections to the oblique parameters. As shown in Eq. (7.1.2), the Ŝ
parameter is defined as the momentum-derivative of the two-point correlator
of the W 3µ and Bµ holographic fields. In the non-linear σ-model description
this operator is associated to a logarithmic degree of divergence at one loop,
as can be inferred from the counting in Eq. (5.1.6). The result in Eq. (7.1.4)
indeed confirms this expectation.
Let us now consider the T̂ parameter, which is defined in terms of the zero-
momentum two-point correlators of the elementaryW aµ fields as in Eq. (7.1.3).
By naively following the divergence counting, we would expect T̂ to develop
a quadratic divergence at one loop. This expectation, however, is not verified
because of the presence of the SO(3)c custodial invariance, which, as we will
show explicitly in Appendix 7.A, forbids corrections to T̂ . This symmetry
coincides with the diagonal combination of the SU(2)L and SU(2)R groups
inside SO(4). It is thus automatically respected by the composite dynamics
of the SO(5)/SO(4) models. Moreover it is left unbroken after EWSB because
the Higgs VEV is invariant under SO(3)c. The only breaking of the custodial
symmetry comes from the mixing of the elementary sector with the composite
dynamics. In particular it is broken by U(1)Y hypercharge gauging, whereas
it is preserved by the SU(2)L gauging. Additional sources of breaking come
from the mixing of the elementary fermions, as we will discuss later on. In
order to generate a radiative correction to T̂ from loops of Goldstones and
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gauge bosons it is necessary to insert at least two powers of the hypercharge
coupling g′. As a consequence the one-loop degree of divergence is reduced
from quadratic to logarithmic. This explains the structure of the result in
Eq. (7.1.5) and the fact that the corrections to T̂ are weighted by a g′2 factor.
7.1.2 The vector resonances contribution
A second class of corrections to the EW oblique parameters comes from the
presence of composite vector states.
We start our analysis by considering the T̂ parameter. As a consequence of
the custodial invariance, T̂ does not receive corrections at tree level. Indeed,
as we explained before, the only breaking of SO(3)c in the gauge sector is due
to the elementary hypercharge gauge field Bµ, which can not contribute at
tree-level to the two point correlator of the elementary Wµ bosons.
3 The only
contributions of the vector resonances to the T̂ parameter are induced at the
radiative level. These contributions however are subleading with respect to
the IR effects in Eq. (7.1.5) because they lack the log(m2ρ/m
2
H) enhancement
that characterizes the IR corrections. The contributions to T̂ from the vector
resonances can thus be usually neglected [217].
The Ŝ parameter, on the other hand, is not protected and thus can be
generated at tree-level through the exchange of composite vector states. The
origin of these contributions is the mass mixing between the vector reso-
nances and the elementary gauge bosons. The structure of the corresponding
diagrams is shown in Fig. 7.3. To understand the origin of these corrections
it is useful to start from a simple explicit example: the two-site model intro-
duced in Chap. 5. In this set-up the kinetic term for the Goldstone fields (see
Eq. (5.1.16)) contains a mass mixing between the elementary gauge fields,
Wµ and Bµ, and the composite vectors, ρ˜µ. Obviously before EWSB the
mixing is diagonal and links the elementary fields to the vector states with
the same SU(2)L×U(1)Y charges. When the Higgs acquires a VEV, however,
off-diagonal mixing terms are generated which give rise to a contribution to
the two-point function of the W 3µ and Bµ bosons.
The explicit expression of the correction to the Ŝ parameter in the two-site
model is given by
∆Ŝ =
g20
2g˜2ρ
ξ ' m
2
W
m2ρ
, (7.1.6)
where mρ denotes the mass of the composite vector resonances, m
2
ρ ' g˜2ρf2/2
(see Eq. (5.1.21)). It is interesting to notice that the tree-level shift in
3In computing the oblique parameters at tree-level, the holographic gauge fields must
be treated as external sources and must not be used as virtual fields propagating in the
diagrams. In particular the mass mixing between the W 3µ component and Bµ induced
after EWSB does not induce a tree-level contribution to T̂ . The holographic bosons can
be used as virtual fields only at the radiative level, as we did in the computation of the IR
corrections in Sect. 7.1.1.
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Figure 7.3: Tree-level diagrams contributing to the Ŝ parameter through the ex-
change of a massive vector resonance. The dashed lines represent insertions of the
Higgs VEV.
Eq. (7.1.6) is strictly positive. When this additional contribution is taken
into account together with the IR corrections in Eqs. (7.1.4) and (7.1.5), the
overall fit of the EW data worsens and the bound on ξ becomes stronger.
The constraints on Ŝ can be also used to derive a robust lower bound
on the mass of the SO(5) composite vector resonances. By marginalizing
over T̂ , one finds an absolute upper bound on Ŝ, namely Ŝ . 2.5 × 10−3
(see Fig. 7.1). By assuming that the correction in Eq. (7.1.6) is the dominant
contribution to Ŝ (or at least that no strong accidental cancellation happens),
this constraint can be translated into a lower bound on the mass of the vector
resonances mρ & 2 TeV.
The result we obtained in the two-site set-up is in agreement with the
general estimate of the tree-level corrections to Ŝ derived in Chap. 3 (see
Eq. (3.2.12))
∆Ŝ ∼ m
2
W
m2∗
, (7.1.7)
where m∗ denotes the mass scale of the lightest vector resonances. If a larger
set of resonances is present, additional contributions to Ŝ are generated. For
instance, if some “axial” resonances in the SO(5)/SO(4) coset are present,
the tree-level correction becomes [43]
∆Ŝ = m2W
(
1
m2ρ
+
1
m2a
)
, (7.1.8)
where ma denotes the mass of the axial resonances. This result coincides
with the one obtained in the alternative two-site construction presented in
Sect. 5.1.5. Notice that in the minimal constructions mρ < ma, thus the
correction due to the “axial” resonances is subleading. Similar considerations
apply to possible additional heavy vector resonances, whose contribution to
Ŝ is suppressed by the larger mass and can be usually neglected with respect
to the one coming from the lightest states.
The vector resonances can also induce radiative corrections to Ŝ. As in
the case of the T̂ parameter, these corrections are subdominant with respect
to the IR effects in Eq. (7.1.4) and can thus be usually neglected.4
4A more accurate computation of the corrections to Ŝ can be obtained through the use
of a dispersion relation approach, which allows to partially take into account additional
UV contributions [218]. These effects, however, turn out to be numerically small so that
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Contributions from “non-local” operators
Before concluding the discussion of the vector resonances corrections to the
oblique parameters, we briefly discuss how the above results are modified in
the presence of non-nearest neighbor (or “non-local”) interactions. The role
of this class of interactions in the multi-site constructions has been discussed
in Sect. 5.1.6, where we showed that they can spoil the collective breaking
protection and reintroduce a divergence in the Higgs potential.
For definiteness in the following we will focus on the alternative two-site
construction presented in Sect. 5.1.5, similar results, however, are obtained
in the any other model. The leading “non-local” interaction in this set-up
is given in Eq. (5.1.64) and its main effect is to introduce an additional
contribution f ′2 to the Goldstone decay constant, f , which is modified as
f2 = f ′2 +
f21 f
2
2
f21 + f
2
2
. (7.1.9)
The modification of the relation between f and the two σ-model decay con-
stants f1,2 leads to a change in the tree-level corrections to the Ŝ parameter
given in Eq. (7.1.8), which now becomes [43, 159]
∆Ŝ = m2W
f2 − f ′2
f2
(
1
m2ρ
+
1
m2a
)
. (7.1.10)
From this expression one can see that a positive value of f ′2 determines a
reduction of the corrections to Ŝ. The tree-level correction can even become
negative if f ′ > f . For this to happen without leading to negative squared
masses for the vector resonances, one needs to choose f22 < 0. In these
configurations the vector resonances in the adjoint of SO(4) are heavier than
the axial ones in the coset SO(5)/SO(4), as can be seen from the explicit
expressions
m2ρ =
1
2
g2ρf
2
1 , m
2
a =
1
2
g2ρ(f
2
1 + f
2
2 ) , (7.1.11)
where gρ is the gauge resonances coupling. If the “non-local” operators are
not present, instead, one necessarily gets mρ < ma and a positive tree-level
correction to the Ŝ parameter.
7.1.3 The fermion contribution
Another important set of corrections to the oblique EW parameters is gener-
ated at the radiative level due to loops of fermionic states. As we explained
before and summarized in Fig. 7.1, these contributions can be crucial to rec-
oncile the composite Higgs scenarios with the EW data. This is especially
true in the scenarios favored by Naturalness, which requires a relatively large
value for ξ. In this section we analyze in details the fermion contributions to
the oblique parameters and derive some estimates of their size.
the full results is very well approximated by the sum of the tree-level contributions and of
the IR corrections.
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The Ŝ parameter
We start the analysis by discussing the corrections to the Ŝ parameter. As
a preliminary step it is interesting to determine the degree of divergence
associated to these corrections, which will tell us if they are “calculable” or
not in the various models.
We saw in Sect. 7.1.1 that in the simplest and more general description of
a Goldstone Higgs, the non-linear σ-model, the one-loop corrections to Ŝ are
logarithmically divergent. In that case we could only estimate the radiative
effects by retaining the dominant IR running correction which is enhanced
with respect to the UV contributions by the large logarithm. Obviously the
minimal non-linear σ-model does not contain a description of the fermionic
states, so for the present discussion we need to consider a more complete
implementation of the composite Higgs scenarios.
One possibility is to consider the multi-site constructions described in
Chap. 5. The divergence structure in these models is considerably different
from the one in the σ-model description. Indeed in the multi-site construc-
tions all the effects related to EWSB are protected by a collective breaking
mechanism and the degree of divergence associated to the corresponding op-
erators is automatically lowered. For instance, in the 5 + 5 two-site model
discussed in Sect. 5.1.4, the leading fermionic contribution to Ŝ corresponds
to an effective operator with the structure
cS
(16pi2)2f2
OfS =
cS
(16pi2)2f2
Tr
[
Aµν U m˜2 U tAµν
]
⊃ 1
2
cS
16pi2
m˜2Q − m˜2T
16pi2f2
sin2
(
H
f
)
g0g
′
0W
3
µνB
µν . (7.1.12)
As required by the collective-breaking mechanism, this operator contains
two insertions of the m˜ mass parameter which are needed to break the global
SO(5)R invariance associated to the composite resonances. Notice that the
contribution to Ŝ vanishes if the masses of the SO(4) fourplet and singlet com-
ponents of ψ˜ are equal, m˜Q = m˜T . In this limit, indeed, the global SO(5)R
invariance is restored and the collective-breaking structure ensures that no
EWSB effect can be generated. According to the counting in Eq. (5.1.51),
the insertions of the m˜ parameter lower the degree of divergence associated
to the OfS operator making it finite at one loop.
Similar considerations apply to the radiative contributions coming from
the vector resonances, which turn out to be calculable at one loop in the multi-
site models. This feature explains why in the IR contributions in Eqs. (7.1.4)
and (7.1.5) we identified the scale at which the logarithmic divergence is
regulated with the mass of the vector resonances.
There is, however, an important subtlety that needs to be mentioned.
What we showed by the previous analysis is that in the two-site model no
counterterm needs to be introduced at one loop for the operator correspond-
ing to the Ŝ parameter. In the language of Feynman diagrams, this means
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Figure 7.4: Radiative contribution to the Ŝ parameter generated by a composite
fermion loop. The dashed lines represent insertions of the Higgs VEV.
that the 1PI (one particle irreducible) contributions to Ŝ are finite. How-
ever additional corrections coming from non-1PI diagrams are in general also
present. These diagrams can include some sub-divergences which must be re-
moved by a renormalization of the parameters of the model. In other words,
the corrections to the Ŝ parameter are finite only when expressed in terms
of renormalized parameters. It is only in this sense that we can consider Ŝ
“calculable” in the multi-site constructions.
A simple example of sub-divergent contributions to Ŝ in the two-site
model comes from the mixing of the Ŝ operator with the two-point func-
tion of the vector resonances. We already saw that this mixing, which is
induced by the mass terms that link the elementary fields to the composite
vector states, is responsible for generating the tree-level corrections to Ŝ. At
one loop the correlator of the vector fields acquires a logarithmic divergence,
which leads to a sub-divergence in Ŝ. The sub-divergence is obviously reg-
ulated by the renormalization of the vector resonances coupling g˜ρ. Typical
diagrams giving rise to this effect are shown in Fig. 7.4. Notice that they
include a loop containing only composite fermions and not elementary states.
The elementary fermions, indeed, are not directly coupled to the composite
vectors and can enter in the loop only through the mass mixing with the com-
posite fermions. Insertions of the mass mixings introduce additional fermion
propagators making the diagram finite, therefore the elementary fermions do
not contribute to the divergence.
Although the multi-site constructions allow a full determination of the
corrections to Ŝ, the actual computation is substantially cumbersome. More-
over the result crucially depends on the details of the model and can not be
discussed in full generality. Fortunately in many cases a simpler and more
general approach can be used to extract the leading corrections to the oblique
parameters. This can be done by noticing that the fermionic top partner res-
onances are preferentially lighter than the vectors for reasons related with
the generation of the Higgs mass that we discussed in the previous chapters.
In this situation we can use a simplified description of the composite Higgs
theories that only includes the Higgs dynamics, the elementary fields and the
light fermionic partners, where the heavy vector states are integrated out.
This minimal description is provided by the CCWZ constructions presented
in Chap. 6, in which the Higgs (and the elementary gauge fields) is described
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by the σ-model Lagrangian discussed in Sect. 5.1.1, whereas the elementary
SM fermions and their composite partners are described by the most general
effective Lagrangian compatible with the Goldstone symmetry. Obviously,
these effective models must be interpreted as a valid descrption of the com-
posite Higgs scenarios up to a cut-off that coincides with the mass of the
vector resonances, mρ. In the following, we will use these effective descrip-
tions to quantitatively analyze the corrections to the oblique parameters.
Given that no collective-breaking structure is present in the effective La-
grangian, it is easy to understand that the divergence counting in the general
CCWZ constructions coincides with the one of the usual non-linear σ-model,
which is encoded in Eq. (5.1.6). The one loop corrections to the Ŝ parameter
are thus expected to be logarithmically divergent. This results is valid irre-
spectively of the fields that circulate in the loop, thus it applies to the gauge
contributions (as we explicitly verified when we computed the IR effects) as
well as to the fermion ones.
The leading logarithmically enhanced contributions to Ŝ coming from
fermion loops can be easily computed in the effective theory. As an explicit
example we consider the 5 + 5 model, whose general effective Lagrangian has
been presented in Sect. 6.1.1. Similar results are however valid in the other
models. The logarithmically enhanced corrections to Ŝ coming from the top
partners are given by [89, 170]
∆Ŝ =
g2Nc
24pi2
(1− c2L − c2R) ξ log
(
m2ρ
m24
)
, (7.1.13)
where Nc is the number of QCD colors. It is important to notice that this
class of divergent contributions to Ŝ is generated only if composite multiplets
in non-trivial representations of SO(4) are present in the effective theory. In
the 5+5 model, for instance, the correction in Eq. (7.1.13) is due to the light
SO(4) fourplet. This explains why the argument of the logarithm is written
in terms of the fourplet mass m4. On the other hand, loops containing only
SO(4) singlets can not generate a divergence. This follows from the fact
that the gauge interactions of an SO(4) singlet with the SM gauge fields are
trivially given by the standard covariant derivative and are not modified after
EWSB (this can be explicitly seen from Eq. (6.1.4)).
The fact that the correction in Eq. (7.1.13) is independent of the elemen-
tary/composite mixings yL,R is quite remarkable. In particular it implies that
any light non-trivial SO(4) multiplet contributes to Ŝ with a sizable shift.5 In
models in which many light fermionic resonances are present, as for instance
if all the SM fermion generations have light partners, the natural size of the
corrections to Ŝ can become very large and some amount of cancellation may
be required to pass the experimental bounds.
The logarithmically enhanced contribution to Ŝ in Eq. (7.1.13) is sizable
if c2L + c
2
R is not too close to 1 and is typically much larger than the IR
5Similar contributions to Ŝ are also present in technicolor models [132, 219].
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Figure 7.5: Upper bound on ξ in the 5 + 5 model as a function of the fourplet
mass m4 for mρ = 3 TeV and different values of c ≡ cL = cR. The results have
been obtained by considering the contributions to Ŝ given in Eqs. (7.1.4), (7.1.6)
and (7.1.13) and by marginalizing on T̂ . The shaded regions correspond to the
points compatible with the constraints at the 68%, 95% and 99% confidence level
for c = 0. The dashed red curves show how the bounds are modified for c = 1/2.
effects in Eq. (7.1.4). Even if we assume that only one multiplet of partners
is light, as in the minimal two-site 5 + 5 model, the correction due to fermion
loops can be comparable with the tree-level contribution in Eq. (7.1.6) if the
strong coupling g˜ρ is large, g˜ρ & 5. From an effective theory point of view,
the coefficients cL,R are just free parameter, thus in principle the fermion
contribution to Ŝ can have an arbitrary sign. In particular for c2L + c
2
R > 1
a sizable negative shift is induced, which could improve the agreement with
the EW precision measurements (see Fig. 7.1). On the other hand, if no
cancellation is present a large positive shift in Ŝ is unavoidable in the presence
of relatively light composite multiplets. For example for m4 ' 700 GeV and
mρ ' 3 TeV, independently of the value of T̂ , a tight upper bound, ξ . 0.1,
is obtained for cL = cR = 0, which corresponds to the two-site set-up. The
limits on the compositeness scale for c ≡ cL = cR = 0 and c ≡ cL = cR = 1/2
as a function of the fourplet mass are shown in Fig. 7.5.
Before concluding this discussion it is interesting to notice that, from
the effective theory point of view, the logarithmically enhanced correction
in Eq. (7.1.13) can be interpreted as a running of the two dimension-six
operators which contribute to Ŝ
OW = i
(
H†σi
↔
DµH
)
(DνWµν)
i , OB = i
(
H†
↔
DµH
)
(DνBµν) , (7.1.14)
where H†
↔
DµH is the derivative H
†(DµH)− (DµH)†H. An essential ingredi-
ent for the generation of the running is the presence of the non-renormalizable
gauge interactions due to the non-linear Higgs dynamics. Interactions of this
kind are contained in the eµ term in the covariant derivative of the com-
posite fermions and in the d-symbol term (see the explicit expressions in
Appendix 2.B). The logarithmically enhanced contribution is instead absent
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field composite op. spurion SO(5) reps. T̂ contrib.
qL
(2,1) yL ∈ (1,1) 4 —
(2,2) yL ∈ (1,2) 5, 10, 14 4 insertions
(1,1) yR ∈ (1,1) 5, 14 —
tR (1,2) yR ∈ (1,2) 4 4 insertions
(1,3) yR ∈ (1,3) 10 2 insertions
W aµ (3,1) g0 ∈ (1,1) 10 —
Bµ (1,3) g
′
0 ∈ (1,3) 10 2 insertions
Table 7.1: Quantum numbers of the spurions associated to the elemen-
tary/composite mixings for some of the most common SO(4) ' SU(2)L × SU(2)R
representations of the composite operators. The fourth column shows the SO(5)
representations that contain each SO(4) multiplet. In the fifth column we report
the minimal number of insertions needed to generate a contribution to the T̂ param-
eter (if no number is given the corresponding spurion does not break the custodial
invariance). The T̂ parameter is finite in the effective theory if more than two
insertions of the spurions are needed, whereas it is logarthmically divergent if only
two insertions are enough.
in a theory with only renormalizable interactions [170, 220].
The T̂ parameter
We can now analyze the corrections to the T̂ parameter. Similarly to what
happens for Ŝ, the T̂ parameter is calculable in the multi-site set-ups. The
custodial protection, however, provides an additional reduction of the degree
of divergence, so that, as we will discuss in the following, T̂ is in many cases
calculable even in a general effective theory independently of a collective-
breaking mechanism.
As a preliminary step to exploit the implications of the custodial symme-
try, we need to determine the SO(4) ' SU(2)L×SU(2)R quantum numbers of
the spurions that control the breaking of SO(3)c induced by the mixing with
the elementary states. For this purpose, a useful choice is to assume that the
elementary fields are only charged under SU(2)L with the usual SM quantum
numbers, whereas they are neutral under SU(2)R. The Higgs, on the other
hand, belongs to the (2,2) representation. In order to formally restore the
SO(4) invariance we then need to associate the elementary/composite mix-
ings and the elementary gauge couplings to a set of spurions. It is easy to see
that the spurions must be neutral under the SU(2)L group, while they have
non-trivial transformation properties under SU(2)R. In Table 7.1 we list the
quantum numbers of the spurions for different choices of the representations
of the composite operators involved in the mixings.
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Figure 7.6: Schematic structure of the radiative contribution to the T̂ parameter
generated by a composite fermion loop at leading order in the y expansion.
As we will show in Appendix 7.A, the T̂ operator belongs to the (5,1)
representation of SU(2)L × SU(2)R. Given that all the spurions are neutral
under SU(2)L, a contribution to T̂ necessarily requires at least four Higgs
insertions: H4 ' (5,5) ⊕ (3,3) ⊕ (1,1). To build a suitable operator we
also need to insert some powers of the spurions that break the custodial
invariance. Each spurion insertion lowers the degree of divergence by one
power. If two insertions are sufficient the one-loop contribution to T̂ can be
logarithmically divergent, while more than two insertions ensure that T̂ is
finite. Notice that in the latter case the fermion contributions to T̂ is fully
finite and does not contain sub-divergences coming from non-1PI diagrams.
Indeed the insertions of the spurions are associated to the fermionic lines in
the diagrams and must necessarily appear in the loop.
As can be seen from Table 7.1, in many models the minimal number of
yL,R insertions is four, implying that T̂ is calculable also in the effective
theory. It is interesting to notice that this happens when the elementary
fermions are mixed with strong sector operators in the 5 and 14 representa-
tions of SO(5). As we will see in Sect. 7.2, in these cases a custodial protec-
tion for the bL couplings to the Z boson is also present, which improves the
compatibility of the model with the experimental data.
We can now derive some estimates of the size of the one-loop corrections
to T̂ induced by fermion loops. For definiteness, in the following we will focus
on the scenarios in which the T̂ parameter is finite in the effective theory. In
this case a typical diagram contributing at leading order in the y expansion
is shown in Fig. 7.6. It is straightforward to estimate the leading corrections
to T̂ coming from fermion loops:
∆T̂ ' Nc
16pi2
y4Lf
2
m2
ξ , (7.1.15)
where m is the mass of the lightest top partner and yL collectively denotes the
elementary/composite mixing of the third-generation qL doublet. To get a
quantitative estimate we can extract the value of the yL mixing from the top
mass. If we assume that the elementary/composite mixings have comparable
sizes, yL ' yR ' y, the top Yukawa can be estimated as yt ' y2f/m. By
using this expression we get the estimate
∆T̂ ' Nc
16pi2
y2t ξ ' 2× 10−2ξ . (7.1.16)
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Notice that this contribution is typically dominant with respect to the IR
correction in Eq. (7.1.5). Moreover, the sign of the fermion contribution can
be positive, thus compensating the negative shift in Eq. (7.1.5).
Additional contributions to T̂ coming from heavier resonances can also
be present. They are however suppressed with respect to the corrections in
Eq. (7.1.15) by the larger resonance mass.
7.1.4 Explicit results
In the general analysis presented in the previous sections we found that, in
a large class of composite Higgs models, the corrections to the oblique EW
parameters can be computed in a reliable way from the low-energy dynamics
of the theory. In particular the leading corrections can be extracted within an
effective theory which only includes the SM fields and the lightest fermionic
resonances.
Given the importance of the fermionic contributions in making the com-
posite scenarios compatible with the EW precision data, it is worth analyzing
them carefully in explicit models. In the following we present such analysis in
two classes of minimal models in which the composite resonances belong to
the fundamental representation of SO(5), namely the 5+5 and 5+1 scenarios
described in Sect. 6.1.1. The explicit results will also allow us to get a solid
quantitative determination of the constraints coming from the EW precision
measurements.
The 5 + 5 model
As a first example we will focus on the 5 + 5 model. This scenario follows
the usual partial compositeness structure, in which the qL and tR fields are
realized as elementary states. The composite operators that mix with the ele-
mentary fermions transform in the fundamental representation of SO(5), thus
the fermionic resonances belong to the fourplet and singlet representations
of SO(4).
Before discussing the results in the complete model, it is interesting to
consider two simple limits, in which only one SO(4) multiplet of composite
fermions is present in the low-energy spectrum.
In the case in which only the singlet is light, the fermionic contributions
to Ŝ are finite and are negligible with respect to the tree-level corrections in
Eq. (7.1.6). The correction to Ŝ is thus positive and is fixed by the mass of
the heavy vector resonances. The T̂ parameter, on the other hand, receives
a sizable positive contribution from the fermion loops. At leading order in
v/f the explicit result reads
∆T̂ =
3ξ
64pi2
y4L1m
2
1f
2
(m21 + y
2
R1f
2)3
{
m21 + 2y
2
R1f
2
[
log
(
2(m21 + y
2
R1f
2)2
v2y2L1y
2
R1f
2
)
− 1
]}
.
(7.1.17)
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Figure 7.7: Corrections to the T̂ parameter in the 5 + 5 model as a function of the
singlet mass mT˜ and the yR1 mixing for ξ = 0.1. The results correspond to the limit
with only a light singlet and includes the exact fermion one-loop corrections and
the IR contribution in Eq. (7.1.5). The dashed red lines correspond to the contours
with fixed yL1. The solid blue contours give the regions that are compatible with
the constraints on the oblique parameters at the 68% and 95% confidence level.
In a large part of the parameter space this correction can compensate the
negative shift that comes from the IR contribution in Eq. (7.1.5). The total
shift in T̂ is shown in Fig. 7.7 for the reference value ξ = 0.1 corresponding
to f = 780 GeV. The results are shown as a function of the singlet mass
mT˜ ' m21 + y2R1f2 and the yR1 mixing.6 To derive the value of Ŝ the value
mρ = 3 TeV has been used for the vector resonances mass scale. It can be
seen that sizable positive values of T̂ can easily be obtained for reasonable
values of the singlet mass and of the elementary/composite mixings.
As a second simplified limit we consider the case in which the resonance
spectrum contains only a light fourplet. In this case the dominant contribu-
tion to the Ŝ parameter comes from the logarithmically enhanced corrections
due to the loops of fermionic resonances. The explicit result coincides with
the one in Eq. (7.1.13) with cL = cR = 0:
∆Ŝ =
g2
8pi2
ξ log
(
m2ρ
m24
)
' 1.6× 10−2 ξ , (7.1.18)
where the numerical estimate has been obtained by setting m4 ' 700 GeV
and mρ ' 3 TeV. If the gauge resonances are heavy mρ/f ' gρ & 4, the
correction in Eq. (7.1.18) is comparable to the tree-level one. The sizable pos-
itive contribution to Ŝ implies a quite stringent bound on the compositeness
6The top mass, as in all the numerical results we show in this chapter, has been fixed
to the value mt = mMSt (2 TeV) = 150 GeV, which corresponds to a pole mass m
pole
t =
173 GeV.
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scale, ξ . 0.1, irrespectively of the value of T̂ . An even stronger constraint
is obtained if one also considers the corrections to the T̂ parameter. The
fermion contribution at the leading order in the y expansion is given by
∆T̂ = − ξ
32pi2
y4L4f
2
m24
. (7.1.19)
The approximate result shows that the shift in T̂ tends to be negative. A
numerical computation confirms that this result is valid in a large part of the
parameter space of the model.
The fact that the shift in T̂ is necessarily negative makes the constraints
coming from the oblique parameters extremely severe. Using the fit in Fig. 7.1
an upper bound ξ . 0.02 at the 99% confidence level is obtained, which
corresponds to a lower bound f & 1.7 TeV.
As a final case we consider two more complete models that include both
a fourplet and a singlet. In order to reduce the number of free parameters it
is useful to choose a common value for the left and right elementary mixings,
yL4 = yL1 = yL and yR4 = yR1 = yR, and for the coefficients of the d-symbol
operators, cL = cR = c. With this choice the effective Lagrangian (excluding
the interactions with the gauge fields) reproduces the one of the two-site 5+5
model discussed in Sect. 5.2.1. This means that the Higgs mass is calculable
and the result in Eq. (5.2.14) can be used to relate it to the masses of the
lightest top partners. By imposing this relation and requiring the correct
value for the top mass, we can describe the parameter space of the model in
terms of three free parameters, which we can choose to be the mass of the T
resonance inside the fourplet (mT ' m24 + y2Lf2), the qL compositeness angle
φL, defined as
sinφL ≡ yL√
m24 + y
2
Lf
2
, (7.1.20)
and the coefficient of the d-symbol term, c. With the above choice the right
mixing yR is determined up to a twofold ambiguity. In the numerical results
(in Figs. 7.8 and 7.9) we show two plots that correspond to the two choices
of yR.
For definiteness we focus on two explicit models obtained for particular
choices of c. The first one is the case c = 0, which corresponds to the minimal
5+5 two-site model of Sect. 5.2.1. The second case corresponds to the choice
c = 1/
√
2 for which the logarithmically enhanced fermion contribution to Ŝ
vanishes (see Eq. (7.1.13)).
The numerical results for T̂ for the case c = 0 are shown in Fig. 7.8
for ξ = 0.1, that roughly corresponds to the maximal value allowed by the
bounds on the Ŝ parameter. In the numerical results the Higgs mass has been
fixed to the value mh = 126 GeV. As expected from the results discussed
in the simplified cases with only one light multiplet, in the region in which
the fourplet is light the corrections to T̂ are negative, whereas a light singlet
typically implies a positive shift. The fit of the oblique parameters puts
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Figure 7.8: Corrections to the T̂ parameter as a function of the mass of the top
partners and of the qL compositeness in the 5 + 5 model with c = 0 for ξ = 0.1.
The two plots correspond to the two choices of yR that allow to obtain the correct
Higgs and top masses at fixed mT and φL. In the white regions the Higgs and top
masses can not be reproduced. The dashed green contours show the mass (in TeV)
of the exotic composite state X5/3. The solid blue contours give the regions that
are compatible with the constraints on the oblique parameters at the 68% and 95%
confidence level, while the dashed red lines show how the bounds are modified if
we assume a 25% reduction in Ŝ. The plots are taken from Ref. [170].
strong bounds on the parameter space of the model. In the plots the allowed
regions for 68% and 95% confidence level are shown.
As can be seen from Fig. 7.8, the oblique parameters can be used to
set some lower bounds on the masses of the resonances coming from the
composite fourplet. At the 95% confidence level, one finds mX2/3 ' mX5/3 &
950 GeV for the mass of the exotic doublet 27/6 and mT ' mB & 1.2 TeV
for the 21/6 states. If one assumes a 25% cancellation in the corrections to
Ŝ, the bounds are significantly relaxed: mX2/3 ' mX5/3 & 500 GeV and 27/6
and mT ' mB & 1 TeV. Notice that these bounds are competitive with the
ones obtained from direct searches (see Chap. 6).
Finally the results for the case c = 1/
√
2 are given in Fig. 7.9 for ξ = 0.1.
Notice that in this case the main corrections to Ŝ come from the tree-level
effects, thus, in principle, higher values of ξ could be allowed. In particular
for the value mρ = 3 TeV used in the plots, the corrections to Ŝ are well
below the absolute upper bound given by the current data. By comparing
the corresponding plots one can see that the results for c = 1/
√
2 significantly
differ from the ones for c = 0. In the case c = 1/
√
2 the corrections to T̂
tend to be more negative and a much lighter singlet (and consequently a
heavier fourplet) is needed to pass the constraints on the oblique parameters:
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Figure 7.9: Corrections to the T̂ parameter as a function of the mass of the top
partners and of the qL compositeness in the 5 + 5 model with c = 1/
√
2 for ξ = 0.1.
For a description of the symbols used see caption of Fig. 7.8. The plots are taken
from Ref. [170].
mT˜ . 800 GeV and mT & 2 TeV.
The case of a fully composite tR
The second scenario we consider, the 5 + 1 model, is a modification of the
partial compositeness structure in which only the left-handed doublet qL is
elementary, while the tR is a fully composite state.
The IR contributions to the oblique parameters and the tree-level correc-
tions to Ŝ due to the gauge resonances do not depend on the assumptions on
the fermion compositeness. The presence of a fourplet of composite fermions
induces a logarithmically enhanced contribution to Ŝ, which is given by
∆Ŝ =
g2
8pi2
(1− c2L − c2R − c2t )ξ log
(
m2ρ
m24
)
. (7.1.21)
The main difference with respect to the 5 + 5 case is the presence of the
additional contribution depending on ct, which comes from the d-symbol
operator involving the tR and the composite fourplet (see Eq. (6.1.19)) This
term can lead to a cancellation of the leading contributions even if no light
singlet is present so that cL = cR = 0.
In the following we focus on the simplified cases in which only one light
SO(4) multiplet of massive composite fermions is present. As a first scenario
we consider the case in which only a fourplet is present. The contributions
to the Ŝ parameter are dominated by the tree-level corrections. The fermion
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Figure 7.10: Corrections to the T̂ parameter in the model with a fully composite
tR. On the left panel the case with only a light singlet is shown as a function of
the singlet mass mT˜ and of the qL mixing. On the right panel we plot the results
as a function of the qL mixing and of ct in the case with only a fourplet of mass
m4 = 1 TeV. Both plots are obtained for ξ = 0.1. The solid blue contours give
the regions that are compatible with the constraints on the oblique parameters at
the 68% and 95% confidence level, while the dashed red lines in the right plot show
how the bounds are modified if we assume a 25% reduction in Ŝ. The plots are
taken from Ref. [170].
contribution to T̂ can be sizable and is typically positive. At leading order
in v/f it reads
∆T̂ =
3
64pi2
ξ
y2L1f
2
m21
{
y2L1 + 2y
2
Lt
[
log
(
2m21
v2y2Lt
)
− 1
]}
. (7.1.22)
The total correction to T̂ is shown in the left panel of Fig. 7.10 for ξ = 0.1.
One can notice that in this set-up the overall results for the corrections to the
oblique parameters are similar to the ones we found in the case of a partially
composite tR.
The second scenario we consider is the one with only a light fourplet.
Once we fix the top mass, the parameter space of the model can be described
by three free parameters: the elementary composite mixing, yL4, the fourplet
mass, m4 and the coefficient of the d-symbol operator ct. The contributions
to the T̂ parameter coming from fermion loops at leading order in v/f are
given by
∆T̂ = − ξ
32pi2
yL4f
2
m24
{
3c2tyL4
(
y2L4 − 4y2Lt
)
+ y2L4
(
yL4 − 3
√
2ctyLt
)
− 3y2Lt
(
yL4 − 4
√
2ctyLt
)[
log
(
2m24
v2y2Lt
)
− 1
]}
. (7.1.23)
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The terms related to the d-symbol operator come with accidentally large
coefficients, thus the value of ∆T̂ has a strong dependence on ct. In the right
panel of Fig. 7.10 we show the total correction to T̂ as a function of yL4 and
ct for a fixed value of the fourplet mass, m4 = 1 TeV. The parameter space
regions with better agreement with the EW data are the ones with ct ∼ −1,
in which the logarithmically enhanced shift in Ŝ is partially canceled.
7.2 The ZbLbL coupling
In the previous section we focused our attention on the oblique parameters, Ŝ
and T̂ , which encode the universal new physics effects that affect in the same
way all the fermion generations. The oblique parameters are enough to cap-
ture all the relevant corrections in the limit of small fermion compositeness.
This is usually an excellent approximation for the light quark generations,
but not for the third one, whose mixing with the strong dynamics needs to
be sizable to generate the large top mass. As a consequence, the observables
related to the third quark generation can receive non-universal shifts that
need to be taken into account separately from the universal effects. Among
such observables the coupling of the Z boson to the bottom field plays a
prominent role in constraining the BSM dynamics. The current experiments,
indeed, tested this coupling at the few × 10−3 level. In this section we will
consider in datails how the Zbb coupling is modified in the composite Higgs
scenario.
Before starting the actual analysis it is useful to fix our notation. We
parametrize the Z interactions with the bottom quark by the Lagrangian
LZ = g
cos θw
Zµbγ
µ
[
(gSMbL + δgbL)PL + (g
SM
bR + δgbR)PR
]
b , (7.2.1)
where gSM denotes the SM couplings (including the loop corrections), δg
corresponds to the corrections due to new physics and PL,R are the left and
right projectors. The weak mixing angle is denoted by θw. The tree-level
values for the SM couplings are
gSM,treebL = −
1
2
+
1
3
sin2 θw , g
SM,tree
bR
=
1
3
sin2 θw , (7.2.2)
while the one loop corrections (computed in the limit g → 0) are
gSM,loopbL =
m2t
16pi2v2
, gSM,loopbR = 0 . (7.2.3)
The current bounds on the deviations of the Z couplings to the bottom
are shown in Fig. 7.1. The deviation to the left-handed bottom coupling are
constrained to be at the level of 3× 10−3, while the bounds on the coupling
with the right-handed bottom are one order of magnitude less stringent.
Notice however that a strong correlation exists between the bounds on δgbL
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Figure 7.1: Constraints on the new physics corrections to the Z boson couplings
with the bottom quark. The ellipses show the exclusion contours at 68% and
95% confidence level [221, 222]. The vertical band shows the expected size of the
corrections to the gbR coupling in minimal models. The plot is taken from Ref. [170].
and δgbR . In many minimal composite Higgs scenarios the corrections to the
gbR coupling are typically small, at most of the same order of the deviations
in gbL . If we impose the constraint |δgbR | . few× 10−3, a negative value for
δgbL , of order −2 × 10−3 is preferred, whereas a positive shift worsens the
fit with respect to the SM. The region favored by the current fit in the case
of small δgbR is shown in Fig. 7.1 and corresponds to the intersection of the
gray ellipses with the vertical band.
7.2.1 Tree-level corrections and the PLR symmetry
As a first step in our analysis, we discuss the tree-level corrections to the
left-handed bottom coupling. In generic composite Higgs models the main
contributions come from the mixing of the bL with the partners related to the
top sector. These corrections are potentially sizable because the qL doublet
must be strongly coupled to the top partners in order to generate the top
mass. The corrections to gbL can be estimated as [48]
δgbL ∼
y2L
g2ψ
ξ & y
2
t
g2ψ
ξ , (7.2.4)
where the last inequality follows from the absolute lower bound on the left-
handed mixing yL & yt, which is obtained when the tR is fully composite. The
schematic structure of the diagrams that generate the tree-level corrections to
the gbL coupling is shown in Fig. 7.2. By comparing the above estimate with
the current data a stringent upper bound on ξ is found. This is especially
true if the top partners are relatively light, gψ = mψ/f . 2, as expected from
naturalness considerations.
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Figure 7.2: Example of diagrams contributing to the deviations of the ZbLbL vertex
in the absence of custodial protection.
It is important to stress that Eq. (7.2.4) is only a naive estimate. To
derive it we assumed that the corrections to the ZbLbL coupling are gener-
ated at the lowest possible order and no protection mechanism is present.
However, as we will discuss in the following, in many composite Higgs sce-
narios the corrections to gbL are naturally suppressed thanks to a custodial
protection [93]. This happens when the composite sector is invariant under
an O(4) symmetry and not just under SO(4). The extended symmetry in-
cludes, in addition to the usual SO(4) ' SU(2)L × SU(2)R group, a discrete
parity, PLR, defined as the interchange between the generators of the SU(2)L
and SU(2)R subgroups. The PLR symmetry can be represented by the O(4)
element PLR = diag(−1,−1,−1, 1).7 The fourth component of the Higgs
multiplet is invariant under this transformation, therefore the PLR symme-
try is not broken by the Higgs VEV.
We can now analyze the implications of the PLR symmetry on the Z
couplings, extending the discussion of Sect. 3.2.2. Let us consider a fermion
ψ that is an eigenstate of PLR. It can be shown that its coupling to the Z
boson is protected and does not receive corrections after EWSB. Moreover, as
in the SM, the coupling is completely determined by the electric charge and
by the hypercharge (or, equivalently, by the U(1)X charge) of the fermion
ψ. A proof of this result is postponed to Appendix 7.A. If ψ has definite
quantum numbers under SU(2)L×SU(2)R, the condition to be an eigenstate
of PLR is equivalent to demanding that it has the same charges under SU(2)L
and SU(2)R, namely
TL = TR and T
3
L = T
3
R . (7.2.5)
Let us now apply these results to the bottom field. To protect the bL
coupling to the Z boson we need to embed the qL doublet in an SO(4)
multiplet is such a way that Eq. (7.2.5) is verified for the bottom component.
The only way to do this is to embed qL into the 4 = (2,2) representation
with U(1)X charge 2/3. With this choice the bL quantum numbers are
TL = TR = 1/2 and T
3
L = T
3
R = −1/2 , (7.2.6)
7The PLR symmetry can be also seen as a transformation of O(5) corresponding to
the element PLR = diag(−1,−1,−1, 1, 1). For more details on the PLR symmetry see
Appendix 3.A.
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and the bL field is odd under the PLR symmetry.
It is easy to understand that the choice of the qL embedding also deter-
mines the tR quantum numbers under SO(4)×U(1)X . In order to be able to
write the top Yukawa only two charge assignments are possible:
tR ∈ 12/3 = (1,1)2/3 or tR ∈ 62/3 = (1,3)2/3 ⊕ (3,1)2/3 . (7.2.7)
To complete our construction we must take into account the fact that
the Higgs is a NGB of an extended SO(5) symmetry. This implies that the
elementary fields must be embedded in representations of the whole global
group and not only of the unbroken SO(4) subgroup. In order to obtain a cus-
todial protection for the bL coupling we need to embed the qL doublet into an
SO(5) representation that contains, in addition to a (2,2) multiplet, another
multiplet that can be coupled to the tR. For the first choice in Eq. (7.2.7)
we can use the 52/3 representation of the global group that decomposes as
52/3 = (2,2)2/3 ⊕ (1,1)2/3 . (7.2.8)
Another simple choice is the 142/3 representation whose decomposition is
142/3 = (2,2)2/3 ⊕ (3,3)2/3 ⊕ (1,1)2/3 . (7.2.9)
Explicit examples of models with these two embeddings have been presented
in Chap. 5. For the second embedding of the tR in Eq. (7.2.7) a minimal
choice is the 102/3 multiplet:
102/3 = (2,2)2/3 ⊕ (1,3)2/3 ⊕ (3,1)2/3 . (7.2.10)
It is interesting to remark that, when the qL doublet is embedded in the
5 or 14 representation, the PLR invariance arises as an accidental symme-
try of the lowest order interactions in the effective theory. This means that
no additional condition needs to be imposed to obtain the custodial protec-
tion [52]. This is not the case for the representation 10. To respect the PLR
symmetry for this embedding it is necessary to impose suitable conditions on
the operators involving the (1,3) and (3,1) multiplets.
Before concluding the discussion, it is important to mention that the PLR
symmetry can only protect the coupling of the Z boson to the fermions at
zero momentum. The effective Lagrangian for the SM fields indeed contains
also higher dimensional interactions that include powers of the momenta,
and, in general, these additional operators are not protected by the custodial
symmetry. The physical value of the couplings coincide with the interactions
computed with on-shell states and not with the “zero momentum” one, so
that the higher-dimensional operators can induce some corrections.
Obviously the additional corrections can come from terms proportional
to the Z mass or to the mass of the fermions. In the case of the bL field the
corrections due to the non-zero bottom mass are clearly negligible, but they
can be important if we are interested in the couplings of the top quark as we
will see in Sect. 7.3.
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The bL coupling in the presence of custodial protection
We can now analyze the size of the corrections to the coupling of the bottom
quark with the Z boson. In the cases with PLR symmetry the only relevant
corrections are the ones induced at non-zero momentum. For instance they
are due to operators of the form DµF
µνqLγνqL. The estimate of their effects
is
δgbL ∼
y2Lf
2
m2ψ
m2Z
m2ρ
' 8× 10−4 f
mψ
(
4pi
gρ
)2
ξ , (7.2.11)
where mψ is the mass scale of the composite fields mixed with the bottom.
To obtain the numerical estimate we assumed the relation yL ∼ yR ∼ √ytgψ.
Notice that the embedding of the qL doublet in the representation 52/3 (or
142/3) does not allow to generate a bottom mass. Indeed the SO(5) multiplet
does not contain any component with the quantum numbers of the bR field.
Therefore to introduce a bottom mass the qL doublet must be also embedded
in an additional multiplet with suitable quantum numbers. This additional
embedding could determine a breaking of the PLR protection for the bL field
and generate corrections to the gbL coupling. For instance this happens if
we add an extra multiplet in the fundamental representation, 5−1/3 (or in
the 14−1/3). With this embedding the bL has charges T 3L = −T 3R = −1/2
and does not respect the conditions in Eq. (7.2.5). The contribution to the
ZbLbL vertex coming from the bottom partners can be estimated as
δgbL ∼
(ybLf)
2
m2B
ξ , (7.2.12)
where we denoted by ybL the mixing of the qL to the new multiplets and by
mB the typical mass scale of the new bottom partners. We can relate y
b
L to
the bottom Yukawa by assuming that ybL ∼ ybR, which implies ybL ∼ ybR ∼√
ybmB/f . The estimate in Eq. (7.2.12) becomes
δgbL ∼ yb
f
mB
ξ ' 2× 10−2 f
mB
ξ . (7.2.13)
This correction can easily have a size comparable with the current bounds if
the bottom partners are relatively light. Of course, if we relax the assumption
ybL ∼ ybR or if we chose mB  f , the contribution in Eq. (7.2.12) can be
sufficiently suppressed.
The bR coupling
Let us now consider the corrections to the bR coupling with the Z boson.
As for the tR the quantum numbers of the embedding of the bR field are
determined by the embedding of qL. If we use the 5−1/3 or 14−1/3 multiplets
to generate the bottom mass the bR field must be embedded in the (1,1)−1/3
representation of SO(4)×U(1)X . It is easy to see that the bR quantum num-
bers satisfy the conditions in Eq. (7.2.5), thus the gbR coupling is protected
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by the custodial symmetry. The tree-level corrections to the bR coupling are
then tiny and completely negligible with respect to the current bounds.
Non-negligible corrections to the gbR coupling can be obtained if we use
a different embedding of qL to give a mass to the bottom quark. Several
possibilities have been discussed in Ref. [93]. In the following for simplicity
we will focus on the case in which the correction to the bR coupling are small.
7.2.2 Loop corrections
We can now consider the one-loop contributions to the ZbLbL vertex. As
a first step we analyze the associated degree of divergence. By using the
counting rule in Eq. (5.1.51) it is straightforward to check that the ZbLbL
operator is naively associated to a quadratic degree of divergence. In the
scenarios in which the bL is invariant under the PLR custodial symmetry,
however, the degree of divergence is automatically reduced. This is an obvious
consequence of the fact that a new physics contribution to the gbL coupling
can be generated only through the insertion of the couplings that break the
PLR symmetry. In the set-up in which the elementary fermions are coupled
to operators in the fundamental representation of SO(5) the main breaking of
this symmetry is due to the yL elementary/composite mixing
8 and it is easy
to see that at least two insertions of the corresponding spurion (see Chap. 5)
are needed to generate a contribution to the ZbLbL vertex. The degree of
divergence at one loop is therefore reduced to logarithmic.
By an explicit analysis of the operators that correct the gbL coupling we
can get another interesting insight on the nature of the divergent contribu-
tions [170]. For definiteness we will consider the 5 + 5 model, whose effective
description has been discussed in Sect. 6.1.1. For this analysis it is conve-
nient to work in the basis of elementary and composite fields. In this basis
the physical bSML field corresponds to a linear combination of the elementary
bL and of the composite BL contained inside the fourplet ψ4. The operators
that induce a distortion of the gbL coupling can be immediately related to
the ones that correct the couplings of the Z boson to the elementary and the
composite states by using the transformation
bL → m4√
m24 + y
2
L4f
2
bSML , BL →
yL4f√
m24 + y
2
L4f
2
bSML . (7.2.14)
By means of a spurion analysis it can be shown that the leading operator
involving the elementary bL field is given by
O = i
(
qLΛ
†
Lγ
µΛLqL
)(
U t5IΛ
αI
L (Λ
†
L)
αJUJid
i
µ
)
+ h.c. , (7.2.15)
where the ΛαIL spurion corresponds to the mixing yL4 of the qL doublet with
the composite states and is defined analogously to the one we introduced in
8We are neglecting here the contribution from the bottom partners. Due to the small
mixings ybL,R needed to generate the bottom mass, these states do not play a significant
role in the one loop corrections.
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Sect. 3.3.1 (see Eq. 3.3.20). In particular the index α transforms as a doublet
under an elementary SU(2)L group, while I transforms in the fundamental
representation of SO(5). This operator contains four powers of yL, thus it
corresponds to a finite one loop contribution. The operator related to the
composite resonance, on the other hand, contains only two spurion insertions
and is associated to a logarithmic divergence:
O = i (ψ4γµψ4) (U t5IΛαIL (Λ†L)αJUJidiµ)+ h.c. . (7.2.16)
As can be seen from Eq. (7.2.14), the contribution to the bSML coupling due
to the above operator contains two additional powers of yL coming from the
rotation angle between the composite states and the SM ones. Therefore,
also in this case, the correction to gbL is proportional to the fourth power of
yL. However, differently from the case of the operator in Eq. (7.2.15) the two
additional powers of yL correspond to insertions on the external legs of the
diagrams and do not reduce the degree of divergence.
It is important to stress that we built the operator in Eq. (7.2.16) by using
the composite resonances ψ4 in the fourplet representation of SO(4). This
choice is essential because a contribution to the gbL interaction can only come
from multiplets that contain a resonance with the same quantum numbers
of the bL field. For example, if the composite sector contains only SO(4)
singlets, the analogous of the operator in Eq. (7.2.16) does not contribute to
the ZbLbL vertex and the leading corrections to gbL are finite at one loop.
Another way to understand why four powers of yL, instead of two, are
needed to generate a correction to the gbL coupling is the following. Due
to the partial compositeness assumption, each external bL field is necessarily
associated to a power of yL. However, being the bL fields invariant under the
PLR symmetry, these insertions do not lead to a breaking of the custodial
protection. As a consequence at least two additional insertions of yL inside
the loop are required to generate a non-vanishing contribution.
An interesting outcome of the above analysis is the fact that the diver-
gence in the ZbLbL vertex is not directly due to the elementary states, but
instead it is related to a corresponding divergence in the couplings of the
composite fields. Only one counterterm and one renormalization condition is
thus needed to fix both divergent corrections. For instance, if we choose to
express everything in terms of the renormalized couplings of the composite
resonances, the one-loop corrections to the ZbLbL vertex become completely
finite and calculable.
Before concluding the general analysis of the degree of divergence of the
ZbLbL vertex it is interesting to discuss how the above results are modified if
we embed our theory into a two-site model. In this case the collective break-
ing mechanism ensures that no counterterm exists for the Z couplings to the
bL and BL fields, which are finite at one loop. Analogously to what happens
for the oblique parameters, however, the non-1PI diagrams contributing to
the ZbLbL vertex acquire a logarithmic divergence related to the running of
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the strong sector couplings. The radiative corrections to gbL are thus finite
only when expressed in terms of the renormalized strong sector parameters.
Accessing these couplings experimentally, however, would be a difficult task
and the poor knowledge of their value would in any case forbid a full pre-
diction of the radiative corrections to the ZbLbL vertex. As we did for the
oblique parameters, it is then more convenient to adopt a more practical point
of view and compute only the leading corrections coming from the lightest
fermionic resonances. In this way we encode our ignorance on the values of
the strong sector couplings in the unknown UV contributions.
A closer look at the divergent contributions
After the general discussion we presented so far, we want to analyze in a
more detailed way the structure of the contributions to the ZbLbL vertex.
As we will see, a large class of diagrams are automatically finite thanks to
the presence of a selection rule and only a very special subset can generate
a logarithmic divergence. As explained before, we will work in an effective
theory in which the vector resonances are integrated out and only the lightest
fermionic resonances are retained.
In Sect. 7.1 we saw that the one-loop contributions to the oblique param-
eters come only from the leading terms in the effective σ-model Lagrangian.
The situation is different for gbL coupling, whose leading corrections also
come from some dimension-six operators, namely some contact interactions
involving four composite fermions. The schematic structure of four-fermion
contact operators is
O4-ferm ∼ 1
f2
(ψγµψ)(ψγµψ) . (7.2.17)
In spite of having dimension six, these operators are not suppressed by powers
of the cut-off, instead their natural coefficient is of order 1/f2 (see the power-
counting in Eq. (3.1.18)). Operators of this kind are typically generated by
the strong sector dynamics. For instance they can derive from the exchange
of heavy vector resonances as shown in the diagrams in Fig. 7.3. In these
diagrams the suppression due to the propagator of the heavy boson is exactly
compensated by the large coupling, gρ ' mρ/f , thus explaining the order
1/f2 coefficient.
The corrections to the ZbLbL vertex come from two classes of contribu-
tions. The first one is generated from diagrams containing only interactions
coming from the leading terms in the effective Lagrangian. An example of
such diagrams are the “triangle”-type ones schematically shown on the left
of Fig. 7.4. The second class of diagrams are the “bubble”-type ones, shown
on the right of Fig. 7.4, that include a vertex coming from the four-fermion
contact operators. As we will see the structure of the elementary/composite
mixings implies the presence of a selection rule that forbids logarithmically
divergent corrections coming from a large class of diagrams [170]. In par-
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Figure 7.3: Structure of the Feynman diagrams that generate 4-fermion contact
operators among the composite fermions through the exchange of heavy gauge
resonances.
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Figure 7.4: Schematic structure of fermion one-loop loop diagrams contributing to
the ZbLbL vertex at leading order in the yL expansion. Double lines denote the
composite fields, while single lines correspond to the elementary ones. The dashed
line denotes a Goldstone propagator.
ticular the only diagrams that lead to a divergent contribution to gbL are a
subset of the “bubble”-type ones, while the others are finite.
The origin of the selection rule can be easily understood by analyzing the
“triangle”-type diagrams in an expansion in yL. In particular, as explained
before, we are interested in the diagrams that contain two yL insertions on
the external legs (see Fig. 7.4). The external bL fields are both mixed with
the BL state contained in the fourplet ψ4. In order to generate a divergence,
the vertices with a Goldstone boson must also contain a power of the momen-
tum, i.e. they must come from an interaction of the form ∂µφψLγ
µψL, where
we generically denoted by φ the Goldstone field and by ψ the composite
fermions.9 The chirality structure of the vertex implies that the compos-
ite fermions that enter in the loop are necessarily left-handed. But, in the
leading order Lagrangian, the left-handed composite fermions mix with the
elementary states only through yR. As a consequence, in order to generate a
non-vanishing contribution to gbL some yR or some composite mass insertions
are needed in addition to the four powers of the yL mixing. This lowers the
degree of divergence making the diagrams finite.
The only diagrams that can give rise to a logarithmic divergence are
the “bubble”-type ones. They of course crucially depend on the presence
of four-fermion operators in the effective Lagrangian. Two types of contact
9In the effective Lagrangian vertices of this kind are generated by the d-symbol terms.
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interactions can generate a contribution to gbL . The first type has the form
O4−fermL =
eL
f2
(
BLγ
µBL
) (T LγµTL) , (7.2.18)
where T denotes any composite state with charge 2/3 contained in the four-
plets. For shortness in Eq. (7.2.18) we did not specify the color structure,
which is not relevant for the present discussion. By adapting the previous
analysis, it is straightforward to show that the “bubble”-type diagrams with
the O4−fermL vertex are protected by the selection rule and are finite. The
second type of contact interactions is of the form
O4−fermR =
eR
f2
(
BLγ
µBL
) (T RγµTR) . (7.2.19)
In this case the selection rule is violated because the TR fields can mix with
the qL doublet through yL. This class of vertices gives rise to a logarithmically
divergent contribution to the ZbLbL vertex.
Estimates
We can now derive some estimates for the contributions to the gbL vertex
coming from fermion loops. The leading contributions are of course the ones
related to the logarithmically divergent diagrams, which can be estimated as
δgbL '
y2L
16pi2
y2L4f
2
m24 + y
2
L4f
2
ξ log
(
m2ρ
m24
)
, (7.2.20)
where yL collectively denotes any of the mixing parameters of the qL ele-
mentary doublet. Notice that in the above estimate we explicitly included
a factor y2L4f
2/(m24 + y
2
L4f
2), which corresponds to the mixing between the
elementary bL and the composite BL that appears in the external legs of the
logarithmically divergent diagrams. If we assume that yL ' yR then we can
use the relation between the mixings and the top Yukawa yL ∼ yR ∼ √ytgψ
to get the result
δgbL '
y2t
16pi2
ξ log
(
m2ρ
m24
)
' 2× 10−2 ξ , (7.2.21)
where for the numerical estimate we set mρ ' 3 TeV and m4 ' 700 GeV.
The presence of a logarithmic divergence implies that the ZbLbL coupling
can also receive an unsuppressed contribution from the UV dynamics. This
unknown UV contribution can be estimated as
δgbL '
y2L
16pi2
y2L4f
2
m24 + y
2
L4f
2
ξ ' y
2
t
16pi2
ξ ' 6× 10−3 ξ . (7.2.22)
To derive this estimate we assumed that the only sources of breaking of the
PLR symmetry are the yL elementary/composite mixings that we included in
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our effective Lagrangian. As in the estimate of the logarithmically enhanced
terms, we included a factor y2L4f
2/(m24 +y
2
L4f
2). This takes into account the
fact that an unsuppressed UV contribution can only come from operators
analogous to the one in Eq. (7.2.16) and thus is always accompanied two
powers of the bL compositeness angle.
The UV contribution is typically of the same order of the finite corrections
coming from the diagrams protected by the selection rule, whose estimate
reads
δgbL '
y2L
16pi2
y2Lf
2
m2ψ
ξ ' y
2
t
16pi2
ξ ' 6× 10−3 ξ , (7.2.23)
where mψ is the mass scale of the top partners. Clearly in a generic model
only the logarithmically enhanced contributions, which are parametrically
dominant, can be reliably computed and not the additional finite corrections.
An exception to this rule is the case in which the mixing angle of the bL with
composite fourplets is negligible, as for instance when only SO(4) composite
singlets are present in the spectrum of the low energy theory. As we saw,
in this case the corrections to gbL are finite and are dominated by the loops
of the lightest resonances, whereas the UV contributions are suppressed by
powers of the cut-off.
Before concluding, it is useful to compare the loop corrections with the
tree-level effects. The corrections in Eqs. (7.2.20) and (7.2.23) are usually
larger than the tree-level contribution given in Eq. (7.2.11). This is espe-
cially true if the mass of the resonances is not too small mψ & f and the
vector resonances coupling is large gρ & 5. The corrections due to the bot-
tom partners, estimated in Eq. (7.2.12), can in principle be comparable to
the ones coming from the resonances loops if the bottom partners are light
mB ∼ f . These corrections crucially depend on the quantum numbers of the
bottom partners. In minimal scenarios (bottom partners in the fundamental
representation of SO(5)) they are positive and some cancellation is required
to pass the present bounds.
7.2.3 Explicit results
After the general analysis presented in the previous section, we now analyze
the corrections to the ZbLbL coupling in some explicit models. As we did
in the case of the oblique parameters, in the following we will consider two
classes of minimal models in which the composite resonances belong to the
fundamental representation of SO(5), namely the 5 + 5 and 5 + 1 scenarios
described in Sect. 6.1.1. In order to be as model independent as possible we
will compute only the leading contributions calculable within the effective
models. Moreover we will work in the limit of vanishing SM gauge couplings,
i.e. we include only the effects due to the Goldstone fields. This approxima-
tion is however known to be a very good one in the SM. As we explained
before, in the classes of models we consider the tree-level corrections to the
ZbLbL vertex come from the bottom partners, whose mass is not required to
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be light by Naturalness considerations. For simplicity we will neglect these
effects in our analysis.
Results in the 5 + 5 model
As a first scenario we consider the 5 + 5 model. An interesting limit of this
model is the case in which only a light composite SO(4) singlet is present
in the spectrum. In this case the corrections to the gbL coupling are finite
and fully calculable within the effective theory. The absence of fourplets in
the effective theory also implies that additional contributions coming from
four-fermion contact interactions and from the UV dynamics are suppressed
by the cut-off scale and can be expected to be subleading. At leading order
in v/f the shift in gbL is given by
δgbL =
ξ
64pi2
y2L1m
2
1f
2
(m21 + y
2
L1f
2)3
{
m21 + 2y
2
R1f
2
[
log
(
2(m21 + y
2
R1f
2)2
v2y2L1y
2
R1f
2
)
− 1
]}
.
(7.2.24)
It is interesting to compare this result with the one-loop fermion contribution
to T̂ in the same set-up given in Eq. (7.1.17). One can notice that a strict
relation exists between the two quantities: ∆T̂ = 3 δgbL [170, 216, 223]. In
particular the positive correction to T̂ is related to a corresponding positive
shift in gbL . For the typical size of the fermion contribution to T̂ needed to
satisfy the experimental bounds, 1 × 10−3 < ∆T̂ < 2 × 10−3, a moderate
contribution to δgbL is found: 0.33 × 10−3 < δgbL < 0.66 × 10−3. As we
discussed before (see Fig. 7.1), the experimental measurements disfavor a
positive contribution to the ZbLbL coupling. Thus the scenario with only a
light singlet tends to be in worse agreement with the EW precision data than
the SM.
In the more general scenario in which composite fermions in the fourplet
representation of SO(4) are present, the only contributions that can be reli-
ably computed in the effective theory are the logarithmically divergent ones
due to the presence of four-fermion contact interactions. As an example we
report here the leading correction to gbL induced by the operator
O = eR
2f2
(
ψ
a
4γ
µψa4
)(
ψ
b
4γµψ
b
4
)
, (7.2.25)
where a and b are color indices.10 This operator contains a vertex of the form
eR
f2
(
B
a
Lγ
µBaL
)(
T
b
RγµTR +X
b
2/3RγµX
b
2/3R
)
, (7.2.26)
which gives rise to a logarithmically divergent correction to gbL :
δg4−fermbL =
3eR
32pi2
ξ
y2L4f
2
m24 + y
2
L4f
2
y2L4 log
(
m2ρ
m24
)
. (7.2.27)
10Different color structures lead to results that only differ by group theory factors.
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Notice that the sign of this contribution crucially depends on the sign of the
eR coefficient. In the effective theory eR is a completely free parameter, thus
its sign is not fixed. From the UV perspective, instead, some constraints on
the size and the sign of the four-fermion interactions could be present.
Apart from the analysis performed in Ref. [170], some additional studies
of the corrections to the ZbLbL vertex due to fermion loops in some specific
effective models have been presented in Refs. [223–225], these works however
do not include the effects related to the four-fermion contact interactions. A
computation of the one-loop corrections to the ZbLbL vertex including the
effects due to the SM gauge couplings is presented in Ref. [225].
The case of a fully composite tR
As a second explicit model we consider the 5 + 1 scenario. Analogously
to what happens in the 5 + 5 model, in the case in which the low-energy
spectrum contains only a composite SO(4) singlet the one-loop contributions
to ZbLbL are finite and dominated by the IR contributions. The leading
order corrections are given by
δgbL =
1
64pi2
ξ
y2L1f
2
m21
{
y2L1 + 2y
2
Lt
[
log
(
2m21
v2y2Lt
)
− 1
]}
. (7.2.28)
Also in this model the corrections to gbL and the ones to the T̂ parameters are
related to each other by the relation ∆T̂ = 3 δgbL . The values of T̂ compatible
with the experimental bounds (0 . T̂ . 2× 10−3) imply a moderate positive
shift in gbL . This slightly worsens the agreement with the EW data with
respect to the SM.
In the presence of an SO(4) fourplet in the effective theory, the corrections
to the ZbLbL vertex are divergent. The leading contribution comes from log-
arithmically divergent diagrams containing four-fermion contact interactions.
As an example we report the contribution induced by the operator given in
Eq. (7.2.25). In this case the following contribution arises:
δgbL =
eR
32pi2
ξ
y2L4f
2
m24 + y
2
L4f
2
yL4
(
yL4 −
√
2ctyLt
)
log
(
m2ρ
m24
)
. (7.2.29)
The correction in the above formula depends on the parameter eR that fixes
the coefficient of the four-fermion interaction, but also on the coefficient of
the dµ-symbol term ct (see the Lagrangian in Eq. (6.1.19)). Depending on
the size and sign of the various parameters the correction to gbL can become
negative and satisfy the current bounds.
7.3 The top couplings
So far we devoted our attention to a set of observables related to the physics of
the light fermion generations (the oblique EW parameters) and to the bottom
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quark. The tight experimental bounds on these observables do not allow for
large deviations from the SM predictions and lead to stringent bounds on
the new physics effects. Another class of observables, in particular the ones
related to the top quark, are instead less constrained by the present data
so that sizable deviations from the SM are still allowed. Large corrections
to the top couplings are naturally predicted in the scenarios with partial or
full compositeness due to the strong mixing of the third generation with the
composite dynamics.
As discussed in Sect. 7.2.1 in the scenarios in which the Z coupling to
the bL are protected by the PLR symmetry, the tL can not have a custodial
protection. The right-handed top component, on the other hand, being nec-
essarily embedded in a component with quantum numbers T 3L = T
3
R = 0 is
protected by a discrete subgroup PC of the custodial symmetry SO(3)c [93]
(see Sect. 4.2.1 for the definition of PC).
11 As we explained in Sect. 7.2.1 (see
also Appendix 7.A), the custodial protection ensures that at zero momentum
no distortion of the Z coupling can arise. Additional corrections, however,
can be generated when we consider the top and the Z boson on-shell. In
particular the corrections due to the top mass mt are only suppressed by
powers of the ratio between mt and the top partners mass. This means that
they can be sizable if the top partners are relatively light.
The top couplings to the Z boson are described by the following La-
grangian
LZ = g
cos θw
Zµtγ
µ
[
(gSMtL + δgtL)PL + (g
SM
tR + δgtR)PR
]
t , (7.3.1)
where we used a notation similar to the one for the bottom couplings (see
Eq. (7.2.1)). The tree-level values of the SM couplings are given by
gSMtL =
1
2
− 2
3
sin2 θw , g
SM
tR = −
2
3
sin2 θw . (7.3.2)
The couplings of the left-handed top component with the charged W boson
are related to the Vtb element of the CKM matrix. We will parametrize the
new physics contributions as Vtb = 1− δVtb.
The current LHC results already constrain the new physics contribution
to Vtb at the 10% level: Vtb = 1.020±0.046 (meas.)±0.017 (theor.) [226]. The
bounds on the models coming from this measurement are usually weaker than
the ones coming from the EW precision data and become competitive only
in some corners of the parameter space.
7.3.1 A relation between δgtL and δVtb
Before discussing the results in some explicit models, we present a general
relation that links the deviations in the ZtLtL vertex to the corrections to
11When the tR is embedded in the (1,1)2/3 representation its coupling to the Z is also
protected by the usual PLR.
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Vtb [227–229]. In the effective Lagrangian describing the Higgs doublet H
and the SM fermions only two dimension-six operators contribute to the
corrections to the tL couplings [48, 227, 230, 231]:
L = i cHq
f2
(qLγ
µqL)
(
H†
↔
DµH
)
+ i
c′Hq
f2
(qLσ
iγµqL)
(
H†σi
↔
DµH
)
, (7.3.3)
where H†
↔
DµH is the derivative H
†(DµH)− (DµH)†H. One combination of
the two operators in Eq. (7.3.3) controls the corrections to the ZbLbL vertex
and is thus tightly constrained by the experimental data. Given that the
precision on the bottom couplings is much higher than on the top ones, for
the present analysis we can assume that the corrections to gbL vanish, which
implies the relation c′Hq = −cHq [93, 170, 232]. By imposing this condition we
find that the operators in Eq. (7.3.3) give rise to the following contributions
to the interactions of the top quark with the EW gauge bosons
L ⊃ 2cHqv2
[
g
cos θw
tLZµγ
µtL +
g
2
(
tL
(
W 1µ − iW 2µ
)
γµbL + h.c.
)]
. (7.3.4)
From this equation one can easily see that the leading corrections to the
ZtLtL vertex and to the Vtb matrix element satisfy the relation
δgtL = −δVtb . (7.3.5)
It is important to stress that the above result holds only at order v2/f2.
The subleading terms, as for instance the ones coming from dimension-eight
operators, can generate independent corrections to gtL and Vtb.
Notice that the above analysis is valid in a generic BSM scenario and is
not related to the Goldstone boson nature of the Higgs.
7.3.2 Explicit results
To conclude the discussion about the corrections to the top couplings we
report in the following the explicit results for the leading order corrections
to gtL , Vtb and gtR in the composite models with elementary fermions em-
bedded in the fundamental representation of SO(5) [170]. As we did for the
oblique parameters and the ZbLbL vertex, we consider two general CCWZ
parametrizations with only one level of resonances (for the details of the
models see Sect. 6.1.1).
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The case of an elementary tR
As a first case we consider the scenarios with an elementary tR. The correc-
tions to the tL couplings at leading order in v/f are given by
δgtL = −δVtb = −
ξ
4
f2
m24 + y
2
L4f
2
[(
m4m1yL1 + yL4yR4yR1f
2
m21 + y
2
R1f
2
−
√
2cL yL4
)2
+ (1− 2c2L)y2L4
]
. (7.3.6)
The coupling of the tR field with the Z boson receives the following leading
corrections
δgtR =
ξ
4
(m4yL1yR1 −m1yL4yR4)f2
(m24 + y
2
L4f
2)(m21 + y
2
R1f
2)
[
y2L4(m4yL1yR1 −m1yL4yR4)f4
m24(m
2
4 + y
2
L4f
2)
+ 2
m1
m24
yL4yR4f
2 − 2
√
2
cRyL4yR1f
2
m4
]
. (7.3.7)
In the above equation the factor in front of the brackets is proportional to
the top mass, hence the correction to the gtR coupling vanishes in the limit
of zero mt as a consequence of the custodial protection.
The above equations can be directly applied to the two-site 5 + 5 model.
In this case one finds that, in the regions of the parameter space favored by
the EW data, the corrections to the Vtb matrix element are typically below
10% (−0.12 . δVtb . 0). The current bounds can already exclude a corner in
the parameter space where |δVtb| & 0.10. The deviations to the gtR coupling,
on the other hand, are always quite small, δgtR . 0.01.
For completeness we also give the simplified results in the cases in which
only one SO(4) multiplet is light. In the limit with only a light singlet one
gets
δgtL = −δVtb = −
ξ
4
m21y
2
L1f
2
(m21 + y
2
R1f
2)2
, δgtR = 0 . (7.3.8)
The above formula shows that the corrections to the tL couplings are sup-
pressed in the parameter space region with a sizable tR compositeness (yR1f >
m1 and yR1 > yL1).
In the case with only a light fourplet one gets the following results
δgtL = −δVtb = −
ξ
4
y2L4f
2
m24 + y
2
L4f
2
, (7.3.9)
and
δgtR = −
ξ
4
y2L4y
2
R4f
2
m24 + y
2
L4f
2
(
f2
m24
+
f2
m24 + y
2
L4f
2
)
. (7.3.10)
In this case the experimental bounds on Vtb can be directly translated into
an upper bound on the tL compositeness.
294 CHAPTER 7. EW PRECISION TESTS
The case of a fully composite tR
As a second example we consider the scenario with a fully composite tR. The
leading corrections to the Vtb matrix element and to the top couplings to the
Z boson are given by
δgtL = −δVtb = −
ξ
4
f2
m24 + y
2
L4f
2
[(
m4yL1
m1
−
√
2cL yL4
)2
+ (1− 2c2L)y2L4
]
(7.3.11)
and
δgtR =
ξ
4
yL4yLtf
2
(m24 + y
2
L4f
2)2
[
yL4yLtf
2 − 2
√
2ct(m
2
4 + y
2
L4f
2)
]
. (7.3.12)
As in the case with an elementary tR, also in the present setup the initial
factor in the expression for δgtR vanishes if the top mass is zero.
In the limits with only one light multiplet the above results can be dras-
tically simplified. If only a light singlet is present in the effective theory one
gets
δgtL = −δVtb = −
ξ
4
y2L1f
2
m21
, δgtR = 0 . (7.3.13)
In this case the corrections to the ZtLtL coupling can become sizable if the
composite singlet is light.
In the limit with only a light composite fourplet the corrections to the
top couplings become
δgtL = −δVtb = −
ξ
4
y2L4f
2
m24 + y
2
L4f
2
(7.3.14)
and
δgtR =
ξ
4
yL4yLtf
2
(m24 + y
2
L4f
2)2
[
yL4yLtf
2 − 2
√
2ct(m
2
4 + y
2
L4f
2)
]
. (7.3.15)
Analogously to the case with an elementary tR, the corrections to the Vtb
matrix element can be used to put an upper bound on the degree of compos-
iteness of the qL doublet.
Appendix
7.A The custodial symmetries
In the analysis of the constraints from EWPT we encountered two “custodial”
symmetries that are of fundamental importance in keeping under control the
corrections to the EW parameters. The first symmetry is the standard custo-
dial group SO(3)c, which forbids corrections to the T̂ parameter. The second
one is the discrete PLR invariance which protects the couplings of the Z boson
to the SM fields and, in particular, to the bottom quark. These symmetries
are also responsible for a number of peculiar properties and selection rules on
the mass-spectrum and on the couplings of the composite sector resonances,
some of which we encountered in the main text. The way in which these
protections work is explained below.
7.A.1 The SO(3)c symmetry
We start from assuming an SO(4) global symmetry of the sector responsi-
ble for EWSB, under which the four real Higgs field components Πi form a
fourplet or, equivalently, a (2,2) pseudo-real matrix (see Eq. (2.A.2))
Σ =
1√
2
(
iσαΠ
α + 12Π
4
)
. (7.A.1)
Under SO(4) ' SU(2)L × SU(2)R, Σ transforms as
Σ→ gLΣg†R . (7.A.2)
In composite Higgs models, this SO(4) symmetry is part of (or coincides
with, in the minimal coset SO(5)/SO(4)) the unbroken subgroup H of the
G/H coset and it is by assumption an exact symmetry of the composite
sector. In the SM, SO(4) is instead an accidental symmetry of the Higgs
doublet Lagrangian, if considered in isolation. Both in composite Higgs and
in the SM, the SO(4) symmetry is broken by the gauge fields and fermions
couplings.
The Higgs VEV, 〈Πi〉 = v δi4, breaks SO(4) spontaneously to an SO(3)
subgroup, realizing the symmetry breaking pattern
SO(4)→ SO(3) . (7.A.3)
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The unbroken SO(3) is what we call the custodial SO(3)c. Its action can be
either viewed as rotations of the first three
#„
Π vector components (with the
physical Higgs in Π4 being a scalar) or, equivalently, as the vector subgroup
of SU(2)L×SU(2)R, SU(2)V , defined by equal left and right transformations
gL = gR = gV . Indeed the Higgs VEV in the matrix notation
〈Σ〉 = v√
2
12 , (7.A.4)
is invariant under the vector transformations.
Both in the SM and in composite Higgs the Wαµ and Bµ fields weakly
gauge the SU(2)L × U(1)Y subgroup of SO(4). Actually when dealing with
fermions (see Sect. 2.4.2) an extra unbroken U(1)X group needs to be in-
troduced, but this will play no role in what follows. The Wα fields, which
fully gauge SU(2)L, preserve SO(4) provided we assign them to the (3,1)
representation of the group. The effect of the hypercharge gauging, which
instead breaks SO(4), will be discussed later on.
The cancellation of the T̂ parameter immediately follows from this sym-
metry structure. Indeed T̂ is defined (see Eq. (7.1.3)) in terms of the ampu-
tated two-point W field correlators at zero transferred momentum, and thus
it should correspond to a non-derivative mass-term operator in the effective
action. However the only such term which is compatible with the unbroken
SO(3)c (and also happens to respect the full SO(4)) is
12
Lmass = g
2v2
8
WαµW
µ
α . (7.A.5)
This term contributes in the same way to ΠW 3W 3 and to ΠW 1W 1 , thus it
does not contribute to T̂ , which is proportional to the difference between the
two. The custodial SO(3)c symmetry thus implies T̂ = 0.
A non-vanishing T̂ would correspond to the presence, in the effective
Lagrangian, of an operator of the form
v2
8
SαβWαµW β,µ , (7.A.6)
where S is a symmetric traceless (since the trace component does not con-
tribute) tensor in the (5,1) representation of SU(2)L × SU(2)R. In terms
of S, T̂ can be expressed as T̂ = S33 − S11. In a perfectly invariant the-
ory no parameter exists with non-trivial SO(4) transformation properties.
A non-vanishing S, and thus in turn a non-vanishing T̂ , can only be con-
structed in terms of spurions, whose presence signals the explicit breaking of
the symmetry.
Both in the SM and in composite Higgs, explicit SO(4) breaking emerges
from the hypercharge gauging and from the coupling to fermions. The con-
tributions to T̂ from the latter are described extensively in Sect. 7.1.3, here
12The normalization of the operator that follows is chosen to match the SM W mass
term.
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we briefly discuss the effects of the former breaking. The breaking appears
because only one of the three SU(2)R generators, the third one, is gauged by
the hypercharge field Bµ, i.e. only one of the three SU(2)R gauge sources WR
is a truly dynamical field while the other components are set to zero. This
breaking corresponds to a spurion G′ in the (1,3), which can be inserted in
the relation between the WR source and the physical field B, namely
WαR,µ = G′αBµ . (7.A.7)
By two powers of this spurions, plus four powers of the Higgs VEV, which
transforms in the (2,2), a non-vanishing S tensor can be constructed and a
contribution to T̂ is generated. Notice however that the lack of symmetry
in the hypercharge gauging becomes visible only at the loop level because
it is only in the presence of at least one Bµ field propagator that we can
distinguish the case in which all the three WR fields are dynamical, and
the symmetry is preserved, from the one in which only Bµ is dynamical
and the symmetry is broken. Therefore T̂ remains zero at tree-level and
Eq. (7.A.5) gets generalized in the only possible way compatible with the
unbroken electromagnetic U(1) symmetry, namely
Lmass = v
2
8
[
(gW 1)2 + (gW 2)2 + (gW 3 − g′B)2] . (7.A.8)
The term above, which just coincides with the habitual SM one, gives masses
to the W and to the Z that obey the ρ = 1 relation.
7.A.2 The PLR symmetry
We now turn to the PLR symmetry and describe how it can protect the
coupling of the Z boson to fermions. The right starting point, even before
introducing the PLR symmetry itself, is to remind ourselves how the SM gauge
fields are introduced in the theory. The Wαµ fields gauge the SU(2)L group
while Bµ gauges the U(1)Y hypercharge generator, defined in Sect. 2.4.2 as
the sum of t3R in SU(2)R and the X charge of the U(1)X group, namely
Y = t3R +X . (7.A.9)
The gauging is conveniently described, as we saw in Sect. 2.3.2, by introducing
external sources associated to all the group generators and identifying part
of them as dynamical fields only at a late stage of the calculation. We thus
consider three SU(2)L, three SU(2)R and one U(1)X sources, namely
WL,µ = W
α
L,µt
α
L = gW
α
µ t
α
L ,
WR,µ = W
α
R,µt
α
R = g
′Bµt3R ,
Xµ = g′Bµ , (7.A.10)
where tαL,R are the SU(2)L × SU(2)R generators, for which a normalized
explicit representation is provided in Eq. (2.A.11). The physical value of the
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source fields, in terms of three W ’s and B, is also reported in the equation
above.
The full SU(2)L×SU(2)R×U(1)X global group can be formally promoted
to a local symmetry by regarding the WL, WR and X sources as the gauge
fields associate to the three semi-simple factors. However only the unbro-
ken (or linearly-realized) subgroup SO(3)c × U(1)X will be relevant in what
follows. This subgroup acts on the sources as
WL,µ → gV · (WL,µ + i∂µ) · g†V ,
WR,µ → gV · (WR,µ + i∂µ) · g†V ,
Xµ → Xµ + ∂µαX , (7.A.11)
where αX denotes the U(1)X transformation parameter. What is peculiar in
the expression above is that WµL and W
µ
R, in spite of being two distinct fields,
both transform as if they were gauge connections associated to the SO(3)c
local group. These local symmetry transformations will be very effective in
constraining the fermion couplings.
We now introduce PLR, which is defined in Appendix 3.A as the discrete
Z2 transformation that interchanges the SU(2)L and SU(2)R generators inside
SO(4). Therefore it acts on the gauge sources as
WαL,µ ↔WαR,µ , (7.A.12)
while it leaves Xµ invariant. On the Higgs fourplet, PLR acts like a parity
reflection of the first three components
P 4LR = diag(−1,−1,−1,+1) , (7.A.13)
therefore the Higgs VEV is even and PLR survives as an unbroken symmetry
after EWSB. In the presence of PLR, the unbroken group SO(3)c ×U(1)X is
enlarged to O(3)c ×U(1)X .
Let us now analyze the implications of the gauge symmetry transforma-
tions in Eq. (7.A.11) on the zero-momentum, i.e. non-derivative, couplings
of the gauge fields to the fermions. Since we are interested in the Z boson
couplings, we restrict our attention to the interactions of the neutral sources
W 3L and W
3
R to one charge-eigenstate chiral fermion ψ. The only interactions
allowed by the symmetries are
i ψγµ
(
∂µ − i t3LW 3L,µ − i t3RW 3R,µ − iXXµ
)
ψ
+ c (W 3L,µ −W 3R,µ)ψγµψ . (7.A.14)
In particular, the terms on the first line are enforced by the covariant deriva-
tive structure of the kinetic term and thus their coefficient is uniquely de-
termined by the t3L,R and X eigenvalue of ψ. The one on the second line
is instead separately gauge-invariant given that the shift term in the local
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transformation of Eq. (7.A.11) cancels when we take the difference WL−WR.
Therefore it has an arbitrary coefficient “c”. Not surprisingly, since they are
rigidly fixed by the gauge symmetries, the interactions on the first line repro-
duce the SM W3 and B vertices, which after the weak angle rotation reduce
to the standard photon and Z boson couplings. This is immediately verified
by substituting the explicit value of the sources in Eq. (7.A.10), obtaining
t3LW
3
L,µ + t
3
RW
3
R,µ +XXµ = g t3LW 3µ + g′(t3R +X)Bµ , (7.A.15)
and noticing that t3R + X = Y as in Eq. (7.A.9). Since the ones on the
first line match with the SM, the only deviation comes from the term on
the second line. Using the explicit value of the sources and performing the
weak angle rotation to the Z and photon field basis one immediately finds
that W 3L −W 3R = g/ cos θwZ. No corrections to the zero-momentum photon
coupling are thus generated, as an obvious consequence of the unbroken elec-
tromagnetic gauge group, while the Z boson interaction can be distorted by
an amount
δgψ = c , (7.A.16)
having adopted the standard convention of normalizing the coupling deviation
by the g/ cos θw factor (see Eq. (7.2.1)).
However W 3L −W 3R is odd under PLR, therefore if ψ is a PLR eigenstate,
no matter if even or odd, PLR enforces c = 0 and no corrections to the Z
couplings can occur. This result can be easily extended to multiple fermionic
fields with definite PLR parity. In particular the Z boson couplings to a set
of eigenstates with the same PLR parity are necessarily canonical and flavor-
diagonal. Flavor-violating Z interactions, indeed, can only involve eigenstates
with opposite parity.
When we consider the SM fermions, in order for the Z couplings to be
protected, PLR must be a symmetry not only of the composite sector (possi-
bly an accidental one as we saw happening in some cases in the main text),
but also of the partial compositeness mixing of the elementary SM field we
are interested in. The left-handed bottom quark coupling to the Z is par-
ticularly relevant, let us thus discuss under which condition it benefits of
the PLR protection. We start from the case in which the qL doublet mixes
with a fundamental of SO(5), i.e. with the (2,2) fourplet SO(4) represen-
tation inside the fundamental. The embedding of the doublet, provided in
Eq. (2.4.28), immediately shows that the Z coupling to bL is protected in
this case, compatibly with what we found in Sects. 3.2.2 and 7.2. Indeed
the bL field only appears in the first and in the second component of the
fourplet, which are both PLR-odd according to Eq. (7.A.13). Therefore PLR
is preserved by the mixing, provided bL is regarded as an odd field, and the
bL coupling is protected. We also see from the same equation that the tL
fields appear instead both in the third component of the multiplet, which is
odd, and in the fourth one which is even. The tL mixing thus breaks PLR
and no protection is present for its coupling with the Z. This was for the
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first mixing of the qL, the one with the 52/3 multiplet that participate in the
generation of the top quark mass. The situation is reversed for the mixing
with the 5−1/3, for which the embedding is reported in Eq. (2.4.39). The tL
coupling is protected in that case, while the bL one is not, given that the bL
mixes with both an even and an odd component. The modifications of the
ZbLbL coupling is thus induced only by the second mixing parameter, λbL ,
and not by λtL . It should be rather obvious, at this point, that no protection
is instead present when the qL mixes with operators in the spinorial represen-
tation. Indeed the mixing occurs in this case with a (2,1) representation of
SO(4) and the PLR symmetries interchanges the (2,1) and the (1,2) compo-
nents of the spinorial. Since the mixing occurs with the former and not with
the latter, it breaks PLR and no protection is found. This is in accordance
with the results of Sect. 3.2.2.
Bibliography
[1] S. Weinberg, The quantum theory of fields. Vol. 1: Foundations. Cam-
bridge University Press, 1995.
[2] S. Weinberg, The quantum theory of fields. Vol. 2: Modern applications.
Cambridge University Press, 1996.
[3] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field
theory. Perseus Books, Cambridge, 1995.
[4] L. B. Okun, Leptons and Quarks. North Holland, 1982.
[5] T. Cheng and L. Li, Gauge theory of elementary particle physics. Ox-
ford University Press, 1984.
[6] M. D. Schwartz, Quantum Field Theory and the Standard Model. Cam-
bridge University Press, 2013.
[7] Particle Data Group Collaboration, K. Olive et al., “Review of Par-
ticle Physics,” Chin.Phys. C38 (2014) 090001.
[8] R. Barbieri, Ten lectures on electroweak interactions. Scuola Normale
Superiore, 2007. [arXiv:hep-ph/0706.0684].
[9] S. Weinberg, “Baryon and Lepton Nonconserving Processes,”
Phys.Rev.Lett. 43 (1979) 1566–1570.
[10] P. Langacker, “Grand Unified Theories and Proton Decay,” Phys.Rept.
72 (1981) 185.
[11] S. Raby, “Grand Unified Theories,” arXiv:hep-ph/0608183
[hep-ph].
[12] M. Cirelli, N. Fornengo, and A. Strumia, “Minimal dark matter,”
Nucl.Phys. B753 (2006) 178–194, arXiv:hep-ph/0512090 [hep-ph].
[13] R. Barbieri, “Electroweak theory after the first Large Hadron Col-
lider phase,” Phys.Scripta T158 (2013) 014006, arXiv:1309.3473
[hep-ph].
[14] G. F. Giudice, “Naturally Speaking: The Naturalness Criterion and
Physics at the LHC,” arXiv:0801.2562 [hep-ph].
[15] G. ’t Hooft, “Naturalness, Chiral Symmetry, and Spontaneous Chiral
301
302 BIBLIOGRAPHY
Symmetry Breaking,” Proceedings of the 1979 Cargese Institute on Re-
cent Developments in Gauge Theories, Plenum Press, New York (1980)
135.
[16] S. Dimopoulos and L. Susskind, “Mass Without Scalars,” Nucl.Phys.
B155 (1979) 237–252.
[17] L. Susskind, “Dynamics of Spontaneous Symmetry Breaking in the
Weinberg-Salam Theory,” Phys.Rev. D20 (1979) 2619–2625.
[18] S. L. Glashow and S. Weinberg, “Natural Conservation Laws for Neu-
tral Currents,” Phys.Rev. D15 (1977) 1958.
[19] G. D’Ambrosio, G. Giudice, G. Isidori, and A. Strumia, “Minimal flavor
violation: An Effective field theory approach,” Nucl.Phys. B645 (2002)
155–187, arXiv:hep-ph/0207036 [hep-ph].
[20] J. Wess and J. Bagger, Supersymmetry and Supergravity. Princeton
series in physics. Princeton University Press, New Jersey, 1992.
[21] S. Weinberg, The quantum theory of fields. Vol. 3: Supersymmetry.
Cambridge University Press, 2000.
[22] M. Sohnius, “Introducing Supersymmetry,” Phys.Rept. 128 (1985) 39–
204.
[23] M. Drees, “An Introduction to supersymmetry,”
arXiv:hep-ph/9611409 [hep-ph].
[24] S. P. Martin, “A Supersymmetry primer,” Adv.Ser.Direct.High Energy
Phys. 21 (2010) 1–153, arXiv:hep-ph/9709356 [hep-ph].
[25] M. E. Peskin, “Supersymmetry in Elementary Particle Physics,”
arXiv:0801.1928 [hep-ph].
[26] S. Weinberg, “Anthropic Bound on the Cosmological Constant,”
Phys.Rev.Lett. 59 (1987) 2607.
[27] L. J. Hall and Y. Nomura, “Evidence for the Multiverse in the Standard
Model and Beyond,” Phys.Rev. D78 (2008) 035001, arXiv:0712.2454
[hep-ph].
[28] S. Weinberg, “Implications of Dynamical Symmetry Breaking,”
Phys.Rev. D13 (1976) 974–996.
[29] S. Weinberg, “Implications of Dynamical Symmetry Breaking: An Ad-
dendum,” Phys.Rev. D19 (1979) 1277–1280.
[30] K. Lane, “Two lectures on technicolor,” arXiv:hep-ph/0202255
[hep-ph].
[31] H. Terazawa, K. Akama, and Y. Chikashige, “Unified Model of
the Nambu-Jona-Lasinio Type for All Elementary Particle Forces,”
Phys.Rev. D15 (1977) 480.
BIBLIOGRAPHY 303
[32] D. B. Kaplan and H. Georgi, “SU(2) x U(1) Breaking by Vacuum Mis-
alignment,” Phys.Lett. B136 (1984) 183.
[33] D. B. Kaplan, H. Georgi, and S. Dimopoulos, “Composite Higgs
Scalars,” Phys.Lett. B136 (1984) 187.
[34] M. J. Dugan, H. Georgi, and D. B. Kaplan, “Anatomy of a Composite
Higgs Model,” Nucl.Phys. B254 (1985) 299.
[35] F. Caracciolo, A. Parolini, and M. Serone, “UV Completions of Com-
posite Higgs Models with Partial Compositeness,” JHEP 1302 (2013)
066, arXiv:1211.7290 [hep-ph].
[36] D. Marzocca, A. Parolini, and M. Serone, “Supersymmetry with a
pNGB Higgs and Partial Compositeness,” JHEP 1403 (2014) 099,
arXiv:1312.5664 [hep-ph].
[37] J. Barnard, T. Gherghetta, and T. S. Ray, “UV descriptions of com-
posite Higgs models without elementary scalars,” JHEP 1402 (2014)
002, arXiv:1311.6562 [hep-ph].
[38] G. Ferretti and D. Karateev, “Fermionic UV completions of Composite
Higgs models,” JHEP 1403 (2014) 077, arXiv:1312.5330 [hep-ph].
[39] G. Ferretti, “UV Completions of Partial Compositeness: The Case for
a SU(4) Gauge Group,” JHEP 1406 (2014) 142, arXiv:1404.7137
[hep-ph].
[40] D. B. Kaplan, “Flavor at SSC energies: A New mechanism for dynam-
ically generated fermion masses,” Nucl.Phys. B365 (1991) 259–278.
[41] R. Contino, Y. Nomura, and A. Pomarol, “Higgs as a holo-
graphic pseudoGoldstone boson,” Nucl.Phys. B671 (2003) 148–174,
arXiv:hep-ph/0306259 [hep-ph].
[42] K. Agashe, R. Contino, and A. Pomarol, “The Minimal
composite Higgs model,” Nucl.Phys. B719 (2005) 165–187,
arXiv:hep-ph/0412089 [hep-ph].
[43] R. Contino, “The Higgs as a Composite Nambu-Goldstone Boson,”
arXiv:1005.4269 [hep-ph].
[44] N. Arkani-Hamed, A. Cohen, E. Katz, A. Nelson, T. Gregoire, et al.,
“The Minimal moose for a little Higgs,” JHEP 0208 (2002) 021,
arXiv:hep-ph/0206020 [hep-ph].
[45] N. Arkani-Hamed, A. Cohen, E. Katz, and A. Nelson, “The Littlest
Higgs,” JHEP 0207 (2002) 034, arXiv:hep-ph/0206021 [hep-ph].
[46] M. Schmaltz and D. Tucker-Smith, “Little Higgs review,”
Ann.Rev.Nucl.Part.Sci. 55 (2005) 229–270, arXiv:hep-ph/0502182
[hep-ph].
[47] M. Perelstein, “Little Higgs models and their phenomenology,”
304 BIBLIOGRAPHY
Prog.Part.Nucl.Phys. 58 (2007) 247–291, arXiv:hep-ph/0512128
[hep-ph].
[48] G. Giudice, C. Grojean, A. Pomarol, and R. Rattazzi, “The
Strongly-Interacting Light Higgs,” JHEP 0706 (2007) 045,
arXiv:hep-ph/0703164 [hep-ph].
[49] R. Barbieri, A. Pomarol, R. Rattazzi, and A. Strumia, “Electroweak
symmetry breaking after LEP-1 and LEP-2,” Nucl.Phys. B703 (2004)
127–146, arXiv:hep-ph/0405040 [hep-ph].
[50] P. Sikivie, L. Susskind, M. B. Voloshin, and V. I. Zakharov, “Isospin
Breaking in Technicolor Models,” Nucl.Phys. B173 (1980) 189.
[51] B. Gripaios, A. Pomarol, F. Riva, and J. Serra, “Beyond the Minimal
Composite Higgs Model,” JHEP 0904 (2009) 070, arXiv:0902.1483
[hep-ph].
[52] J. Mrazek, A. Pomarol, R. Rattazzi, M. Redi, J. Serra, et al., “The
Other Natural Two Higgs Doublet Model,” Nucl.Phys. B853 (2011)
1–48, arXiv:1105.5403 [hep-ph].
[53] S. R. Coleman, J. Wess, and B. Zumino, “Structure of phenomenolog-
ical Lagrangians. 1.,” Phys.Rev. 177 (1969) 2239–2247.
[54] J. Callan, Curtis G., S. R. Coleman, J. Wess, and B. Zumino, “Struc-
ture of phenomenological Lagrangians. 2.,” Phys.Rev. 177 (1969) 2247–
2250.
[55] R. Feger and T. W. Kephart, “LieART - A Mathematica Applica-
tion for Lie Algebras and Representation Theory,” arXiv:1206.6379
[math-ph].
[56] A. Urbano, “Remarks on analyticity and unitarity in the presence
of a Strongly Interacting Light Higgs,” JHEP 1406 (2014) 060,
arXiv:1310.5733 [hep-ph].
[57] J. Wess and B. Zumino, “Consequences of anomalous Ward identities,”
Phys.Lett. B37 (1971) 95.
[58] E. Witten, “Global Aspects of Current Algebra,” Nucl.Phys. B223
(1983) 422–432.
[59] C.-S. Chu, P.-M. Ho, and B. Zumino, “NonAbelian anomalies and ef-
fective actions for a homogeneous space G/H,” Nucl.Phys. B475 (1996)
484–504, arXiv:hep-th/9602093 [hep-th].
[60] R. Contino and A. Pomarol, “Holography for fermions,” JHEP 0411
(2004) 058, arXiv:hep-th/0406257 [hep-th].
[61] J. Galloway, J. A. Evans, M. A. Luty, and R. A. Tacchi, “Minimal
Conformal Technicolor and Precision Electroweak Tests,” JHEP 1010
(2010) 086, arXiv:1001.1361 [hep-ph].
BIBLIOGRAPHY 305
[62] M. Piai, “Lectures on walking technicolor, holography and
gauge/gravity dualities,” Adv.High Energy Phys. 2010 (2010) 464302,
arXiv:1004.0176 [hep-ph].
[63] M. A. Luty and T. Okui, “Conformal technicolor,” JHEP 0609 (2006)
070, arXiv:hep-ph/0409274 [hep-ph].
[64] B. Holdom, “Techniodor,” Phys.Lett. B150 (1985) 301.
[65] T. Akiba and T. Yanagida, “Hierarchic Chiral Condensate,” Phys.Lett.
B169 (1986) 432.
[66] T. W. Appelquist, D. Karabali, and L. Wijewardhana, “Chiral Hier-
archies and the Flavor Changing Neutral Current Problem in Techni-
color,” Phys.Rev.Lett. 57 (1986) 957.
[67] K. Yamawaki, M. Bando, and K.-i. Matumoto, “Scale Invariant Tech-
nicolor Model and a Technidilaton,” Phys.Rev.Lett. 56 (1986) 1335.
[68] T. Appelquist and L. Wijewardhana, “Chiral Hierarchies and Chiral
Perturbations in Technicolor,” Phys.Rev. D35 (1987) 774.
[69] T. Appelquist and L. Wijewardhana, “Chiral Hierarchies from Slowly
Running Couplings in Technicolor Theories,” Phys.Rev. D36 (1987)
568.
[70] E. Eichten and K. D. Lane, “Dynamical Breaking of Weak Interaction
Symmetries,” Phys.Lett. B90 (1980) 125–130.
[71] R. Rattazzi, V. S. Rychkov, E. Tonni, and A. Vichi, “Bounding
scalar operator dimensions in 4D CFT,” JHEP 0812 (2008) 031,
arXiv:0807.0004 [hep-th].
[72] R. Contino, T. Kramer, M. Son, and R. Sundrum,
“Warped/composite phenomenology simplified,” JHEP 0705 (2007)
074, arXiv:hep-ph/0612180 [hep-ph].
[73] R. Contino, L. Da Rold, and A. Pomarol, “Light custodians in
natural composite Higgs models,” Phys.Rev. D75 (2007) 055014,
arXiv:hep-ph/0612048 [hep-ph].
[74] ATLAS Collaboration, “Measurements of the Higgs boson production
and decay rates and coupling strengths using pp collision data at
√
s
= 7 and 8 TeV in the ATLAS experiment,” ATLAS-CONF-2015-007,
ATLAS-COM-CONF-2015-011.
[75] CMS Collaboration, V. Khachatryan et al., “Precise determination of
the mass of the Higgs boson and tests of compatibility of its couplings
with the standard model predictions using proton collisions at 7 and 8
TeV,” Eur. Phys. J. C75 no. 5, (2015) 212 CMS-HIG-14-009, CERN-
PH-EP-2014-288, arXiv:1412.8662 [hep-ex].
[76] C. A. Scrucca, M. Serone, and L. Silvestrini, “Electroweak symmetry
306 BIBLIOGRAPHY
breaking and fermion masses from extra dimensions,” Nucl.Phys. B669
(2003) 128–158, arXiv:hep-ph/0304220 [hep-ph].
[77] C. Itzykson and J. B. Zuber, Quantum Field Teory. McGraw–Hill
International Editions, New York, 1985.
[78] J. J. Sakurai, Advanced Quantum Mechanics. Addison–Wesley publish-
ing company, 1967.
[79] A. Thamm, Effective Lagrangian Perspectives on Electroweak Symme-
try Breaking. Ph.D. Thesis at EPFL-Lausanne, 2014.
[80] A. Pomarol, “Higgs Physics,” arXiv:1412.4410 [hep-ph].
[81] H. Georgi, “Vector Realization of Chiral Symmetry,” Nucl.Phys. B331
(1990) 311–330.
[82] A. Manohar and H. Georgi, “Chiral Quarks and the Nonrelativistic
Quark Model,” Nucl.Phys. B234 (1984) 189.
[83] B. W. Lee, C. Quigg, and H. Thacker, “Weak Interactions at Very
High-Energies: The Role of the Higgs Boson Mass,” Phys.Rev. D16
(1977) 1519.
[84] G. ’t Hooft, “A Planar Diagram Theory for Strong Interactions,”
Nucl.Phys. B72 (1974) 461.
[85] S. Coleman, Aspects of Symmetry. Cambridge University Press, 1988.
[86] E. Witten, “Baryons in the 1/n Expansion,” Nucl.Phys. B160 (1979)
57.
[87] M. Nakahara, Geometry, Topology and Physics. Taylor & Francis, 2003.
[88] R. Contino, D. Marzocca, D. Pappadopulo, and R. Rattazzi, “On the
effect of resonances in composite Higgs phenomenology,” JHEP 1110
(2011) 081, arXiv:1109.1570 [hep-ph].
[89] A. Azatov, R. Contino, A. Di Iura, and J. Galloway, “New Prospects
for Higgs Compositeness in h → Zγ,” Phys.Rev. D88 (2013) 075019,
arXiv:1308.2676 [hep-ph].
[90] R. Alonso, I. Brivio, B. Gavela, L. Merlo, and S. Rigolin, “Sigma De-
composition,” JHEP 1412 (2014) 034, arXiv:1409.1589 [hep-ph].
[91] I. M. Hierro, L. Merlo, and S. Rigolin, “Sigma Decomposition: The
CP-Odd Lagrangian,” arXiv:1510.07899 [hep-ph].
[92] M. E. Peskin and T. Takeuchi, “Estimation of oblique electroweak cor-
rections,” Phys.Rev. D46 (1992) 381–409.
[93] K. Agashe, R. Contino, L. Da Rold, and A. Pomarol, “A Cus-
todial symmetry for Zb anti-b,” Phys.Lett. B641 (2006) 62–66,
arXiv:hep-ph/0605341 [hep-ph].
[94] R. Barbieri and G. Giudice, “Upper Bounds on Supersymmetric Parti-
cle Masses,” Nucl.Phys. B306 (1988) 63.
BIBLIOGRAPHY 307
[95] M. Geller and O. Telem, “Holographic Twin Higgs Model,” Phys. Rev.
Lett. 114 (2015) 191801, arXiv:1411.2974 [hep-ph].
[96] R. Barbieri, D. Greco, R. Rattazzi, and A. Wulzer, “The Compos-
ite Twin Higgs scenario,” JHEP 08 (2015) 161, arXiv:1501.07803
[hep-ph].
[97] M. Low, A. Tesi, and L.-T. Wang, “Twin Higgs mechanism
and a composite Higgs boson,” Phys. Rev. D91 (2015) 095012,
arXiv:1501.07890 [hep-ph].
[98] Z. Chacko, H.-S. Goh, and R. Harnik, “The Twin Higgs: Natural elec-
troweak breaking from mirror symmetry,” Phys.Rev.Lett. 96 (2006)
231802, arXiv:hep-ph/0506256 [hep-ph].
[99] Y. Grossman and M. Neubert, “Neutrino masses and mixings
in nonfactorizable geometry,” Phys.Lett. B474 (2000) 361–371,
arXiv:hep-ph/9912408 [hep-ph].
[100] S. J. Huber and Q. Shafi, “Fermion masses, mixings and proton de-
cay in a Randall-Sundrum model,” Phys.Lett. B498 (2001) 256–262,
arXiv:hep-ph/0010195 [hep-ph].
[101] T. Gherghetta and A. Pomarol, “Bulk fields and supersym-
metry in a slice of AdS,” Nucl.Phys. B586 (2000) 141–162,
arXiv:hep-ph/0003129 [hep-ph].
[102] S. J. Huber, “Flavor violation and warped geometry,” Nucl.Phys. B666
(2003) 269–288, arXiv:hep-ph/0303183 [hep-ph].
[103] K. Agashe, G. Perez, and A. Soni, “Flavor structure of
warped extra dimension models,” Phys.Rev. D71 (2005) 016002,
arXiv:hep-ph/0408134 [hep-ph].
[104] C. Csaki, A. Falkowski, and A. Weiler, “A Simple Flavor Protection
for RS,” Phys.Rev. D80 (2009) 016001, arXiv:0806.3757 [hep-ph].
[105] R. Barbieri, D. Buttazzo, F. Sala, D. M. Straub, and A. Tesi, “A 125
GeV composite Higgs boson versus flavour and electroweak precision
tests,” JHEP 1305 (2013) 069, arXiv:1211.5085 [hep-ph].
[106] K. Agashe and R. Contino, “Composite Higgs-Mediated FCNC,”
Phys.Rev. D80 (2009) 075016, arXiv:0906.1542 [hep-ph].
[107] W. Altmannshofer, P. Paradisi, and D. M. Straub, “Model-Independent
Constraints on New Physics in b→ s Transitions,” JHEP 1204 (2012)
008, arXiv:1111.1257 [hep-ph].
[108] A. J. Buras, “Weak Hamiltonian, CP violation and rare decays,”
arXiv:hep-ph/9806471 [hep-ph].
[109] K. Agashe, A. Azatov, and L. Zhu, “Flavor Violation Tests of
Warped/Composite SM in the Two-Site Approach,” Phys.Rev. D79
(2009) 056006, arXiv:0810.1016 [hep-ph].
308 BIBLIOGRAPHY
[110] O. Gedalia, G. Isidori, and G. Perez, “Combining Direct & Indirect
Kaon CP Violation to Constrain the Warped KK Scale,” Phys.Lett.
B682 (2009) 200–206, arXiv:0905.3264 [hep-ph].
[111] N. Vignaroli, “∆F = 1 constraints on composite Higgs models with LR
parity,” Phys.Rev. D86 (2012) 115011, arXiv:1204.0478 [hep-ph].
[112] B. Keren-Zur, P. Lodone, M. Nardecchia, D. Pappadopulo, R. Rattazzi,
et al., “On Partial Compositeness and the CP asymmetry in charm de-
cays,” Nucl.Phys. B867 (2013) 394–428, arXiv:1205.5803 [hep-ph].
[113] W. Altmannshofer and D. M. Straub, “Cornering New Physics in b→ s
Transitions,” JHEP 1208 (2012) 121, arXiv:1206.0273 [hep-ph].
[114] M. Ko¨nig, M. Neubert, and D. M. Straub, “Dipole operator constraints
on composite Higgs models,” Eur.Phys.J. C74 no. 7, (2014) 2945,
arXiv:1403.2756 [hep-ph].
[115] G. Isidori, J. F. Kamenik, Z. Ligeti, and G. Perez, “Implications of
the LHCb Evidence for Charm CP Violation,” Phys.Lett. B711 (2012)
46–51, arXiv:1111.4987 [hep-ph].
[116] A. J. Buras, C. Grojean, S. Pokorski, and R. Ziegler, “FCNC Effects
in a Minimal Theory of Fermion Masses,” JHEP 1108 (2011) 028,
arXiv:1105.3725 [hep-ph].
[117] M. Bauer, S. Casagrande, U. Haisch, and M. Neubert, “Flavor Physics
in the Randall-Sundrum Model: II. Tree-Level Weak-Interaction Pro-
cesses,” JHEP 1009 (2010) 017, arXiv:0912.1625 [hep-ph].
[118] G. Altarelli, R. Barbieri, and F. Caravaglios, “Nonstandard analysis of
electroweak precision data,” Nucl.Phys. B405 (1993) 3–23.
[119] G. Cacciapaglia, C. Csaki, G. Marandella, and A. Strumia, “The Min-
imal Set of Electroweak Precision Parameters,” Phys.Rev. D74 (2006)
033011, arXiv:hep-ph/0604111 [hep-ph].
[120] C. Csaki, A. Falkowski, and A. Weiler, “The Flavor of the Composite
Pseudo-Goldstone Higgs,” JHEP 0809 (2008) 008, arXiv:0804.1954
[hep-ph].
[121] UTfit Collaboration, M. Bona et al., “Model-independent constraints
on ∆F = 2 operators and the scale of new physics,” JHEP 0803 (2008)
049, arXiv:0707.0636 [hep-ph].
[122] G. Isidori, “Flavor physics and CP violation,” arXiv:1302.0661
[hep-ph].
[123] M. Pospelov and A. Ritz, “Neutron EDM from electric and chromo-
electric dipole moments of quarks,” Phys.Rev. D63 (2001) 073015,
arXiv:hep-ph/0010037 [hep-ph].
[124] E. Braaten, C.-S. Li, and T.-C. Yuan, “The Evolution of Weinberg’s
Gluonic CP Violation Operator,” Phys.Rev.Lett. 64 (1990) 1709.
BIBLIOGRAPHY 309
[125] D. Chang, W.-Y. Keung, C. Li, and T. Yuan, “QCD Corrections to CP
Violation From Color Electric Dipole Moment of b Quark,” Phys.Lett.
B241 (1990) 589.
[126] J. F. Kamenik, M. Papucci, and A. Weiler, “Constraining the dipole
moments of the top quark,” Phys.Rev. D85 no. 3, (2012) 071501,
arXiv:1107.3143 [hep-ph].
[127] F. Sala, “A bound on the charm chromo-EDM and its implications,”
JHEP 1403 (2014) 061, arXiv:1312.2589 [hep-ph].
[128] O. Matsedonskyi, G. Panico, and A. Wulzer, “Light Top Partners for
a Light Composite Higgs,” JHEP 1301 (2013) 164, arXiv:1204.6333
[hep-ph].
[129] G. Panico, M. Redi, A. Tesi, and A. Wulzer, “On the Tuning
and the Mass of the Composite Higgs,” JHEP 1303 (2013) 051,
arXiv:1210.7114 [hep-ph].
[130] O. Matsedonskyi, “On Flavour and Naturalness of Composite Higgs
Models,” JHEP 1502 (2015) 154, arXiv:1411.4638 [hep-ph].
[131] G. Cacciapaglia, H. Cai, T. Flacke, S. J. Lee, A. Parolini, et al., “Anar-
chic Yukawas and top partial compositeness: the flavour of a successful
marriage,” arXiv:1501.03818 [hep-ph].
[132] R. Barbieri, G. Isidori, and D. Pappadopulo, “Composite fermions
in Electroweak Symmetry Breaking,” JHEP 0902 (2009) 029,
arXiv:0811.2888 [hep-ph].
[133] M. Redi and A. Weiler, “Flavor and CP Invariant Composite Higgs
Models,” JHEP 1111 (2011) 108, arXiv:1106.6357 [hep-ph].
[134] R. Rattazzi and A. Zaffaroni, “Comments on the holographic pic-
ture of the Randall-Sundrum model,” JHEP 0104 (2001) 021,
arXiv:hep-th/0012248 [hep-th].
[135] G. Cacciapaglia, C. Csaki, J. Galloway, G. Marandella, J. Terning,
et al., “A GIM Mechanism from Extra Dimensions,” JHEP 0804 (2008)
006, arXiv:0709.1714 [hep-ph].
[136] J. Santiago, “Minimal Flavor Protection: A New Flavor Paradigm
in Warped Models,” JHEP 0812 (2008) 046, arXiv:0806.1230
[hep-ph].
[137] C. Delaunay, O. Gedalia, S. J. Lee, G. Perez, and E. Ponton, “Ultra
Visible Warped Model from Flavor Triviality and Improved Natural-
ness,” Phys.Rev. D83 (2011) 115003, arXiv:1007.0243 [hep-ph].
[138] C. Delaunay, O. Gedalia, S. J. Lee, G. Perez, and E. Ponton, “Ex-
traordinary Phenomenology from Warped Flavor Triviality,” Phys.Lett.
B703 (2011) 486–490, arXiv:1101.2902 [hep-ph].
[139] R. Barbieri, D. Buttazzo, F. Sala, and D. M. Straub, “Flavour physics
310 BIBLIOGRAPHY
from an approximate U(2)3 symmetry,” JHEP 1207 (2012) 181,
arXiv:1203.4218 [hep-ph].
[140] M. Redi, “Composite MFV and Beyond,” Eur.Phys.J. C72 (2012)
2030, arXiv:1203.4220 [hep-ph].
[141] O. Domenech, A. Pomarol, and J. Serra, “Probing the SM with Di-
jets at the LHC,” Phys.Rev. D85 (2012) 074030, arXiv:1201.6510
[hep-ph].
[142] M. Redi, V. Sanz, M. de Vries, and A. Weiler, “Strong Signa-
tures of Right-Handed Compositeness,” JHEP 1308 (2013) 008,
arXiv:1305.3818.
[143] C. Delaunay, T. Flacke, J. Gonzalez-Fraile, S. J. Lee, G. Panico, et al.,
“Light Non-degenerate Composite Partners at the LHC,” JHEP 1402
(2014) 055, arXiv:1311.2072 [hep-ph].
[144] K. Agashe, A. E. Blechman, and F. Petriello, “Probing the Randall-
Sundrum geometric origin of flavor with lepton flavor violation,”
Phys.Rev. D74 (2006) 053011, arXiv:hep-ph/0606021 [hep-ph].
[145] K. Agashe, “Relaxing Constraints from Lepton Flavor Violation in 5D
Flavorful Theories,” Phys.Rev. D80 (2009) 115020, arXiv:0902.2400
[hep-ph].
[146] C. Csaki, Y. Grossman, P. Tanedo, and Y. Tsai, “Warped penguin di-
agrams,” Phys.Rev. D83 (2011) 073002, arXiv:1004.2037 [hep-ph].
[147] C. Csaki, C. Delaunay, C. Grojean, and Y. Grossman, “A Model of
Lepton Masses from a Warped Extra Dimension,” JHEP 0810 (2008)
055, arXiv:0806.0356 [hep-ph].
[148] F. del Aguila, A. Carmona, and J. Santiago, “Neutrino Masses from an
A4 Symmetry in Holographic Composite Higgs Models,” JHEP 1008
(2010) 127, arXiv:1001.5151 [hep-ph].
[149] C. Hagedorn and M. Serone, “Leptons in Holographic Composite Higgs
Models with Non-Abelian Discrete Symmetries,” JHEP 1110 (2011)
083, arXiv:1106.4021 [hep-ph].
[150] C. Hagedorn and M. Serone, “General Lepton Mixing in Holographic
Composite Higgs Models,” JHEP 1202 (2012) 077, arXiv:1110.4612
[hep-ph].
[151] M. Redi, “Leptons in Composite MFV,” JHEP 1309 (2013) 060,
arXiv:1306.1525 [hep-ph].
[152] R. Sundrum, “Tasi 2004 lectures: To the fifth dimension and back,”
arXiv:hep-th/0508134 [hep-th].
[153] M. Serone, “Holographic Methods and Gauge-Higgs Unification in Flat
Extra Dimensions,” New J.Phys. 12 (2010) 075013, arXiv:0909.5619
[hep-ph].
BIBLIOGRAPHY 311
[154] H.-C. Cheng, “2009 TASI Lecture – Introduction to Extra Dimensions,”
arXiv:1003.1162 [hep-ph].
[155] M. Perez-Victoria, “Randall-Sundrum models and the regular-
ized AdS / CFT correspondence,” JHEP 0105 (2001) 064,
arXiv:hep-th/0105048 [hep-th].
[156] T. Gherghetta, “Les Houches lectures on warped models and hologra-
phy,” arXiv:hep-ph/0601213 [hep-ph].
[157] G. Panico and A. Wulzer, “Effective action and holography in 5D gauge
theories,” JHEP 0705 (2007) 060, arXiv:hep-th/0703287 [hep-th].
[158] G. Panico and A. Wulzer, “The Discrete Composite Higgs Model,”
JHEP 1109 (2011) 135, arXiv:1106.2719 [hep-ph].
[159] S. De Curtis, M. Redi, and A. Tesi, “The 4D Composite Higgs,” JHEP
1204 (2012) 042, arXiv:1110.1613 [hep-ph].
[160] N. Arkani-Hamed, A. G. Cohen, and H. Georgi,
“(De)constructing dimensions,” Phys.Rev.Lett. 86 (2001) 4757–4761,
arXiv:hep-th/0104005 [hep-th].
[161] C. T. Hill, S. Pokorski, and J. Wang, “Gauge invariant effective La-
grangian for Kaluza-Klein modes,” Phys.Rev. D64 (2001) 105005,
arXiv:hep-th/0104035 [hep-th].
[162] N. Arkani-Hamed, A. G. Cohen, and H. Georgi, “Electroweak sym-
metry breaking from dimensional deconstruction,” Phys.Lett. B513
(2001) 232–240, arXiv:hep-ph/0105239 [hep-ph].
[163] D. Son and M. Stephanov, “QCD and dimensional deconstruction,”
Phys.Rev. D69 (2004) 065020, arXiv:hep-ph/0304182 [hep-ph].
[164] J. Barnard, T. Gherghetta, A. Medina, and T. S. Ray, “Radiative cor-
rections to the composite Higgs mass from a gluon partner,” JHEP 10
(2013) 055, arXiv:1307.4778 [hep-ph].
[165] D. Pappadopulo, A. Thamm, and R. Torre, “A minimally tuned com-
posite Higgs model from an extra dimension,” JHEP 07 (2013) 058,
arXiv:1303.3062 [hep-ph].
[166] D. Marzocca, M. Serone, and J. Shu, “General Composite Higgs Mod-
els,” JHEP 1208 (2012) 013, arXiv:1205.0770 [hep-ph].
[167] A. Pomarol and F. Riva, “The Composite Higgs and Light Resonance
Connection,” JHEP 1208 (2012) 135, arXiv:1205.6434 [hep-ph].
[168] S. Weinberg, “Precise relations between the spectra of vector and axial
vector mesons,” Phys.Rev.Lett. 18 (1967) 507–509.
[169] A. De Simone, O. Matsedonskyi, R. Rattazzi, and A. Wulzer,
“A First Top Partner Hunter’s Guide,” JHEP 1304 (2013) 004,
arXiv:1211.5663 [hep-ph].
312 BIBLIOGRAPHY
[170] C. Grojean, O. Matsedonskyi, and G. Panico, “Light top partners
and precision physics,” JHEP 1310 (2013) 160, arXiv:1306.4655
[hep-ph].
[171] O. Matsedonskyi, G. Panico, and A. Wulzer, “Composite Higgs facing
data,” (201x) , arXiv:1xxx.xxxx [hep-ph].
[172] O. Matsedonskyi, F. Riva, and T. Vantalon, “Composite Charge 8/3
Resonances at the LHC,” JHEP 1404 (2014) 059, arXiv:1401.3740
[hep-ph].
[173] O. Matsedonskyi, G. Panico, and A. Wulzer, “On the Interpretation
of Top Partners Searches,” JHEP 12 (2014) 097, arXiv:1409.0100
[hep-ph].
[174] M. S. Chanowitz and M. K. Gaillard, “The TeV Physics of Strongly
Interacting W’s and Z’s,” Nucl.Phys. B261 (1985) 379.
[175] A. Wulzer, “An Equivalent Gauge and the Equivalence Theorem,”
Nucl.Phys. B885 (2014) 97–126, arXiv:1309.6055 [hep-ph].
[176] G. L. Kane, W. Repko, and W. Rolnick, “The Effective W+-, Z0 Ap-
proximation for High-Energy Collisions,” Phys.Lett. B148 (1984) 367–
372.
[177] S. Dawson, “The Effective W Approximation,” Nucl.Phys. B249 (1985)
42–60.
[178] R. Contino and G. Servant, “Discovering the top partners at the
LHC using same-sign dilepton final states,” JHEP 0806 (2008) 026,
arXiv:0801.1679 [hep-ph].
[179] J. Mrazek and A. Wulzer, “A Strong Sector at the LHC: Top
Partners in Same-Sign Dileptons,” Phys.Rev. D81 (2010) 075006,
arXiv:0909.3977 [hep-ph].
[180] G. Dissertori, E. Furlan, F. Moortgat, and P. Nef, “Discovery potential
of top-partners in a realistic composite Higgs model with early LHC
data,” JHEP 1009 (2010) 019, arXiv:1005.4414 [hep-ph].
[181] CMS Collaboration, S. Chatrchyan et al., “Search for top-quark part-
ners with charge 5/3 in the same-sign dilepton final state,” Phys. Rev.
Lett. 112 no. 17, (2014) 171801, arXiv:1312.2391 [hep-ex].
[182] ATLAS Collaboration, “Search for anomalous production of events
with same-sign dileptons and b jets in 14.3 fb−1 of pp collisions at
√
s =
8 TeV with the ATLAS detector,” ATLAS-CONF-2013-051, ATLAS-
COM-CONF-2013-055.
[183] CMS Collaboration, S. Chatrchyan et al., “Inclusive search for a
vector-like T quark with charge 23 in pp collisions at
√
s = 8 TeV,”
Phys.Lett. B729 (2014) 149–171 CMS-B2G-12-015, CERN-PH-EP-
2013-215, arXiv:1311.7667 [hep-ex].
BIBLIOGRAPHY 313
[184] ATLAS Collaboration, “Search for pair production of new heavy
quarks that decay to a Z boson and a third generation quark in pp
collisions at
√
s = 8 TeV with the ATLAS detector,” ATLAS-CONF-
2013-056, ATLAS-COM-CONF-2013-070.
[185] ATLAS Collaboration, “Search for heavy top-like quarks decaying to
a Higgs boson and a top quark in the lepton plus jets final state in pp
collisions at
√
s = 8 TeV with the ATLAS detector,” ATLAS-CONF-
2013-018, ATLAS-COM-CONF-2013-024.
[186] ATLAS Collaboration, “Search for pair production of heavy top-like
quarks decaying to a high-pT W boson and a b quark in the lepton
plus jets final state in pp collisions at
√
s = 8 TeV with the ATLAS
detector,” ATLAS-CONF-2013-060, ATLAS-COM-CONF-2013-066.
[187] N. G. Ortiz, J. Ferrando, D. Kar, and M. Spannowsky, “Reconstructing
singly produced top partners in decays to Wb,” Phys.Rev. D90 (2014)
075009, arXiv:1403.7490 [hep-ph].
[188] K. Kumar, W. Shepherd, T. M. Tait, and R. Vega-Morales, “Beauti-
ful Mirrors at the LHC,” JHEP 1008 (2010) 052, arXiv:1004.4895
[hep-ph].
[189] E. lvarez, L. Da Rold, and J. I. Sanchez Vietto, “Single produc-
tion of an exotic bottom partner at LHC,” JHEP 1402 (2014) 010,
arXiv:1311.2077 [hep-ph].
[190] M. Gillioz, R. Grber, A. Kapuvari, and M. Mhlleitner, “Vector-like
Bottom Quarks in Composite Higgs Models,” JHEP 1403 (2014) 037,
arXiv:1311.4453 [hep-ph].
[191] L. Da Rold, C. Delaunay, C. Grojean, and G. Perez, “Up Asymmetries
From Exhilarated Composite Flavor Structures,” JHEP 1302 (2013)
149, arXiv:1208.1499 [hep-ph].
[192] C. Delaunay, C. Grojean, and G. Perez, “Modified Higgs Physics from
Composite Light Flavors,” JHEP 1309 (2013) 090, arXiv:1303.5701
[hep-ph].
[193] F. del Aguila, A. Carmona, and J. Santiago, “Tau Custodian searches
at the LHC,” Phys.Lett. B695 (2011) 449–453, arXiv:1007.4206
[hep-ph].
[194] A. Falkowski, D. M. Straub, and A. Vicente, “Vector-like leptons:
Higgs decays and collider phenomenology,” JHEP 1405 (2014) 092,
arXiv:1312.5329 [hep-ph].
[195] D. Pappadopulo, A. Thamm, R. Torre, and A. Wulzer, “Heavy Vec-
tor Triplets: Bridging Theory and Data,” JHEP 1409 (2014) 060,
arXiv:1402.4431 [hep-ph].
[196] D. Greco and D. Liu, “Hunting composite vector resonances at the
314 BIBLIOGRAPHY
LHC: naturalness facing data,” JHEP 12 (2014) 126, arXiv:1410.2883
[hep-ph].
[197] B. Bellazzini, C. Csaki, J. Hubisz, J. Serra, and J. Terning, “Composite
Higgs Sketch,” JHEP 11 (2012) 003, arXiv:1205.4032 [hep-ph].
[198] C. Bini, R. Contino, and N. Vignaroli, “Heavy-light decay topologies
as a new strategy to discover a heavy gluon,” JHEP 1201 (2012) 157,
arXiv:1110.6058 [hep-ph].
[199] A. Azatov, D. Chowdhury, D. Ghosh, and T. S. Ray, “Same sign
di-lepton candles of the composite gluons,” JHEP 08 (2015) 140,
arXiv:1505.01506 [hep-ph].
[200] ATLAS Collaboration, “Search forW ′ → tb¯ in proton-proton collisions
at a centre-of-mass energy of
√
s = 8 TeV with the ATLAS detector,”
ATLAS-CONF-2013-050, ATLAS-COM-CONF-2013-022.
[201] CMS Collaboration, “Search for narrow t + b resonances in the lep-
tonic final state at sqrt(s) = 8 TeV,” CMS-PAS-B2G-12-010.
[202] ATLAS Collaboration, “Search for high-mass states with one lepton
plus missing transverse momentum in pp collisions at
√
s = 8 TeV with
the ATLAS detector,” ATLAS-CONF-2014-017, ATLAS-COM-CONF-
2014-017.
[203] CMS Collaboration, V. Khachatryan et al., “Search for physics beyond
the standard model in final states with a lepton and missing transverse
energy in proton-proton collisions at sqrt(s) = 8 TeV,” Phys. Rev. D91
no. 9, (2015) 092005, arXiv:1408.2745 [hep-ex].
[204] CMS Collaboration, “Search for heavy resonances in the W/Z-tagged
dijet mass spectrum in pp collisions at 8 TeV,” CMS-PAS-EXO-12-024.
[205] CMS Collaboration, V. Khachatryan et al., “Search for massive reso-
nances in dijet systems containing jets tagged as W or Z boson decays
in pp collisions at
√
s = 8 TeV,” JHEP 1408 (2014) 173 CMS-EXO-
12-024, CERN-PH-EP-2014-071, arXiv:1405.1994 [hep-ex].
[206] ATLAS Collaboration, “Search for a WZ resonance in the fully lep-
tonic channel using pp collisions at
√
s = 8 TeV with the ATLAS de-
tector,” ATLAS-CONF-2014-015, ATLAS-COM-CONF-2014-019.
[207] CMS Collaboration, “Search for W’/technirho in WZ using leptonic
final states,” CMS-PAS-EXO-12-025.
[208] ATLAS Collaboration, “A search for tt¯ resonances in the lepton plus
jets final state with ATLAS using 14 fb−1 of pp collisions at
√
s = 8
TeV,” ATLAS-CONF-2013-052, ATLAS-COM-CONF-2013-052.
[209] CMS Collaboration, “Search for Anomalous Top Quark Pair Produc-
tion in the Boosted All-Hadronic Final State using pp Collisions at
sqrt(s) = 8 TeV,” CMS-PAS-B2G-12-005.
BIBLIOGRAPHY 315
[210] ATLAS Collaboration, G. Aad et al., “Search for high-mass dilepton
resonances in pp collisions at sqrt(s) = 8 TeV with the ATLAS detec-
tor,” Phys.Rev. D90 (2014) 052005, arXiv:1405.4123 [hep-ex].
[211] CMS Collaboration, “Search for Resonances in the Dilepton Mass Dis-
tribution in pp Collisions at sqrt(s) = 8 TeV,” CMS-PAS-EXO-12-061.
[212] ATLAS Collaboration, “A search for high-mass ditau resonances de-
caying in the fully hadronic final state in pp collisions at
√
s = 8 TeV
with the ATLAS detector,” ATLAS-CONF-2013-066, ATLAS-COM-
CONF-2013-083.
[213] CMS Collaboration, “Search for new resonances decaying to WW to l
nu q qbar’ in the final state with a lepton, missing transverse energy,
and single reconstructed jet,” CMS-PAS-EXO-12-021.
[214] M. Chala, J. Juknevich, G. Perez, and J. Santiago, “The Elusive
Gluon,” JHEP 01 (2015) 092, arXiv:1411.1771 [hep-ph].
[215] M. Baak, M. Goebel, J. Haller, A. Hoecker, D. Kennedy, et al., “The
Electroweak Fit of the Standard Model after the Discovery of a New
Boson at the LHC,” Eur.Phys.J. C72 (2012) 2205, arXiv:1209.2716
[hep-ph].
[216] R. Barbieri, B. Bellazzini, V. S. Rychkov, and A. Varagnolo, “The Higgs
boson from an extended symmetry,” Phys.Rev. D76 (2007) 115008,
arXiv:0706.0432 [hep-ph].
[217] R. Contino and M. Salvarezza, “One-loop effects from spin-1 resonances
in Composite Higgs models,” JHEP 07 (2015) 065, arXiv:1504.02750
[hep-ph].
[218] A. Orgogozo and S. Rychkov, “The S parameter for a Light Compos-
ite Higgs: a Dispersion Relation Approach,” JHEP 1306 (2013) 014,
arXiv:1211.5543 [hep-ph].
[219] M. Golden and L. Randall, “Radiative Corrections to Electroweak Pa-
rameters in Technicolor Theories,” Nucl.Phys. B361 (1991) 3–23.
[220] M. S. Carena, E. Ponton, J. Santiago, and C. E. Wagner, “Light Kaluza
Klein States in Randall-Sundrum Models with Custodial SU(2),”
Nucl.Phys. B759 (2006) 202–227, arXiv:hep-ph/0607106 [hep-ph].
[221] B. Batell, S. Gori, and L.-T. Wang, “Higgs Couplings and Preci-
sion Electroweak Data,” JHEP 1301 (2013) 139, arXiv:1209.6382
[hep-ph].
[222] D. Guadagnoli and G. Isidori, “BR(Bs to mu+ mu-) as an electroweak
precision test,” Phys.Lett. B724 (2013) 63–67, arXiv:1302.3909
[hep-ph].
[223] M. Gillioz, “A Light composite Higgs boson facing electroweak precision
tests,” Phys.Rev. D80 (2009) 055003, arXiv:0806.3450 [hep-ph].
316 BIBLIOGRAPHY
[224] P. Lodone, “Vector-like quarks in a ’composite’ Higgs model,” JHEP
0812 (2008) 029, arXiv:0806.1472 [hep-ph].
[225] C. Anastasiou, E. Furlan, and J. Santiago, “Realistic Composite Higgs
Models,” Phys.Rev. D79 (2009) 075003, arXiv:0901.2117 [hep-ph].
[226] CMS Collaboration, S. Chatrchyan et al., “Measurement of the single-
top-quark t-channel cross section in pp collisions at
√
s = 7 TeV,”
JHEP 1212 (2012) 035 CMS-TOP-11-021, CERN-PH-EP-2012-274,
arXiv:1209.4533 [hep-ex].
[227] F. del Aguila, M. Perez-Victoria, and J. Santiago, “Effective
description of quark mixing,” Phys.Lett. B492 (2000) 98–106,
arXiv:hep-ph/0007160 [hep-ph].
[228] F. del Aguila, M. Perez-Victoria, and J. Santiago, “Observable contri-
butions of new exotic quarks to quark mixing,” JHEP 0009 (2000) 011,
arXiv:hep-ph/0007316 [hep-ph].
[229] J. Aguilar-Saavedra and M. Prez-Victoria, “Top couplings and top
partners,” J.Phys.Conf.Ser. 452 (2013) 012037, arXiv:1302.5634
[hep-ph].
[230] B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek, “Dimension-
Six Terms in the Standard Model Lagrangian,” JHEP 1010 (2010) 085,
arXiv:1008.4884 [hep-ph].
[231] R. Contino, M. Ghezzi, C. Grojean, M. Muhlleitner, and M. Spira,
“Effective Lagrangian for a light Higgs-like scalar,” JHEP 1307 (2013)
035, arXiv:1303.3876 [hep-ph].
[232] J. Aguilar-Saavedra, M. Fiolhais, and A. Onofre, “Top Effective Opera-
tors at the ILC,” JHEP 1207 (2012) 180, arXiv:1206.1033 [hep-ph].
